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ABSTRACT
We determine character tables for twisted fractional linear groups that
form the “other” family in Zassenhaus’ classification of finite sharply 3-tran-
sitive groups.

ARTICLE HISTORY
Received 3 November 2020
Revised 16 December 2021
Communicated by Peter Sin

KEYWORDS
Character table; twisted
linear fractional group

2020 MATHEMATICS
SUBJECT
CLASSIFICATION
20C15; 20H20

1. Introduction and preliminaries

A classification of all finite, sharply 3-transitive permutation groups follows from a classical result
by Zassenhaus [17], by which the only two families of such groups are the fractional linear groups
PGLð2, qÞ for any prime power q and their “twisted” companions Mðq2Þ for any odd prime
power q. Recall that PGLð2, qÞ can be introduced as the group of fractional transformations
z 7! ðaz þ bÞ=ðcz þ dÞ of the set GFðqÞ [ f1g, where ad � bc 6¼ 0, with the obvious rules for calcu-
lations with 1: In the case of a finite field F of the form F ¼ GFðq2Þ for an odd prime power q one
may “twist” the fractional transformations by considering the permutations of F [ f1g defined by
z 7! ðaz þ bÞ=ðzcþ dÞ if ad � bc 2 SðFÞ and z 7! ðazr þ bÞ=ðczr þ dÞ if ad � bc 2 NðFÞ, where S(F)
and N(F) are the sets of non-zero squares and non-squares of F and r is the unique involutory
(Galois) automorphism of F. The collection of all such “untwisted” and “twisted” fractional transfor-
mations under composition constitutes the twisted fractional linear group Mðq2Þ:

The notation Mðq2Þ comes from the monographs [12, p. 261] and [6, p. 163], and is also used
in the textbooks [13, p. 188] and [14, p. 283]; the letter M was introduced in the original article
[17, p. 36] as a tribute to Mathieu who discovered the first group in this series (for q¼ 3, of
degree 10). A possible alternative notation could be derived from the existence of just three non-
trivial 2-extensions of PSLð2, q2Þ by outer automorphisms—a diagonal automorphism d, the
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Galois automorphism r, and their product dr—leading to the groups PGLð2, q2Þ, PRLð2, q2Þ and
Mðq2Þ ffi PSLð2, q2Þhdri, see [16].

While the fractional linear groups PGLð2, qÞ and their subgroups PSLð2, qÞ have been studied widely,
their twisted versions Mðq2Þ have received comparatively less attention, and this also applies to charac-
ters. A number of resources on representations and characters of fractional linear groups are accessible
(either in form of explicit tables or in terms of methods of their derivation, cf. [2, 9]). Character tables
for the “other” family of sharply 3-transitive groups, by contrast, do not appear to be available.

Among numerous applications of characters we mention here the ones related to the theory of
regular hypermaps on compact surfaces, or, equivalently, finite groups generated by three involutions.
In [1], enumeration of regular hypermaps of a given type on fractional linear groups was obtained
with the help of the Frobenius’ character formula [4] for counting tuples of group elements with
entries in given conjugacy classes; more applications of this type can be found in [8]. There is, how-
ever, no corresponding result for regular hypermaps on twisted fractional linear groups, although enu-
meration of regular maps (of unspecified type) on these groups can be found in [3].

The purpose of this paper is to calculate character tables for the twisted fractional linear
groups Mðq2Þ for any odd prime power q. This will be done in a completely elementary way by
means of standard results in representation theory, by inducing characters from subgroups of
Mðq2Þ and finding their decomposition into irreducible constituents.

To avoid fractional transformations we will work with a representation of Mðq2Þ used in [3]),
which also differs from the one of [16] and which will prove more suitable for our purposes. For
F ¼ GFðq2Þ, q an odd prime power, we let J ¼ GLð2, FÞ3hri, with hri identified with the addi-
tive group C2 in the obvious way and with multiplication given by ðA, rÞðB, sÞ ¼ ðABrr , r þ sÞ,
where Br is obtained from B by applying r to every entry. For each A 2 GLð2, FÞ let iA 2 C2 ¼
f0, 1g be defined by iA ¼ 0 if detðAÞ 2 SðFÞ and iA ¼ 1 if detðAÞ 2 NðFÞ: The “twisted” subgroup
K of J of index 2 is defined by letting K ¼ fðA, iAÞ; A 2 GLð2, FÞg with multiplication as before,
that is, ðA, iAÞðB, iBÞ ¼ ðABriA , iA þ iBÞ for every A,B 2 GLð2, FÞ:

Consider now the subgroup K0 ¼ fðA, 0Þ; A 2 GLð2, FÞ, iA ¼ 0g of K of index 2. The center L
of K0 consists of pairs ðD, 0Þ, where D 2 GLðFÞ is a scalar matrix; note that L is also normal in
both K and J. The factor group G ¼ K=L turns out to be isomorphic to Mðq2Þ: We will identify
G with Mðq2Þ throughout. This way, G can be regarded as a subgroup of index 2 of the group
�G ¼ J=L, and the factor group H ¼ K0=L can be identified with PSLð2, FÞ: Elements ðA, iAÞL,
that is, cosets fðdA, iAÞ; d 2 F�g of the factor group G ¼ K=L, will throughout be denoted
½A, iA�; they will be called untwisted if iA ¼ 0 and twisted if iA ¼ 1:

2. Conjugacy classes of Mðq2Þ
To be in position to consider characters of the twisted group Mðq2Þ ¼ G ¼ K=L we will need to
determine conjugacy classes of G. This was done in [3] for conjugacy of twisted elements with
respect to �G, and it turns out that the detailed analysis therein furnishes all one needs to deter-
mine the conjugacy within G, a subgroup of �G of index two. We sum up the corresponding
results in what follows, using notation and machinery of [3]. For any a, b 2 F we let diaða, bÞ and
offða, bÞ be the 2� 2 matrix over F with, respectively, the diagonal and off-diagonal entries a, b
and with remaining entries equal to zero.

We begin by conjugacy of untwisted elements of G ¼ Mðq2Þ, forming the subgroup H ffi
PSLð2, q2Þ of G. Every untwisted element of G can be identified with ½A, 0� for A 2 PSLð2, q2Þ, or,
for short, just with A, tacitly assuming that writing A 2 PSLð2, q2Þ means 6A for A 2 SLð2, q2Þ as
usual. Since conjugacy classes in PSLð2, q2Þ ffi H are well known, the question is which pairs are
fused by conjugacy in G. Let n be a primitive element of F ¼ GFðq2Þ and let f be a primitive
ðq2 þ 1Þth root of unity in an extension F0 of F of degree two. Further, let B1 and Be be the ele-
ments of PSLð2, q2Þ obtained from the identity matrix by replacing the top right 0 with 1 and
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with some e 2 NðFÞ, respectively. Our calculations will, in spirit, be similar to those in [16,
Lemma 4.7].

A nonidentity element A 2 PSLð2, q2Þ ffi H is conjugate in H to either w ¼ offð1, � 1Þ, or to one
of u ¼ B1 and u0 ¼ Be, or to aðhÞ ¼ diað0, hþ h�1Þ þ offð�1, 1Þ for some h that is a power of n or f;
observe that one always has hþ h�1 2 F even though f 2 F0nF: In the first three cases the elements
w, u and u0 generate a single conjugacy class each. Since the element diaði, � iÞ for i a primitive 4th
root of unity in F conjugates aðhÞ to að�hÞ and obviously aðhÞ ¼ aðh�1Þ, the elements aðhÞ generate
ðq2 � 5Þ=4 distinct conjugacy classes for h ¼ nj, 1 � j � ðq2 � 5Þ=4, and ðq2 � 1Þ=4 distinct conju-
gacy classes for h ¼ fj, 1 � j � ðq2 � 1Þ=4: The corresponding centralizers in G of the above five
types of elements have orders q2 � 1, q2, q2, ðq2 � 1Þ=2, and ðq2 þ 1Þ=2, respectively. (These facts
are also included in Table 3 of Section 3 displaying the irreducible characters of H.)

