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Abstract
We investigate the basic interplay between the small k-valent vertex-transitive graphs
of girth g and the (k, g)-cages, the smallest k-valent graphs of girth g. We prove the existence of k-valent Cayley graphs of girth g for every pair of parameters k ≥ 2 and g ≥ 3,
improve the lower bounds on the order of the smallest (k, g) vertex-transitive graphs for
certain families with prime power girth, and generalize the construction of Bray, Parker and
Rowley that has yielded several of the smallest known (k, g)-graphs.
Keywords: Vertex-transitive graph, cage, degree, girth.
Math. Subj. Class.: 05C35

1

Introduction

We use the term (k, g)-graph to denote a (finite, simple) k-regular graph of girth g. A
(k, g)-cage is a smallest k-regular graph of girth g; its order is denoted by n(k, g). The
existence of a (k, g)-graph for any degree/girth pair (k, g) with k ≥ 2 and g ≥ 3 has been
known since the 1960’s [12], but the orders n(k, g) have been determined only for a very
limited set of admissible pairs [6].
The main motivation for our paper is based on the observation that a large part of the
currently known smallest (k, g)-graphs are vertex-transitive (often Cayley) graphs, that is,
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graphs possessing automorphism groups acting transitively on their vertex sets. This is due
to a variety of reasons, the main probably being the fact that the girth of a vertex-transitive
graph is easy to determine, since every vertex of a vertex-transitive graph lies on at least
one girth cycle. The connection between the apparent “local symmetricity” of the known
cages and the size of their automorphism groups is not well understood and there are no
general theorems guaranteeing a high symmetry level for cages.
Based on the obvious usefulness of vertex-transitive graphs in small (k, g)-graph constructions, we set to investigate the general properties of the smallest vertex-transitive
graphs of given degree and girth. Throughout, we adopt the notation V T C(k, g) and
CC(k, g) to denote the order of a smallest vertex-transitive and Cayley graph of degree
k and girth g, respectively.
Our paper consists of three parts. In the first part, we establish the existence of a Cayley
graph for any pair (k, g), k ≥ 2, g ≥ 3. Somewhat surprisingly, this result has not been
previously proved, and no general explicit constructions are known. The results of Nedela
and Škoviera include constructions of (k, g) vertex-transitive graphs, for all k ≥ 2, g ≥ 3,
using voltage graphs and lifts [9], and similar results can be deduced from the paper of
Mačaj, Širáň and Ipolyiová [8], but none of these constructions can be easily adopted to
construct Cayley graphs exclusively. Biggs in [2, 3] has shown the existence of Cayley
graphs of degree k and girth at least g, for all g ≥ 3.
In the second part of our paper we present some improvements on the well-known
Moore bounds ([6]) for the case of vertex-transitive graphs by finding analogous lower
bounds for V T C(k, g) where g is an odd prime power.
The third part is devoted to a generalization of a construction of Bray, Parker and Rowley [4] who currently hold a number of records in the case of k = 3 ([6]). We show that
their construction can be generalized to k > 3 as well, and apply the methods developed
in the first part of our paper to construct infinite families of vertex-transitive graphs of odd
degree and sufficiently large girth.

2

The existence of Cayley graphs for given (k, g)