With the help of this we determine conjugacy classes of untwisted elements in the overgroup
G of H of index two. Conjugacy in G fuses the classes generated by the untwisted elements ½u, 0�
and ½u0, 0� into a single class (e.g. by conjugating by the twisted element ½diaðe, 1Þ, 1�), still with
centralizer of order q2, while the class generated by ½w, 0� remains the same under conjugacy in
G, with centralizer of twice the original order, that is, 2ðq2 � 1Þ: To sort out untwisted elements
½aðhÞ, 0�, observe first that the twisted element ½diaðe, 1Þ, 1� conjugates ½aðhÞ, 0� to ½aðhrÞ, 0�: To
proceed, we will use the observation from [3] that two untwisted elements ½A, 0� and ½A0, 0� of H
are conjugate by a twisted element if and only if the traces of A and A0 (defined up to multiplica-
tion by �1) satisfy trðA0Þ ¼ 6ðtrðAÞÞr:

This implies that two conjugacy classes in H of untwisted elements ½aðhÞ, 0� and ½aðhrÞ, 0� are
fused by conjugation in G unless ½aðhrÞ, 0� itself is contained in the H-conjugacy class of ½aðhÞ, 0�:
But the latter means that aðhÞ and aðhrÞ are conjugate elements of PSLð2, q2Þ, which is if and
only if the traces of the two elements are the same up to a sign, that is, hr þ ðhrÞ�1 ¼
6ðhþ h�1Þ: Since taking r-images means raising in the power of q, this equation reduces
to hq þ h�q7ðhþ h�1Þ ¼ 0, which is equivalent to ðhqþ171Þðhq�171Þ ¼ 0: This happens if
and only if h is one of the ðq� 1Þth or ðqþ 1Þth root of 1 or �1 in F ¼ GFðq2Þ; in each
case there are, respectively, q� 1 and qþ 1 such roots in F. These are the situations when the
G-conjugacy class of ½aðhÞ, 0� coincides with that of ½aðhrÞ, 0�; in all the remaining cases, i.e.,
when hr ¼ hq 62 f6h,6h�1g, the two classes are fused by conjugacy in G.

Taking this further, if a representative ½aðhÞ, 0� of a non-fused conjugacy class has been chosen for
a particular h we may automatically disregard the values �h and 6h�1: Note that if h2 ¼ �1 then the
matrices aðhÞ and w are conjugate in PSLð2, q2Þ, and if h2 ¼ 1 then aðhÞ represents the identity elem-
ent of PSLð2, q2Þ: Excluding the values of h for which h4 ¼ 1, it follows that in the case when q � 1
mod 4 this leaves, respectively, only ðq� 5Þ=4, ðq� 1Þ=4, ðq� 1Þ=4, and ðq� 1Þ=4 values of h such
that hq�1 ¼ 1, hq�1 ¼ �1, hqþ1 ¼ 1, and hqþ1 ¼ �1, with the property that the conjugacy classes of
elements ½aðhÞ, 0� considered above are mutually distinct. Similarly, if q � 3 mod 4, there are only
ðq� 3Þ=4, ðq� 3Þ=4, ðq� 3Þ=4, and ðqþ 1Þ=4 values of h with hq�1 ¼ 1, hq�1 ¼ �1, hqþ1 ¼ 1,
and hqþ1 ¼ �1, respectively, with distinct conjugacy classes of elements ½aðhÞ, 0� as above. In both
cases, one has a total of 4q� 8 such distinct values of h giving distinct conjugacy classes; recall that
the four 4th roots of 1 do not contribute to the classes considered here.

The set S ¼ fh 2 F; hq61 6¼ 61g is therefore of size ðq2 � 1Þ � ð4q� 8Þ � 4 ¼ ðq� 1Þðq� 3Þ;
observe that this number is a multiple of 8 as q2 � 1 mod 4. The important property of the set S
is that it admits a partition into subsets of size 8 of the form f6h,6h�1,6hq,6h�qg; the fact
that all these 8 elements are distinct follows from the way S has been defined. Let S0 be an arbi-
trary but fixed set of distinct representatives of the partition just described, so that jS0j ¼ jSj=8 ¼
ðq� 1Þðq� 3Þ=8, and for a fixed primitive element n 2 F let U ¼ fj; 1 � j � q2 � 2; nj 2 S0g:
Similarly, consider the set T ¼ fh 2 F0nf61g; hq2þ1 ¼ 1g with jTj ¼ q2 � 1, which is again a
multiple of 8 (exclusion of those h for which h2 ¼ 61 now reduces to leaving out ±1 only); all
h 2 T are powers of the primitive ðq2 þ 1Þth root of unity f introduced earlier. The set T also
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admits a partition into 8-element subset of exactly the same shape as before, and we let T0 be any
fixed set of distinct representatives of this partition, with jT0j ¼ ðq2 � 1Þ=8: Finally,
let V ¼ fj; 1 � j � q2 � 2; fj 2 T0g:

Using the above facts and working out the values of h in the case hq61 ¼ 61 as powers of n
we arrive at Table 1 for the 1þ ðqþ 1Þ2=4 conjugacy classes of untwisted elements of G.

We proceed by determining conjugacy classes of twisted elements in G ¼ Mðq2Þ: By [3,
Propositions 5 and 6], every twisted element ½A, 1� 2 G is conjugate in G to an element of the
form ½B, 1� such that B ¼ diaðh, 1Þ or B ¼ offðh, 1Þ for some h 2 NðFÞ: Conjugacy of twisted ele-
ments of G in the overgroup �G was further investigated in detail in Propositions 7 and 8 and
Theorem 1 of [3]. An inspection of the proofs of the three results with emphasis on comparison
of conjugacy in �G and G leads to the following.

Proposition 1. Let n be a primitive element of F and let ½A, 1� be a twisted element of G. Then,
exactly one of the following two cases occur:

1. There exists exactly one odd j 2 f1, 2, :::, q� 2g such that ½A, 1� is conjugate in G to ½B, 1� with
B ¼ diaðnj, 1Þ, of order 2ðq� 1Þ=gcdfq� 1, jg. The stabilizer of ½B, 1� in G is isomorphic to the
cyclic group C2ðq�1Þ generated by (conjugation by) a twisted element ½P, 1� 2 G with P ¼
diaðnj0, 1Þ for j0 ¼ j� 1

2 ðj� 1Þðqþ 1Þ:
2. There exists exactly one odd j 2 f1, 2, :::, qg such that ½A, 1� is conjugate in G to ½C, 1� with

C ¼ offðnj, 1Þ, of order 2ðqþ 1Þ=gcdfqþ 1, jg. The stabilizer of ½C, 1� in G is isomorphic to
the cyclic group C2ðqþ1Þ generated by (conjugation by) a twisted element ½Q, 1� 2 G with Q ¼
offðnj0 , 1Þ for j0 ¼ jþ 1

2 ðj� 1Þðq� 1Þ:
Proof. As indicated, a proof can be obtained in an almost verbatim way from the statements and
the proofs of Propositions 7 and 8, and Theorem 1, of [3]. For readers interested in checking the
details we mark here the differences in these proofs that are significant for distinction between
conjugacy in G and �G:

Let n be a primitive element of F. In the cases 1 and 2 of Proposition 7, twisted elements ½B, 1�
and ½B0, 1� with B ¼ diaðh, 1Þ and B0 ¼ diaðh0, 1Þ for h, h0 2 NðFÞ are conjugate in �G but not in G
if, and only if, the ratio h0=h in the case 1, and the product h0h in the case 2, have the
form ntðq�1Þ for t odd. Similarly, in cases 1 and 2 of Proposition 8, elements ½B, 1� and ½B0, 1� for
B ¼ offðh, 1Þ and B0 ¼ offðh0, 1Þ are conjugate in �G but not in G if, and only if, h0=h in the case
1, and h0h in the case 2, have the form ntðqþ1Þ for t odd (i.e., they are non-squares in the unique
subfield of F of order q). All the remaining facts in the proofs of Propositions 7 and 8 apply to
conjugacy in G.

Table 1. Table of conjugacy classes of untwisted elements of G ¼ Mðq2Þ:
Untwisted representatives # Classes jClassj jCGj Notes

½I, 0� 1 1 q2ðq4 � 1Þ –
½u, 0� 1 q4 � 1 q2 –
½w, 0� 1 q2ðq2 þ 1Þ=2 2ðq2 � 1Þ –

½aðnjðqþ1ÞÞ, 0�, j � ðq� 5Þ=4 ðq� 5Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 1mod 4

½aðnjðqþ1ÞÞ, 0�, j � ðq� 3Þ=4 ðq� 3Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 3mod 4

½aðnjðqþ1Þ=2Þ, 0�, odd j � ðq� 3Þ=2 ðq� 1Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 1mod 4

½aðnjðqþ1Þ=2Þ, 0�, odd j � ðq� 5Þ=2 ðq� 3Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 3mod 4

½aðnjðq�1ÞÞ, 0�, j � ðq� 1Þ=4 ðq� 1Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 1mod 4

½aðnjðq�1ÞÞ, 0�, j � ðq� 3Þ=4 ðq� 3Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 3mod 4

½aðnjðq�1Þ=2Þ, 0�, odd j � ðq� 3Þ=2 ðq� 1Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 1mod 4

½aðnjðq�1Þ=2Þ, 0�, odd j � ðq� 1Þ=2 ðqþ 1Þ=4 q2ðq2 þ 1Þ q2 � 1 q � 3mod 4

½aðnjÞ, 0�, j 2 U ðq� 1Þðq� 3Þ=8 2q2ðq2 þ 1Þ ðq2 � 1Þ=2 –

½aðfjÞ, 0�, j 2 V ðq2 � 1Þ=8 2q2ðq2 � 1Þ ðq2 þ 1Þ=2 –
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Oddness of the values of t above has the following two consequences in the proof of Theorem 1 of
[3] for restriction to conjugacy in G. First, the congruences appearing in parts 1 and 2 of the proof
have to be taken mod 2ðq� 1Þ and 2ðqþ 1Þ and not just mod ðq� 1Þ and ðqþ 1Þ, respectively, lead-
ing to upper bounds for j in parts 1 and 2 of our proposition that are two times larger than the bounds
in [3, Theorem 1]. Second, parts 3 and 4 of the statement of Theorem 1 in [3] refer to special cases
arising due to the presence of exceptional conjugating elements in the corresponding parts of the
proof. These need not be considered in our proposition, because the exceptional conjugating elements
turn out to lie outside G. Again, the remaining arguments apply to conjugacy in G. w

By Proposition 1, there are a total of q conjugacy classes of twisted elements in G, consisting
of ðq� 1Þ=2 classes of “diagonal type” described in part 1, and ðqþ 1Þ=2 classes of “off-diagonal
type” from part 2, with centralizers of order 2ðq� 1Þ and 2ðqþ 1Þ, respectively. The explicit
form of the twisted representatives from Proposition 1 then immediately gives our Table 2 dis-
playing conjugacy classes of twisted elements in G.

3. Preliminary results on characters of Mðq2Þ
Summing up the results of Tables 1 and 2, the group G ¼ Mðq2Þ splits into a total of ðqþ 1Þðqþ 5Þ=4
conjugacy classes. Note that in G the number of conjugacy classes of twisted elements, q, is by an
order of magnitude smaller than the number of conjugacy classes of untwisted elements, 	 q2=4, so
that one may attempt to determine the character table of G by inducing characters from the index-two
subgroup H ffi PSLð2, q2Þ of G. The character table of PSLð2, q2Þ is known and we will reproduce here
a modification of the one from [9, pp. 147–148], see Table 3.

The symbols B1, Be, w, aðnjÞ, and aðfkÞ used in Table 3 for representatives of conjugacy classes
are the same as explained at the beginning of Section 2, and jCHj is the order of the centralizer of
the corresponding element in H. The irreducible characters are i (the trivial one), St (the Steinberg
permutation character), q, q0, q‘ for 1 � ‘ � ðq2 � 5Þ=4, and pm for 1 � m � ðq2 � 1Þ=4: As
before, n and f are a primitive element of F and a primitive ðq2 þ 1Þst root of 1 in F0, and
the powers j and k in nj and fk are bounded by 1 � j � ðq2 � 5Þ=4 and 1 � k � ðq2 � 1Þ=4:
Finally, in a somewhat nonstandard notation but with i denoting the complex imaginary unit as
usual, a ¼ exp ð4pi=ðq2 � 1ÞÞ and b ¼ exp ð4pi=ðq2 þ 1ÞÞ are complex primitive roots of unity of
order ðq2 � 1Þ=2 and ðq2 þ 1Þ=2, respectively.

Observe that PSLð2, q2Þ has a total of ðq2 þ 5Þ=2 conjugacy classes. This is roughly twice the
number of conjugacy classes of Mðq2Þ for large q. An explanation offered by the previous two

Table 2. Table of conjugacy classes of twisted elements of G ¼ Mðq2Þ:
Twisted representatives # Classes jClassj jCGj Notes

½diaðnj , 1Þ, 1�, odd j � q� 2 ðq� 1Þ=2 q2ðq2 þ 1Þðqþ 1Þ=2 2ðq� 1Þ –
½offðnj , 1Þ, 1�, odd j � q ðqþ 1Þ=2 q2ðq2 þ 1Þðq� 1Þ=2 2ðqþ 1Þ –

Table 3. Table of irreducible characters of H ffi PSLð2, q2Þ:
PSLð2, q2Þ I B1 Be w aðnjÞ aðfkÞ
# classes 1 1 1 1 ðq2 � 5Þ=4 ðq2 � 1Þ=4
jclassj 1 ðq4 � 1Þ=2 ðq4 � 1Þ=2 q2ðq2 þ 1Þ=2 q2ðq2 þ 1Þ q2ðq2 � 1Þ
jCHj q2ðq4 � 1Þ=2 q2 q2 q2 � 1 ðq2 � 1Þ=2 ðq2 þ 1Þ=2
i 1 1 1 1 1 1
St q2 0 0 1 1 –1
q ðq2 þ 1Þ=2 ð1þ qÞ=2 ð1� qÞ=2 1 ð�1Þj 0
q0 ðq2 þ 1Þ=2 ð1� qÞ=2 ð1þ qÞ=2 1 ð�1Þj 0
ql q2 þ 1 1 1 2ð�1Þl ajl þ a�jl 0
pm q2 � 1 –1 –1 0 0 �bkm � b�km
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sections is that G-conjugation fuses “most” pairs of H-conjugacy classes of untwisted elements in
H but there are only q conjugacy classes of twisted elements of G.

The degrees of irreducible characters of PSLð2, q2Þ follow from Table 3, and those of G ffi
Mðq2Þ have been determined in [16]. For convenience we display both in tabular form, with the
proviso that degree 20 cannot occur in the exceptional case when q¼ 3.