A graph G is called vertex-transitive if for any ordered pair (u, v) of vertices of G there
exists an automorphism φ of G such that φ(u) = v. This definition implies that a vertextransitive graph is locally the same around every vertex, and all its vertices lie on cycles
of the same lengths. Hence if there are no short cycles in the vicinity of (any) one of the
vertices, then there are no short cycles in the graph at all.
A vertex-transitive connected graph G is called Cayley if it has a group Γ of automorphisms such that Γ acts regularly on V (G), which means that for all u, v ∈ V (G) there
exists exactly one automorphism ϕ ∈ Γ such that ϕ(u) = v. An equivalent (and more
customary) definition is as follows. Let Γ be a finite group, and let X = {x1 , x2 , . . . , xk }
be a generating set for Γ with the properties that X = X −1 and 1Γ 6∈ X. Then the Cayley graph C(Γ, X) has vertex set Γ and edges from each vertex g to the vertices gxi for
1 ≤ i ≤ k.
As mentioned before, there is no general proof of the existence of (k, g) Cayley graphs
available in the literature. The results of Biggs [2, 3] come closest by proving the existence
of k-regular Cayley graphs of girth at least g for any g ≥ 3. Interestingly, the 1988 paper
[2] takes advantage of the residual finiteness of the considered groups in a way somewhat
similar to our use of residual finiteness in this paper. At that time, however, Biggs lacked
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an essential ingredient used in our paper, namely, a family of Cayley maps constructed in
2007 by Šiagiová and Watkins [13]. Biggs’ results have been also later proved in [6] using
the ideas from [3] without the use of the concept of residual finiteness.
Theorem 2.1 ([2]). Given any k, g ≥ 3, there is k-regular Cayley graph G whose girth is
at least g.
The Cayley graphs constructed to prove the above theorem in [3, 6] are based on permutation groups generated by involutions. Based on experimenting with explicit constructions of these groups, it appears that these groups are either the full symmetric groups Sn
(in the case when at least one of the involutions is odd) or the alternating groups An , and
their girths are strictly larger than g. The order of the obtained (k, g)-graphs is enormous;
roughly exponential in the Moore bound for (k, g).
Our construction of Cayley graphs of given degree k and exact girth g relies on a series
of infinite Cayley maps constructed by Šiagiová and Watkins in [13]. In order to be able to
use their construction, we need to introduce some further notation.
An orientable map is a 2-cell embedding of a graph in an orientable surface (that is,
an embedding having the property that after removing the vertices and edges, one is left
with faces homeomorphic to a 2-dimensional open disc). A Cayley map CM (Γ, X, p)
is an orientable embedding of the Cayley graph C(Γ, X) satisfying the property that the
local orientation of the arcs emanating from any vertex of the map induced by reading the
names of the arcs counter-clockwise is the same and equal to the cyclic permutation p of X.
While the most important feature of Cayley maps is the fact that each left multiplication
by an element of Γ induces a different map automorphism, that is, ΓL ≤ Aut(M), for
all Cayley maps M = CM (Γ, X, p), we will simply take advantage of the fact that the
underlying graph of a Cayley map is a Cayley graph.
Recall that the covalence sequence of a vertex v of an orientable map is the (cyclic)
sequence of lengths of the faces incident to v (taken again in the counter-clock-wise order
induced by the orientation of the map). Since the action of the orientation preserving
automorphism group of a Cayley map is necessarily vertex-transitive, all the vertices of a
Cayley map possess the same covalence sequence. The result we will need gives sufficient
conditions for realizable covalence sequences of Cayley maps. If the cyclic sequence σ =
(σ1 , σ2 , . . . , σk ) satisfies σ = σ −1 , we say that σ is reversible. If k is even, the terms σi
and σi+k/2 are said to be in opposite positions.
Theorem 2.2 ([13]). Let σ be a cyclic sequence of length k ≥ 3. If σ is reversible and
contains either at most one odd term or exactly two odd terms and they are in opposite
positions, then σ is a covalence sequence of a Cayley map.
The significance of the above result lies in the fact that in the case of vertex-transitive
maps, their covalence sequences contain all the lengths of their faces. Thus, as the underlying graph of a Cayley map is automatically a Cayley graph, the above theorem gives rise
to the following strategy for constructing Cayley graphs of given degree and girth.
Given an admissible pair (k, g), assume first that g is even. Then the covalence sequence (g, g, . . . , g) of length k is a covalence sequence for at least one Cayley map
M(k, g). All the faces of this map are of length g, and the underlying Cayley graph C(k, g)
has valence k.
Similarly, in case when g is odd, one just needs to construct a suitable realizable covalence sequence whose smallest entry is equal to g. This can be achieved by considering the