For reference to standard concepts and results in the theory of group characters we will use
the monograph [7]. We will focus on results on characters of a group G with a normal subgroup
H of index 2; up to the end of this section the pair G, H may be arbitrary but later we will return
to our situation of G and H standing for Mðq2Þ and PSLð2, q2Þ:

The restriction vH of a character v of G to H is the character of H defined by vHðgÞ ¼ vðgÞ if
g 2 H and vHðgÞ ¼ 0 for g 2 GnH: For the reverse direction of inducing characters of G from
those of H, let CHðhÞ and CGðhÞ denote the centralizers of an element h 2 H in H and G. If u is
a character of an index-two subgroup H of G, the corresponding induced character uG of G is
given as follows (for some fixed g 2 GnH):

uGðhÞ ¼
uðhÞ þ uðghg�1Þ if h 2 H and CHðhÞ ¼ CGðhÞ;
2uðhÞ if h 2 H and CHðhÞ 6¼ CGðhÞ;
0 if h 2 GnH:

8<
:

We note that if CHðhÞ ¼ CGðhÞ, then conjugacy in G fuses a pair of distinct H-conjugacy classes
C� h and C0 � ghg�1 in H to a single G-conjugacy class (still in H); each such unordered pair
fC,C0g will be called a fusion pair.

For brevity we will refer to the value of the standard inner product hv, viG for a character v of
G as the norm of v, denoted by jjvjjG: A similar notation will be used for the norm of characters
of H, and we will drop the subscript if the group is clear from the context. It is well known that
v is irreducible if and only if it has norm 1.

The following is a short summary of some results and observations of [7, Chapters 5 and 6]
we will need later. As usual, we let k denote the alternating character of G, with values 1 on ele-
ments of H and �1 on elements in GnH:

Lemma 1. Let H be a normal subgroup of G of index 2 and let u be an irreducible character of H.
Then, jjuGjj 2 f1, 2g, with jjuGjj ¼ 1 if and only if uG is an irreducible character of G, and
jjuGjj ¼ 2 if and only if for every fusion pair ðC,C0Þ of H-conjugacy classes in H the values of u on
C [ C0 are constant (i.e., if u is G-invariant); in such a case uG ¼ vþ vk for some irreducible
character v of G. w

Under the hypotheses of Lemma 1 this means that determination of the character table of G
out of that of H reduces to understanding decomposition of characters induced by the G-invariant
irreducible characters of H. This is what will be done in the next sections for H ffi PSLð2, q2Þ
and G ffi Mðq2Þ:

4. Inducing characters from PSLð2,q2Þ to Mðq2Þ
We begin this section by identifying the irreducible characters of G of degree 1 and q2, the
unique corresponding characters of H being the trivial character i and the Steinberg character St:
Recall that the (irreducible) Steinberg character of a finite 2-transitive permutation group is eval-
uated at any permutation in the group by subtracting 1 from the number of fixed points of the

Table 4. Degrees of irreducible characters of H ffi PSLð2, q2Þ and G ffi Mðq2Þ:
Degrees of irreducible characters of H Degrees of irreducible characters of G

1, q2, q2 � 1, ðq2 þ 1Þ=2, q2 þ 1 1, q2, 2ðq2 � 1Þ, q2 þ 1, 2ðq2 þ 1Þ
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permutation. The standard actions of the groups H ffi PSLð2, q2Þ and G ¼ Mðq2Þ, on the q2 þ 1
projective points are both 2-transitive, and even sharply 3-transitive in the case of G. It is easy to
verify that the values of the Steinberg character of G, which we will denote R, are the same as
those of St on conjugacy classes of untwisted elements, and þ 1 and �1 on conjugacy classes of
twisted diagonal and twisted off-diagonal elements, respectively.

Lemma 2. Let u be an irreducible character of H. If degðuÞ ¼ 1, then uG ¼ iþ k, and i with k are the
only irreducible characters of G of degree 1. If degðuÞ ¼ q2, then one has uG ¼ RþRk, where R is the
Steinberg permutation character, and R with Rk are the only irreducible characters of G of degree q2.

Proof. By Table 4 in both cases we have uG ¼ vþ v0 for irreducible characters v and v0 of G, so
that Lemma 1 applies and uG ¼ vþ vk: The rest is a consequence of uniqueness of irreducible
characters of H of degree 1 and q2. w

With the help of Lemma 2 and known facts from character theory we are in position to deter-
mine the number of irreducible characters of G of degrees appearing Table 4.

Lemma 3. The number of irreducible characters of G ¼ Mðq2Þ of a given degree are as follows:

Proof. By Lemma 2 we know that the number of irreducible characters of G of degree 1 and q2 is
2 in both cases. Further, by Table 4 there are only three remaining degrees of irreducible charac-
ters of G, namely, 2ðq2 � 1Þ, q2 þ 1 and 2ðq2 þ 1Þ; let c1, c2, c3, respectively, be the numbers of
such characters. Now, 2þ 2þ c1 þ c2 þ c3 ¼ ðqþ 1Þðqþ 5Þ=4 is the number of conjugacy classes
in G, and as the sum of squares of all character degrees is equal to jGj2, we also have

2� 12 þ 2� q4 þ c1 � 4ðq2 � 1Þ2 þ c2 � ðq2 þ 1Þ2 þ c3 � 4ðq2 þ 1Þ2 ¼ q2ðq4 � 1Þ
which can be shown to be equivalent to

ððc2 þ 4c3Þðq2 þ 1Þ þ 2Þðq2 þ 1Þ ¼ ðq2 � 1Þ2ðq2 � 4c1Þ (1)

Since ðq2 � 1Þ=2 and ðq2 þ 1Þ=2 are relatively prime and the second one is odd, by the factoriza-
tion appearing in (1) the number ðq2 þ 1Þ=2 must divide the (odd) number q2 � 4c1, and so
q2 þ 1 is a divisor of 2ðq2 � 4c1Þ: This, however, is possible only if the two numbers are equal,
that is, q2 þ 1 ¼ 2ðq2 � 4c1Þ, which is if and only if c1 ¼ ðq2 � 1Þ=8: Having determined the
value of c1 we are left with a system of two equations in two unknowns and it is easy to check
that its unique solution if c2 ¼ 2q� 3 and c3 ¼ ðq� 1Þðq� 3Þ=8: w

We are in position to give substantial information about inducing irreducible characters from
H to G. Its statement includes remarks on integrality of values of the characters, and refers to the
notation used in the table of conjugacy classes of untwisted elements of Mðq2Þ (Table 1, in par-
ticular, the sets U and V) and in Table 3 of characters of PSLð2, q2Þ; the first two assertions from
Lemma 2 are included for completeness.