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sequences (a, . . . , a, g, a, . . . , a) for k odd and g in the central position and the sequence
(a, . . . , a, g, g, a, . . . , a) for k even and the two g’s in central opposing positions (in either
case we assume that a is an even integer larger than g). The underlying Cayley graphs of
both corresponding Cayley maps M(k, g) are again k-valent Cayley graphs.
Even though all the faces of the maps constructed above are of length at least g, it is
not immediately obvious that the girth of these maps is necessarily at least g. Except for
the cases (k, g) = (3, 4) and (k, g) = (3, 5), this follows from the following lemma.
Lemma 2.3. Let G be a finite plane graph such that its outer face is bounded by a cycle
C. Assume that all inner faces of G have length at least g for some g ≥ 3, and all vertices
of G not contained in C have the same degree k ≥ 3. If (k, g) 6= (3, 4), (3, 5), then C has
length at least g.
Proof. We may obviously assume g ≥ 4. Let e be the number of edges in G, ` be the
length of C and r be the number of vertices of G not in C. Further, let s be the number
of inner faces of G and let t be the average length of the inner faces; clearly t ≥ g and
2e = ` + st. Solving for s and substituting into Euler’s formula (l + r) − e + s = 1 leads,
after rearrangement of terms, to `(t − 1) = (1 − r)t + e(t − 2). Comparing 2e with the
sum of all vertex degrees in G yields 2e ≥ 2` + kr, and combining this with the previous
equality and rearranging terms finally gives ` ≥ t + krt(1/2 − 1/k − 1/t). If g ≥ 4 and
(k, g) 6= (3, 4), (3, 5), then 1/k + 1/t ≤ 1/2 and hence ` ≥ g.
Since, due to results obtained in [10], Theorem 8.1, the maps constructed by Šiagiová
and Watkins are all embedded in the plane and satisfy the property that every finite cycle of
the underlying graph divides the plane into two regions one of which contains only a finite
number of the vertices of the graph, the above lemma determines that except for the cases
(3, 4) and (3, 5), the girth of the graphs underlying the Cayley maps M(k, g) considered
above is equal to g.
We need to stress however that the maps constructed in [13] are but for a very few
exceptions infinite. Thus, for the remaining part of this section, we need to devise a strategy
to make the maps M(k, g) finite without disturbing the fact that they are Cayley of valence
k and girth g.
The maps constructed in [13] are Cayley maps for a relatively simple class of groups
given by their presentations. Namely, each entry σi of the realizable covalence sequence σ
is associated with a specific word wi in x1 , x2 , . . . , xk of length σi , and the Cayley group
of M(k, g) is the group
G(k, g) = h x1 , x2 , . . . , xk | wi = 1, for all 1 ≤ i ≤ k i .
Even though the majority of these groups are infinite, all of them belong to the class of
residually finite groups (see, for example, [10], Theorem 8.1). A group Γ is said to be
residually finite if, given any finite set of non-identity elements g1 , . . . , gn , there is a homomorphism from Γ to a finite group which takes none of g1 , . . . , gn to the identity. Equivalently, Γ is residually finite if any finite set g1 , . . . , gn of elements of Γ admits for the
existence of a normal subgroup of finite index which contains none of the elements on
the list. The residual finiteness of the groups G(k, g) enables us to construct finite Cayley
graphs of given girth and degree.
Theorem 2.4. For every pair of parameters k ≥ 2, g ≥ 3, there exists a finite Cayley graph
C(Γ, X) of valence k and girth g.
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Proof. To resolve the two cases not covered by Lemma 2.3, note that the complete bipartite
graph K3,3 , the (3, 4)-cage, is a Cayley graph of the dihedral group D3 generated by the
three reflections. As for the (3, 5)-case, we note that the buckyball of degree 3 on 60
vertices is a cubic graph of girth 5; it is also a Cayley graph of the alternating group A5
with the generating set {(1, 2, 3, 4, 5), (1, 5, 4, 3, 2), (1, 2)(3, 4)}.
For all the remaining cases, let C(k, g) = C(G(k, g), X) be the (possibly infinite)
Cayley graph of degree k and girth g that is the base graph of the Cayley map M(k, g). Let
S be the set of group elements of G(k, g) corresponding to the vertices of C(G(k, g), X)
whose distance from the vertex labeled by the identity is at most the length of largest face of
the corresponding map (recall that the maps are assumed to have at most two face lengths).
Then S is a finite set of elements in a residually finite group, and there exists a finite index
normal subgroup NS of G(k, g) that has an empty intersection with S. Consider now the
factor group G(k, g)/NS , and its set of generators X/NS = {x1 NS , x2 NS , . . . , xk NS }. In
terms of the presentation of this factor group, X/N consists of k distinct elements (recall
that X ⊂ S) and all of its relators are either of the same length as the original relators of
G(k, g) or longer. It follows that C(C(k, g)NS , X/NS ) is a finite k-regular Cayley graph
of girth g.

3

Lower bounds for V T C(k, g)

The well-known Moore bound is a straightforward lower bound on the order n(k, g) of
k-valent cages of girth g. The precise form of the bound depends on the parity of g:

n(k, g) ≥ M (k, g) =

1 + k + k(k − 1) + ... + k(k − 1)(g−3)/2 ,
2(1 + (k − 1) + ... + (k − 1)(g−2)/2 ),

g odd
g even

(3.1)

Graphs for which equality holds are called Moore graphs and are relatively rare. They
are known to exist if and only if k = 2 and g ≥ 3 (cycles); g = 3 and k ≥ 2 (complete
graphs); g = 4 and k ≥ 2 (complete bipartite graphs); g = 5 and k = 2 (the 5-cycle),
k = 3 (the Petersen graph), k = 7 (the Hoffman-Singleton graph), and possibly k = 57;
g = 6, 8, or 12 and there exists a symmetric generalized n-gon of order k − 1 [1, 5, 6]. It
is of particular interest that all the known Moore graphs are vertex-transitive graphs. The
unsettled case of k = 57 has been shown to not be vertex-transitive; it is however not
known whether the cage exists.
All (k, g)-cages outside the above list must be bigger than the Moore bound by at least
one, with several parameter pairs known to force the graphs to be bigger by at least two (see
e.g. [6]). The purpose of this section is to further improve these lower bounds for certain
families of vertex-transitive graphs. Considering the above classification of Moore graphs,
the reader should not be surprised that the results depend heavily on the number-theoretic
relations between the parameters k and g.
The main argument is based on counting cycles passing through a fixed vertex of a
b
vertex-transitive graph of order close to the Moore bound. In what follows, we use WG
(n)
to denote the set of closed walks of length n based at a fixed vertex b of a graph G, and
b
CG
(n) to denote the set of oriented cycles of length n rooted at b. It is for example not hard
to verify that all the known Moore graphs (Cayley or non-Cayley) satisfy the interesting
regularity property that each of their edges belongs to the same number of cycles. The
following result concerning the number of closed walks in vertex-transitive graphs will
form the basis of our generalization.
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Theorem 3.1 ([7]). Let G be a connected vertex-transitive graph of valence k, b ∈ V (G).
Let a prime p > k be relatively prime to |V (G)|, and let r be a positive integer. Then
b
|WG
(pr )| ≡ 0

(mod p).

Let L(k, g, 0) denote the set of integers
{M (k, g) + 1, M (k, g) + 2, . . . , M (k, g) + k},

(3.2)

and L(k, g, i), 1 ≤ i ≤ k, denote the set
{k(k −1)(g−1)/2 −ik, k(k −1)(g−1)/2 −ik +1, . . . , k(k −1)(g−1)/2 −ik +i−1}. (3.3)
The main result of this section increases the lower bound for V T C(k, g) for odd prime
power girth g relatively prime to the numbers on the above lists.
Theorem 3.2. Let G be a vertex-transitive graph of valence k and girth g = pr > k, where
p is an odd prime and r ≥ 1. If G is not a Moore graph, and g is relatively prime to all the
integers in the union
[
L(k, g, i),
(3.4)
0≤i≤k