Proposition 2. Let u be an irreducible character of H ffi PSLð2, q2Þ with the induced character uG

of G ffi Mðq2Þ. Then, exactly one of the following cases occurs:

(1) degðuGÞ ¼ 2 and uG ¼ iþ k, with i and k being the only irreducible characters of G of
degree 1; they have integral values and are non-zero on GnH;

Character degree 1 q2 2ðq2 � 1Þ q2 þ 1 2ðq2 þ 1Þ
# irreducible characters 2 2 ðq2 � 1Þ=8 2q� 3 ðq� 1Þðq� 3Þ=8
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(2) degðuGÞ ¼ 2q2 and uG ¼ R þ Rk, where R is the Steinberg permutation character, and R
with Rk are the only irreducible characters of G of degree q2; they are again integral and
have non-zero values on GnH;

(3) degðuGÞ ¼ 2ðq2 � 1Þ and uG is one of the ðq2 � 1Þ=8 irreducible characters of G of degree
2ðq2 � 1Þ such that ðuGÞH ¼ pm þ pmq for m 2 V; these characters uG are all real and with
all-zero values on GnH;

(4) degðuGÞ ¼ q2 þ 1 and uG is a unique irreducible character of G of degree q2 þ 1 with
ðuGÞH ¼ qþ q0; it is integral and identically zero on GnH;

(5) degðuGÞ ¼ 2ðq2 þ 1Þ and uG is one of the ðq� 1Þðq� 3Þ=8 irreducible characters of G of degree
2ðq2 þ 1Þ such that ðuGÞH ¼ q‘ þ q‘q for ‘ 2 U ; these uG are all real and all-zero on GnH;

(6) degðuGÞ ¼ 2ðq2 þ 1Þ and uG ¼ vþ vk for q – 2 pairs v 6¼ vk of irreducible characters of G
of degree q2 þ 1, with vH ¼ q‘ for the ðq� 3Þ=2 values ‘ ¼ rðqþ 1Þ=2 such that
1 � r � ðq� 3Þ=2, and the ðq� 1Þ=2 values ‘ ¼ sðq� 1Þ=2, 1 � s � ðq� 1Þ=2; there is a
total of 2q� 4 such distinct irreducible characters of G and each of these have at least one
non-zero value on GnH:

Proof. As noted, we may skip the first two items, and among the remaining ones we begin with
(4). If degðuGÞ ¼ q2 þ 1, then uG is necessarily an irreducible character of G such that ðuGÞH is
the sum of two distinct irreducible characters of H of degree ðq2 þ 1Þ=2: But by Table 3 there are
only two such characters of H, namely, q and q0, and one may check that they both induce the
same character of G, giving the conclusion of (4).

Next, we turn our attention to (6), where uG is assumed to be reducible and of degree
2ðq2 þ 1Þ: By Lemma 1, we have uG ¼ vþ vk for some irreducible character v of G of degree
q2 þ 1, with vH also irreducible. This means that vH must be one of the characters q‘ for a
suitable ‘, and the same applies to u, of course. But jjuGjj ¼ 2, so that by Lemma 1 the char-
acter u ¼ q‘ must be constant on any fusion pair of H-conjugacy classes. By the findings of
Section 2 applied to this case, the H-conjugacy classes generated by the elements ½aðnjÞ, 0� and
½aðnjqÞ, 0� for j 2 f1, :::, ðq2 � 5Þ=4g form a fusion pair if they are distinct. The previous condi-
tion therefore means that the values of q‘ and q‘q on every such pair of classes must be the
same (so that we may ignore distinctness here). By Table 3 this translates, for a fixed ‘, to the
equality of the complex numbers aj‘ þ a�j‘ and aj‘q þ a�j‘q for all j as above.

A simple calculation (as in Section 2) reveals that the two complex numbers coincide if and
only if ðaj‘ðqþ1Þ � 1Þðaj‘ðq�1Þ � 1Þ ¼ 0 (or, equivalently, aj‘q 2 faj‘, a�j‘g). To fulfill the condition
on the constant value on fusion classes we are looking for the values of ‘ 2 f1, :::, ðq2 � 5Þ=4g for
which the last equation holds for every j 2 f1, :::, ðq2 � 5Þ=4g, which happens if and only if ‘ is a
multiple of ðqþ 1Þ=2 or ðq� 1Þ=2: In our range 1 � ‘ � ðq2 � 5Þ=4 given by Table 3 this yields
the q� 2 values of ‘ appearing in the statement of (6), and hence also the q� 2 possibilities
for ðuGÞH ¼ q‘ þ q‘q ¼ 2q‘: The latter give 2ðq� 2Þ irreducible characters v and vk of degree
q2 þ 1, all with some non-zero value on GnH, and such that vH ¼ ðvkÞH ¼ q‘: Since the total
number of irreducible characters of G of degree q2 þ 1 is 2q� 3 by Lemma 3 and one of such
characters was identified in part (4), the total number of irreducible characters of G referred to in
(6) is 2q� 4, as claimed.

We continue with (5), assuming that uG is irreducible and has degree 2ðq2 þ 1Þ: The restric-
tion of u to H cannot be irreducible, so that ðuGÞH is a sum of two distinct irreducible characters
of H of degree q2 þ 1: Such characters are all of the form q‘ for suitable values of ‘, and u in
this case must also be equal to one of these. Further, our assumption on the degree of uG

together with Lemma 1 imply that there must be at least one fusion pair of H-conjugacy classes
such that u is not constant on the pair. The fusion pairs here are generated by the same classes
as in (6), and our calculations in the proof of (6) imply that a fusion pair on which u is not con-
stant exists if and only if ‘ is not one of the values listed in the conclusion of (6). One may check
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that this reduces to the condition ‘ 2 U for the set U introduced in Section 2, with ðuGÞH ¼
q‘ þ q‘q for ‘ 2 U: (We note again that all the accompanying calculations are analogous to those
in Section 2 where the condition hq 62 f6h,6h�1g was considered. Here the condition on a
translates to aj‘q 62 faj‘, a�j‘g and leads to the same conclusion that ‘ 2 U because the expression
ðuGÞH ¼ q‘ þ q‘q is invariant under the substitutions ‘ 7! � ‘ and ‘ 7! ‘q; the ±1 term is
absorbed by the factor 4 in a ¼ exp ð4pi=ðq2 � 1ÞÞ:)

By Table 3 it may be verified that if u ¼ q‘ for ‘ 2 U , then ðuGÞH ¼ q‘ þ q‘q, so that q‘ and
q‘q induce the same character of G. Referring again to Tables 1 and 3 one obtains this way a total
of jUj ¼ ðq� 1Þðq� 3Þ=8 irreducible characters uG of G whose restriction to H has the form
q‘ þ q‘q for ‘ 2 U: All such induced characters are distinct, and by Lemma 3 there cannot be
any other irreducible character of G of degree 2ðq2 þ 1Þ:

Finally, let us consider (3), assuming that degðuGÞ ¼ 2ðq2 � 1Þ: By Table 4, uG must be an irre-
ducible character of G, and as its restriction to H cannot be irreducible, ðuGÞH is a sum of two dis-
tinct irreducible characters of H of degree q2 � 1: The latter are all of the form pm for suitable values
of m, and u must also be of this form. In Section 2, we showed that the H-conjugacy classes of the
elements ½aðfjÞ, 0� and ½aðfjqÞ, 0� form a fusion pair for every j 2 V: One may check that the values of
any given pm are non-constant on at least one of these fusion pairs, which conforms to the last part
of Lemma 1. Further, a direct verification against Table 3 shows that if u ¼ pm, then ðuGÞH ¼
pm þ pmq: Thus, both pm and pmq determine the same induced character of G, and by Tables 1 and
3 they give rise to ðq2 � 1Þ=8 irreducible characters of G of the form pm þ pmq corresponding to the
values m 2 V: It may be verified that these induced characters are distinct, and by Lemma 3 there is
no other irreducible character of G of degree 2ðq2 � 1Þ:

As regards remarks on integral and real values, most of them are obvious, and note that uG is
always identically zero on GnH: This completes the proof. w

An inspection of the numbers in Proposition 2 reveals that in the cases (1)–(5) there are,
respectively, 2þ 2þ ðq2 � 1Þ=8þ 1þ ðq� 1Þðq� 3Þ=8 real characters, and all of them have been
completely determined. This makes a total of ðq2 � 2qþ 21Þ=4 irreducible characters of G that
are all real. Subtracting this from the number of all irreducible characters of G leaves us only
with the 2q� 4 ones described in part (6) of Proposition 2, that may assume non-real values, but
only on GnH as all the characters of H are real.