then the order of G is at least M (k, g) + k + 1.
Proof. Note that since p is assumed odd, so is g. Following the basic underlying idea of
the proof of the Moore bound (3.1), all the (k, g)-graphs contain a (non-induced) rooted
tree Tk,g of order M (k, g) with all the non-leaf vertices of degree k, and all the leaves of
distance (g − 1)/2 from the root. Hence, if we assume G to be a (k, g)-graph, and choose a
(random) vertex r of G to be the root of a copy of Tk,g in G, each of the leaves of the Tk,g
must connect to k − 1 additional vertices of G, none of which can be of distance smaller
that (g − 1)/2 from r, as all those vertices are assumed to be of degree k already.
Let us assume that k and g satisfy the restrictions from the statement of the theorem and
that G is a vertex-transitive (k, g)-graph of order M (k, g)+s, s > 0. Then G contains Tk,g
and an additional set S of s vertices v1 , v2 , . . . , vs not contained in Tk,g . It follows that the
distance of the vertices in S from the root r of Tk,g is at least (g + 1)/2. If we assume that
at least one of these vertices is of distance larger than (g + 1)/2, then this vertex must be
adjacent to k vertices of distance more than (g − 1)/2 from the root. All of its neighbors
must then lie outside the tree Tk,g , and hence s > k. It follows that if there exists such a
vertex, the theorem holds true.
Next, we will assume that no such vertex exists, s ≤ k, and that all the vertices in S are
of distance (g + 1)/2 from r. Consequently, all the neighbors of the vertices in S are either
leaves of Tk,g or elements of S. If g > k, the S-induced subgraph of G must be a forest
(possibly with no edges), and hence there are at most s − 1 edges connecting the vertices
of S. It follows that there are at least s · k − s + 1 edges connecting the leaves of Tk,g and
the vertices in S, and G has a very specific structure.
Let us denote the number of edges between S and the leaves of Tk,g by t. We have
shown that
s · k − s + 1 ≤ t ≤ s · k.
(3.5)
Observe that there are three kinds of edges adjacent to the leaves. Each leaf is adjacent to
exactly one vertex of distance (g − 3)/2 from the root, and the remaining edges connect the
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leaf to a mixture of the other leaves and the elements from S (with one of the groups possibly missing). Furthermore, if we denote the edges adjacent to the root r by e1 , e2 , . . . , ek ,
they give rise to k branches of Tk,g , and each vertex of S must be attached to each of these
branches at most once: If one of the vertices vi was attached to some branch at least twice,
say to the ej -branch, it would give rise to a small cycle through vi , its two neighbors in the
ej branch and the non-root endpoint of ej , of length (g −3)/2 +(g −3)/2 + 2 = g −1 < g;
a violation of the girth of G. This very same argument can be also used to show that the
edges connecting a fixed leaf to other leaves must go to different branches as well.
As g, the girth of G, is assumed odd, there are no closed walks in G of length g that are
not at the same time cycles, and thus
r
r
CG
(g) = WG
(g).

Let us count the number of oriented cycles of length g passing through the root r of Tk,g .
Note first that each such cycle must contain exactly two leaves of distance (g − 1)/2 from
r and of distance 1 from each other, with the two leaves belonging to distinct branches.
Clearly, none of these cycles can contain any vertices from S. As each leaf of Tk,g is
either attached to another leaf or an element of S, each (oriented) edge connecting a leaf to
another leaf gives rise to a different oriented g-cycle and there are no other g-cycles in G:
r
(g) is equal to the number of (oriented) edges between the leaves of Tk,g .
the number CG
Hence,
r
CG
(g) = k(k − 1)(g−1)/2 − t.
The rest of the proof relies on Theorem 3.1. Namely, as g is assumed to be relatively prime
r
r
to the numbers on the list (3.2) which must contain the order of G, WG
(g) = CG
(g) must
r
be congruent to 0 modulo
p.
On
the
other
hand,
W
(g)
must
be
contained
among
the
G
S
numbers in the union 1≤i≤k L(k, g, i) (with L(k, g, i) representing the possibilities for
s = i), none of which is congruent to 0 modulo p. We obtain a contradiction, and conclude
that s must be greater than k.
Although the number theoretic conditions listed in the statement of our theorem appear
very restrictive, there are many parameters suitable for the application of the theorem. Take
for example the case of trivalent graphs, k = 3, M (3, g) = 1+3(2(g−1)/2 −1). In this case
(since k is odd), the smallest non-Moore (k, g)-graph must be of order at least M (k, g) + 2.
This allows us to leave out the possibility of only one vertex included in the set S and to
leave M (3, g) + 1 and the set L(3, g, 1) out of the set of prohibited numbers. Our theorem
applies to all cases when g is an odd prime power relatively prime to the seven integers
3 · 2(g−1)/2 , 3 · 2(g−1)/2 + 1, 3 · 2(g−1)/2 − 6, 3 · 2(g−1)/2 − 5,
3 · 2(g−1)/2 − 9, 3 · 2(g−1)/2 − 8, 3 · 2(g−1)/2 − 7
and a quick test reveals that out of the first 150 odd primes, 147 satisfy the conditions of
the theorem. For example, the first prime on this list is the number 7. This implies that
the smallest trivalent vertex-transitive graph of girth 7 must be of order at least M (3, 7) +
3 + 1 = 26. This agrees with the fact that the unique (3, 7)-cage, the McGee graph of
order 24 (see [6]), is the smallest trivalent cage that is not vertex-transitive. The next
number on the list is the number 13 which is the smallest unsettled trivalent case. Our
result implies that the smallest vertex-transitive trivalent graph of girth 13 must be of order
M (3, 13) + 3 + 1 = 194. The smallest known trivalent graph of girth 13 is a Cayley graph
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of order 272 constructed by Hoare (as reported by Biggs in [3]). Royle [11] has shown that
a smaller (3, 13)-graph cannot be a Cayley graph. McKay and Myrvold have shown that
there is no (3, 13)-graph of order smaller than 202.
Running a similar test for k = 5 shows that 144 of the first 150 odd primes satisfy the
conditions. The first number on the list is the number 11.
It is also interesting to note that Theorem 3.1 allows one to show the non-existence of
vertex-transitive (k, g)-graphs of order equal to the Moore bound.
Corollary 3.3. If g = pr is relatively prime to M (k, g) and k(k − 1)(g−1)/2 , then there is
no vertex-transitive (k, g)-graph of order M (k, g). In particular, if p is relatively prime to
k, k − 1, and k + 2, there is no vertex-transitive (k, pr )-graph of order M (k, pr ), for any
r ≥ 1.
Proof. Following the argument presented in the proof of Theorem 3.2, we see that the number of g-cycles in a (k, g)-Moore graph that contain the root r of Tk,g is k(k − 1)(g−1)/2 .
As this number is once again equal to the number of closed oriented g-walks through r,
Theorem 3.1 applied to the order of the graph M (k, g) and this number yields the result of
the first part of the theorem.
For the second part, assume that p is relatively prime to k, k − 1, and k + 2, and note
r
that this implies that pr is relatively prime to k(k − 1)(p −1)/2 . Moreover, due to Fermat’s
Little Theorem, (k − 1)(p−1) ≡ 1 (mod p), and consequently,
(k − 1)(p
It follows that (k−1)(p