We now address the question of possible character values that are not real. A well-known
result in the theory of group characters is that, for an element g of a group, the values of all irre-
ducible characters of the group evaluated at g are real if and only if g is conjugate to g�1 in the
group, or, equivalently, the conjugacy class of g is closed under inversion in the group; such con-
jugacy classes are called real. By Table 1 every conjugacy class of untwisted elements in G ¼
Mðq2Þ is real. For conjugacy of twisted elements we have, in the notation of Proposition 1:

Lemma 4. The conjugacy class of the twisted element ½diaðnj, 1Þ, 1� in G ¼ Mðq2Þ for odd j,
1 � j � q� 2, is real if and only if q � 3 mod 4 and j ¼ ðq� 1Þ=2. The conjugacy class of
½offðnj, 1Þ, 1� for odd j, 1 � j � q, is real if and only if q � 1 mod 4 and j ¼ ðqþ 1Þ=2:

Proof. Let dðjÞ ¼ ½diaðnj, 1Þ, 1� and d0ðjÞ ¼ ½offðnj, 1Þ, 1�: Observe first that dðjÞ�1 ¼ dð�jqÞ and
d0ðjÞ�1 ¼ d0ðjqÞ: By Proposition 1 the elements d(j) and dð�jqÞ are in the same conjugacy class in G
for odd j, 1 � j � q� 2, if and only if j � �jq mod 2ðq� 1Þ: This can only happen if q � 3 mod 4,
and then the congruence is equivalent to jðqþ 1Þ=4 � 0 mod ðq� 1Þ=2: As the modulus of the last
congruence is relatively prime to ðqþ 1Þ=4 it follows that this only leaves us with the value j ¼
ðq� 1Þ=2 in our range for j. The analysis for the elements d0ðjÞ and d0ðjqÞ is analogous. w

This gives, in both cases mod 4, exactly q� 1 conjugacy classes of twisted elements in G that
are not real. By the earlier remarks we also know that there are at most 2q� 4 irreducible charac-
ters of G (those from part (6) of Proposition 2) that are not real.
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5. Representations for the remaining characters

In the previous section, we have almost completely determined the character table of G ¼ Mðq2Þ
and we have been left with 2q� 4 “missing” irreducible characters, which are the only ones that
may assume non-real values on q� 1 conjugacy classes of G formed by elements of GnH: These
characters have been referred to in part (6) of Proposition 2 and from now on we will denote them
by v‘ and v‘k, with ðv‘ÞH ¼ ðv‘kÞH ¼ q‘, for the total of q� 2 values of ‘ in the set L ¼ Lþ [ L�,
where Lþ ¼ frðqþ 1Þ=2; 1 � r � ðq� 3Þ=2g and L� ¼ fsðq� 1Þ=2; 1 � s � ðq� 1Þ=2g: We will
determine these characters in the next section; here we first derive some related representations by
extending one-dimensional representations of a suitable subgroup of H. The method is an adapta-
tion of derivation of principal series representations for two-dimensional special linear groups
(cf. [2, p. 232]).

Let Hupp be the subgroup of H<G, H ffi PSLð2, q2Þ, induced by upper-triangular matrices
with determinant 1. Explicitly, if n 2 F� ¼ Fnf0g is a fixed primitive element as before and if
h(u, d) is the 2� 2 matrix with first and second row of the form ðnu, dÞ and ð0, n�uÞ for an arbi-
trary non-negative integer u < ðq2 � 1Þ=2 and any d 2 F, then

Hupp ¼ f hðu, dÞ, 0½ � 2 G; 0 � u < ðq2 � 1Þ=2, d 2 Fg ; (2)

observe that jHj ¼ q2ðq2 � 1Þ=2: It is well known (see e.g. [2, p. 232] adapted to the projective
case) that for every ‘ 2 L (and, in fact, for every integer ‘ but this will not be needed here) the
assignment

U‘ : hðu, dÞ, 0½ � 7! exp
4pi

q2 � 1
‘u

� �
(3)

defines a one-dimensional non-real representation of Hupp: To extend such a representation to
one of the entire group G ¼ Mðq2Þ we proceed as ibid by first constructing a suitable set of coset
representatives of Hupp in G. To do this, for 0 � t < q2 � 1 we introduce 2� 2 lower-triangular
matrices m(t) and m0ðtÞ, as well as matrices mð1Þ and m0ð1Þ, as follows:

mðtÞ ¼ 1 0
nt 1

� �
, m0ðtÞ ¼ n 0

nt 1

� �
, mð1Þ ¼ 0 1

�1 0

� �
, m0ð1Þ ¼ 0 n

�1 0

� �
: (4)

Using the 2q2 matrices from (4) we introduce 2ðq2 þ 1Þ elements of G by letting

xt ¼ mðtÞ, 0½ �, and yt ¼ m0ðtÞ, 1� �
for 0 � t < q2 � 1, together with

x1 ¼ mð1Þ, 0½ �, y1 ¼ m0ð1Þ, 1� �
, x� ¼ I, 0½ �, and y� ¼ diaðn, 1Þ, 1½ �;

note that x� is the unit element of G. It may be checked that this set of nq ¼ 2ðq2 þ 1Þ elements
of G is a left transversal for the subgroup Hupp:

With the help of this transversal we will now extend any one-dimensional representations
U 2 fU‘; ‘ 2 Lg of Hupp described in (3) to an nq-dimensional representation UG of G; the
method originates from [5]. Before doing so we will make an agreement about indexation. Let
Ind ¼ f0, 1, :::, q2 � 2, � ,1g, where the entries 0, 1, :::, q2 � 2 are considered mod q2 � 1, and
let Ind0 ¼ fz0; z 2 Indg: To describe nq � nq matrices we will use the nq indices from the set
Ind [ Ind0 equipped with the linear ordering

0 < 1 < 
 
 
 < ðq2 � 2Þ < 00 < 10 < 
 
 
 < ðq2 � 2Þ0 < � < 1 < �0 < 10 : (5)

Invoking now [2, Lemma 9.1] adapted to our situation and using the introduced notation, an
nq-dimensional representation UG is obtained by assigning, to every element g 2 G the nq � nq
matrix UGðgÞ whose (a, b)th entry for a, b 2 Ind [ Ind0 is determined by the following rules
(using the convention that ðz0Þ0 ¼ z for our indices):
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UGðgÞa, b ¼

Uðxagx�1
b Þ if g 2 H, a, b 2 Ind and xagx�1

b 2 Hupp;

Uðya0gy�1
b0 Þ if g 2 H, a, b 2 Ind0 and ya0gy�1

b0 2 Hupp;

Uðxagy�1
b0 Þ if g 2 GnH, a 2 Ind, b 2 Ind0 and xagy�1

b0 2 Hupp;

Uðya0gx�1
b Þ if g 2 GnH, a 2 Ind0, b 2 Ind and ya0gx�1

b 2 Hupp;

0 in all other cases :

8>>>>>>>><
>>>>>>>>:

By part (6) of Proposition 2, each induced representation UG for U 2 fU‘; ‘ 2 Lþ [ L�g is
reducible and splits into two irreducible representations of dimension q2 þ 1 each. The missing
irreducible characters v‘ and v‘k on GnH for ‘ 2 Lþ [ L� are given by traces of these representa-
tions, or, equivalently, by traces corresponding to the two G-invariant ðq2 þ 1Þ-dimensional sub-
spaces of the representation UG:

For evaluation of these traces (which we will do in the next section) we will need explicit
knowledge of UG-images of a generating set of G ¼ Mðq2Þ and its subgroup H ffi PSLð2, q2Þ: It is
well known that H ffi PSLð2, q2Þ is generated by the two elements g1 ¼ ½diaðn, n�1Þ, 0� and g2 ¼
½diað1, 0Þ þ offð�1, 1Þ, 0�, of order ðq2 � 1Þ=2 and 3, respectively. In accordance with Table 2, as
representatives of conjugacy classes of Mðq2ÞnH we will take the elements g3 ¼ g3ðjÞ ¼
½diaðnj, 1Þ, 1� and g4 ¼ g4ðjÞ ¼ ½offðnj, 1Þ, 1� for odd positive integers j � q� 2 and j � q, respect-
ively. For the UG-images of these elements we obtain:

Proposition 3. For every ‘ 2 L the values of the induced representation UG
‘ at the elements g1, g2,

g3, and g4 are nq � nq unitary matrices with entries as follows, where c‘ ¼ exp ð2pi‘=ðq2 � 1ÞÞ ¼
exp ðpir=ðq� 1ÞÞ, and indices in Ind [ Ind0 distinct from �, �0 ,1,10 are understood mod q2 � 1:

(a) If g ¼ g1 ¼ ½diaðn, n�1Þ, 0�, then

UG
‘ ðgÞa, b ¼

c2‘ if ða, bÞ 2 fð�, �Þ, ðt, t þ 2Þ, 0 � t � q2 � 2g,
c2q‘ if ða, bÞ 2 fð�0, �0Þ, ðt0, ðt þ 2qÞ0Þ, 0 � t � q2 � 2g,
c�2
‘ if ða, bÞ ¼ ð1,1Þ,
c�2q
‘ if ða, bÞ ¼ ð10,10Þ,
0 in all other cases :

8>>>>>>>><
>>>>>>>>:

(b) If g ¼ g2 ¼ ½diað1, 0Þ þ offð�1, 1Þ, 0�, then, letting �q ¼ ðq2 � 1Þ=2,

UG
‘ ðgÞa, b ¼

c�2a
‘ if ða, bÞ ¼ ðt, f ðtÞÞ or ðt0, f ðtÞ0Þ, 0 � t � q2 � 2 and t 6¼ �q,

1 if ða, bÞ or ða0, b0Þ is in the set fð�q, �Þ, ð�,1Þ, ð1, �qÞg,
0 in all the remaining cases,

8><
>:

where the function f on residue classes t mod q2 � 1 and t 6¼ �q is given by n�t þ nf ðtÞ ¼ �1:
(c) If g ¼ g3 ¼ g3ðjÞ ¼ ½diaðnj, 1Þ, 1� for an odd positive integer j � q� 2, then

UG
‘ ðgÞa, b ¼

cj�1
‘ if a ¼ t and b ¼ ðt þ jÞ0, 0 � t � q2 � 2, or ða, bÞ ¼ ð�, �0Þ,
cjqþ1
‘ if a ¼ t0 and b ¼ t þ jq, 0 � t � q2 � 2, or ða, bÞ ¼ ð�0, �Þ,
c�j�1
‘ if ða, bÞ ¼ ð1,10Þ,
c�jqþ1
‘ if ða, bÞ ¼ ð10,1Þ,
0 in all other cases:

8>>>>>>>>><
>>>>>>>>>:
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(d) If g ¼ g4 ¼ g4ðjÞ ¼ ½offðnj, 1Þ, 1� for an odd positive integer j � q, then

UG
‘ ðgÞa, b ¼

ð�1Þ‘c�j�2t�1
‘ if a ¼ t and b ¼ ð�t � jÞ0, 0 � t � q2 � 2,

ð�1Þ‘c�jq�2tþ1
‘ if a ¼ t0 and b ¼ �t � jq, 0 � t � q2 � 2,

ð�1Þ‘cj�1
‘ if ða, bÞ ¼ ð�,10Þ,

ð�1Þ‘c�j�1
‘ if ða, bÞ ¼ ð1, �0Þ,

ð�1Þ‘cjqþ1
‘ if ða, bÞ ¼ ð�0,1Þ,

ð�1Þ‘c�jqþ1
‘ if ða, bÞ ¼ ð10, �Þ,

0 in all the remaining cases:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Proof. For illustration we will only deal with the entire part (b) and the second items of both (c)
and (d), as the verification in all the remaining cases is analogous; the matrices are unitary by
inspection and hence so is the entire induced representation UG

‘ : For all calculations we note that
UG

‘ was introduced before the statement of Proposition 3, preceded by an exposition of the asso-
ciated matrices in (4) together with the elements xa and yb.

Part (b). Letting g ¼ g2 ¼ ½diað1, 0Þ þ offð�1, 1Þ, 0�, for a, b 2 f0, 1, :::, t2 � 2g one has
UG

‘ ðgÞa, b ¼ Uðxagy�1
b0 Þ if xagy�1

b0 2 Hupp; otherwise UG
‘ ðgÞa, b ¼ 0: By the rules (explained in Section

1) for calculations in our group G, the inverse of yt ¼ ½m0ðtÞ, 1� is y�1
t ¼ ½nðtÞr, 1� where n(t) is the

2� 2 matrix with rows ðn�1, 0Þ and ð�nt�1, 1Þ: Following these rules (and slightly abusing the nota-
tion and using a, b 62 f�,1g also as exponents at n), the product X ¼ xagx�1

b evaluates to

X ¼ 1 0
na 1

� �
1 �1
1 0

� �
1 0

�n�b 1

� �
¼ nb þ 1 �1

na þ naþb þ 1 �na

 !
:

The condition X 2 Hupp is equivalent to n�a þ nb ¼ �1, which, for a 6¼ �q, determines b as a
function f(a) from the equation n�a þ nf ðaÞ ¼ �1: In such a case the main diagonal of X consists
of the elements 1þ nf ðaÞ ¼ �n�a and �na, so that by (3) the value of UG

‘ ðgÞa, f ðaÞ is equal to c�2a
‘ :

One may check that for the pair ða0, b0Þ, 0 � a, b � q2 � 2, evaluation of the product yagy�1
b

reduces to determining membership of m0ðaÞgnðbÞ in Hupp and gives the same condition on a, b
as above, that is, b ¼ f ðaÞ for a 62 f�q, � ,1g, with the same value c�2a

‘ of UG
‘ ðgÞa0 , f ðaÞ0 :

Calculating all of x�q gx
�1
� , x�gx�1

1 , x1gx�1
� and their y-versions one obtains matrices with main

diagonal 1, 1, implying the second item of (b).
Regarding the function f, mutual equivalence of the three equations n�a þ nb þ 1 ¼ 0,

n�b þ n�a�b þ 1 ¼ 0, and naþb þ na þ 1 ¼ 0 implies that f(a) ¼ b, f ðbÞ ¼ �a� b, and f ð�a� bÞ ¼
a for a 62 f�q, � ,1g: Since raising in qth power is an automorphism of F ¼ GFðq2Þ one also
has f ðqaÞ ¼ qf ðaÞ: It follows that if q is not a power of 3 then f as a permutation of the undashed
indices not in f�q, � ,1g has two fixed points, namely, the two primitive 3rd roots of 1 in F, and for
the remaining values, f consists of 3-cycles of the form (a, b, c) where b ¼ f ðaÞ and aþ bþ c ¼ 0; if q
is a power of 3 then f has 0 as its unique fixed point and the remaining orbits of f are 3-cycles as above.
An analogous statement applies to dashed indices.