r

r

−1)

−1)/2

= (k − 1)(p−1)(p

r−1

+...+1)

≡1

(mod p).

is a square root of 1 modulo p, and therefore (k−1)(p
(g−1)/2

(k−1)

r

−1)/2

≡

−1

±1 (mod p). Summing up the terms yields M (k, g) = 1 + k
, and we
k−2
(pr −1)/2
have two possibilities to consider. If (k − 1)
≡ 1 (mod p), then M (k, pr ) ≡ 1
r
r
(mod p), and p is relatively prime to M (k, g) and k(k − 1)(g−1)/2 . If (k − 1)(p −1)/2 ≡
−1 (mod p), then (k − 2)M (k, g) ≡ −k − 2 6≡ 0 (mod p), and the same is true again.
In either case, the first part of our theorem implies the desired result.
Running the test for k = 3 yields the well-known answer: The only primes p among
the first 150 odd primes for which there may exist a vertex-transitive (3, p)-graph of order
M (3, p) are the primes 3 and 5. The same result is true when testing for k = 5, the test for
k = 4 also excludes g = 5, and similar results hold when testing for powers of odd primes.
We conclude this section with a conjecture that, if true, covers all the k-valent vertextransitive graphs of odd girth g.
Conjecture 3.4. Let G be a vertex-transitive graph of valence k and girth g that is an odd
number. If the order of G is greater than the Moore bound M (k, g), then this order is at
least M (k, g) + k − 1.
Although we have obviously not been able to complete the proof of this conjecture, the
reason we expect it to be true can be described as follows: As in the proof of Theorem 3.2,
if we assume that at least one of the vertices added to Tk,g is of distance at least (g + 3)/2
from its root, the above theorem must hold true. If all the s added vertices are of distance
(g + 1)/2 from r, and we assume by means of contradiction that s < k − 1, there must
exist an ei -subbranch of Tk,g with the property that out of its k − 1 subbranches at least one
is not directly attached to the elements of S and at least one is directly attached to at least
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one element in S. It appears likely that one may be able to find some counting criterion
that would distinguish the end point of the edge ei from the root r, thereby violating the
vertex-transitivity of G.

4

Generalization of the Bray, Parker, Rowley construction

Further improvements on some of the records obtained using Cayley graphs were made by
Bray, Parker and Rowley [4]. They constructed a number of current record holders for degree three by factoring out the 3-cycles in trivalent Cayley graphs. Their construction starts
with a trivalent Cayley graph, C(Γ, X), |X| = 3, subject to the condition that the generating set X contains an involution, α, two mutually inverse elements of order 3, δ, δ −1 , and
that the graph has no cycles of length 4. The graph BP R(Γ; X) is then defined as follows:
the vertex set T of BP R(Γ; X) is the set of triangles of C(Γ, X) with triangle Ti adjacent
to triangle Tj in BP R(Γ; X) if at least one of the vertices of Ti is adjacent in C(Γ, X)
to at least one of the vertices of Tj via an edge labeled by the involution α. The graph
BP R(Γ; X) is a cubic graph with |Γ|/3 vertices and Γ acts transitively on the vertices of
BP R(Γ; X). The Bray, Parker, Rowley construction can be generalized as follows.
Let G be a graph, and C be a set of pairwise disjoint cycles of G. The cycle factor
of G, G0 = CFC (G) is the graph with the vertex set C under the adjacency connecting
cycles joined by at least one edge (that is, C1 , C2 ∈ C are connected if there exist vertices
v1 ∈ C1 and v2 ∈ C2 such that v1 and v2 are adjacent in G). For example, the above
defined graph BP R(Γ; X) is the cycle factor CFC (C(Γ, X)) where C is the set of all
3-cycles of C(Γ, X).
Theorem 4.1. Let G be a trivalent vertex-transitive graph with the shortest cycle of odd
length g1 and the second shortest cycle of length g2 . If g2 > 2g1 , then the cycle factor
graph G0 = CFC (G) obtained by factoring out all the g1 -cycles of G is a vertex-transitive
g1 -valent graph of order |V (G)|/g1 and girth greater than or equal to 2g2 /g1 .
Proof. Let G be as above. We claim that each vertex of G lies on exactly one cycle of
length g1 . First, since G is assumed to contain at least one cycle of length g1 and to be
vertex-transitive, it follows that each vertex of G must lie on at least one cycle of length
g1 . Furthermore, as the degree of G is 3, any two cycles that share a vertex must share an
edge. Thus, if we allowed for the existence of a vertex v of G that lies on two cycles of
length g1 , the two cycles would share at least one edge incident to v. Consider the set of
all edges shared by these two cycles. This set must be a path as otherwise at least one pair
of arches connecting two consequent disconnected shared paths would give rise to at least
one cycle of length smaller than g1 (by the Pigeonhole Principle). This yields that the set of
non-shared edges of the two cycles comprises a cycle. Its length must be even and smaller
than 2g1 ; a contradiction. It follows that the vertex set of G splits into non-overlapping
g1 -cycles.
Next, let C be a fixed g1 -cycle, and u, v be vertices of C. Then u is adjacent to a vertex
u0 outside C that belongs to a g1 -cycle C 0 , and v is adjacent to v 0 that belongs to C 00 . Then
C 0 and C 00 are disjoint g1 -cycles. To see this, assume the opposite, namely, C 0 = C 00 . Then
the arch between u and v together with the arch between u0 and v 0 and the edges uu0 and
vv 0 give rise to a cycle of length smaller than 2g1 that shares edges with both C and C 0 – a
contradiction. We conclude that C is adjacent to g1 distinct g1 -cycles of G.
It is easy to see that the automorphism group of G acts transitively on the set of its
g1 -cycles, and therefore also on the vertices of CFC (G). To complete the proof, we need
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to determine the girth of CFC (G). Let K be any cycle of G of length at least g2 , and let
C be a g1 -cycle with a non-empty intersection with K. Then (following the same trail of
argument as above), the intersection must be a path. In the case when this path is longer
than (g − 1)/2, by replacing this path by its complement in C one obtains a shorter cycle
K 0 whose factor in G0 is the same as the factor of K. Hence, without loss of generality, we
may assume that the intersections of K with g1 -cycles are of lengths smaller than g1 /2. As
g1 -cycles do not share vertices, any two intersection paths must be separated by an edge
not belonging to a g1 -cycle but joining two distinct g1 -cycles. Each such edge constitutes
an edge in a cycle of G0 , and hence the length of the factored cycle is at least the length of
K divided by g1 /2.
The basic idea for this observation took shape for the first time during the visit by
Gabriela Araujo Pardo to the second author at the Indiana State University. At that time,
we could not reliably produce vertex-transitive graphs with a cycle spectrum whose first
and second cycle lengths are far apart. In view of the results of Section 2, we see that this
is not a problem any more. Namely, one can construct a trivalent Cayley graph for any
pair g1 , g2 , with g1 odd and g2 even and larger than g1 , by considering the Cayley maps
of covalence (g2 , g1 , g2 ). Based on these graphs, our cycle factoring construction yields
g1 -valent vertex-transitive graphs of arbitrary large girth.
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