The second item of part (c). For g ¼ g3ðjÞ ¼ ½diaðnj, 1Þ, 1� finding the value of ya0gx�1
b by the calcula-

tion rules in G reduces to evaluating the product X ¼ m0ðaÞ 
 diaðnjq, 1Þ 
mðbÞ�1, which results in

X ¼ n 0
na 1

� �
njq 0
0 1

� �
1 0

�nb 1

� �
¼ njqþ1 0

njqþa � nb 1

� �
:

Here one has X 2 Hupp if and only if b ¼ aþ jq mod ðq2 � 1Þ: To evaluate U‘ at such an X one
needs to represent it in the form ½hðu, dÞ, 0�, which reduces to looking for an element z 2 F such
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that zX has a pair of mutually inverse entries nu and n�u in the main diagonal. The obvious
choice here is z ¼ n�ðjqþ1Þ=2, giving by (3) the value UG

‘ ðgÞa0 , aþjq ¼ cjqþ1
‘ :

The second item of part (d). Here, in xagy�1
b0 ¼ ½mðaÞ 
 offðnj, 1Þ 
 nðbÞ, 0� the product X of the

three matrices is

X ¼ 1 0
na 1

� �
0 nj

1 0

� �
n�1 0

�nb�1 1

� �
¼ �nbþj�1 nj

n�1 � naþbþj�1 naþj

 !
:

Now, X belongs to Hupp if and only if b ¼ �a� j mod ðq2 � 1Þ, and to determine the correspond-
ing value of U‘ we again need to represent this element as ½hðu, dÞ, 0� by finding some
z 2 F such that the main diagonal of zX has the form ðnu, n�uÞ: Using bþ j ¼ �a and ð�1Þ ¼
nðq

2�1Þ=2, multiplication by z ¼ n�ð2j�2þq2�1Þ=4 produces the required diagonal entries in zX for u ¼
�a� ðjþ 1Þ=2� ðq2 � 1Þ=4: By (3), the value of U‘ at ½hðu, dÞ, 0� 2 Hupp for hðu, dÞ ¼ zX is then
equal to exp ð4pi‘u=ðq2 � 1ÞÞ: Finally, with the help of c‘ ¼ exp ð2pi‘=ðq2 � 1ÞÞ and the substitu-
tion for u the value of U‘ simplifies to ð�1Þ‘c�j�2a�1

‘ , which is as claimed if a¼ t and
b ¼ ð�t � jÞ0: w

It will be of advantage to restate the above results in form of block matrices. For ‘ 2 L let P ¼
P‘ be the matrix of dimension q2 þ 1 indexed by the ordered set Ind with P1,1 ¼ c�1

‘ and
P�, � ¼ Pa, aþ1 ¼ c‘ for every a 2 Indnf�,1g mod ðq2 � 1Þ, and with all the remaining entries
equal to zero. We will leave out the subscript ‘ if no confusion is likely. Further, let Aupp, Alow,
B, Cupp ¼ CuppðjÞ and Clow ¼ ClowðjÞ for odd positive j be square matrices of dimension q2 þ 1,
indexed by the ordered set Ind, and defined as follows:

Aupp ¼ P2,Alow ¼ P2q ¼ Aq
upp

Ba, f ðaÞ ¼ c�2a
‘ if a 2 Indnf�q, � ,1g, Ba, b ¼ 1 if ða, bÞ 2 fð�q, �Þ, ð�,1Þ, ð1, �qÞg

Cupp ¼ CuppðjÞ ¼ c�1
‘ Pj, Clow ¼ ClowðjÞ ¼ c‘P

jq

(6)

where entries of B not listed are assumed to be zero; the parameter j will be omitted if no loss of
clarity is likely. From now on we will also extend the symbols dia and off also to 2� 2 blocks of
dimension q2 þ 1: One may check that, in this new notation, the matrices A† ¼ UG

‘ ðg1Þ, B† ¼
UG

‘ ðg2Þ and C† ¼ C†ðjÞ ¼ UG
‘ ðg3ðjÞÞ from Proposition 3 can be displayed in the form

A† ¼ diaðAupp,AlowÞ, B† ¼ diaðB,BÞ, C† ¼ offðCupp,ClowÞ (7)

where we assume a natural extension of indexation from Ind to Ind0 in the bottom q2 þ 1 coordi-
nates of the “larger” matrices of dimension 2ðq2 þ 1Þ; this also justifies the usage of the subscripts
“upp” and “low” for the upper and lower non-zero blocks of the matrices of (6) which appear in (7).

Since the matrices A† and B† of dimension 2ðq2 þ 1Þ assigned to the generators g1 and g2 of
H ffi PSLð2, q2Þ in the representation UG

‘ are block-diagonal, it follows that all matrices of UG
‘

assigned to elements of H are block-diagonal (with diagonal blocks of dimension q2 þ 1). Thus, the
restriction UH

‘ of the unitary representation UG
‘ to H is a sum of two irreducible ðq2 þ 1Þ-dimen-

sional unitary representations, say, Uð1Þ and Uð2Þ, of the group H; formally, UH
‘ ¼ Uð1Þ � Uð2Þ:

This is a good point to recall that our aim is to determine the 2ðq� 2Þ characters denoted v‘
and v‘k at the beginning of the previous section (which are the characters of part (6) of
Proposition 2) for ‘ 2 L with jLj ¼ q� 2: As the restrictions ðv‘ÞH and ðv‘kÞH coincide and are
equal to the character q‘ of H ffi PSLð2, q2Þ, it follows that in the sum UH

‘ ¼ Uð1Þ � Uð2Þ the con-
stituents Uð1Þ and Uð2Þ, generated, respectively, by the pairs Aupp,B and Alow,B, must be equiva-
lent unitary irreducible representations of H. This implies the existence of an “intertwining”
unitary matrix M ¼ M‘ of dimension q2 þ 1 with the property that Uð1ÞðhÞM ¼ MUð2ÞðhÞ for
every h 2 H: In particular, using the common notation YM ¼ M�1YM for conjugation, for the
constituents of A† and B† in (7) one has
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Alow ¼ Aq
upp ¼ AM

upp and B ¼ BM : (8)

Further, using Aupp ¼ P2, Alow ¼ P2q ¼ Aq
upp from (6) and realizing that Pq2 ¼ P one obtains

AM2

upp ¼ AM
low ¼ ðAq

uppÞM ¼ ðAM
uppÞq ¼ Aq

low ¼ Aq2
upp ¼ Aupp :

Since from (8) we obviously have BM2 ¼ B, it follows that M2 commutes with the representation
Uð1Þ: By Schur’s theorem, M2 is a constant multiple of the identity matrix. However, for the pur-
pose of intertwining the constant multiple may be an arbitrary non-zero complex number, which
we will henceforth choose to be equal to 1. Thus, without loss of generality we may assume that
M2 ¼ I, which means that M is a unitary Hermitian matrix; now we also have detðMÞ ¼ 61:

6. Determination of the remaining characters

We begin this section by determining all the non-trivial G-invariant (and hence ðq2 þ 1Þ-dimen-
sional) subspaces of our 2ðq2 þ 1Þ-dimensional representation UG

‘ : The method relies on the fol-
lowing result which extends [15, Lemma 2.6, p. 56] and is likely to be folklore in representation
theory; we therefore include only a short proof.

Lemma 5. Let W1 �W2 be a direct sum of a pair of equivalent non-real irreducible representations
of a group K with associated disjoint vector spaces V1 and V2 and with an intertwining matrix N.
If a non-trivial subspace V of V1 � V2 is K-invariant, then either the projection of V onto exactly
one of V1, V2 is zero, or there is a non-zero c 2 C such that V ¼ fðu, uðcNÞÞ; u 2 V1g:
Proof. By default, all ofWi and Vi for i¼ 1, 2 as well as V andNmust have the same dimension. Letting pi
be the projection of V1 � V2 onto Vi for i¼ 1, 2, by irreducibility the intersection V \ kerðpiÞ is either Vi

or trivial. Leaving the possibility when (exactly) one of piðVÞ is equal to Vi we are left with the case when
both intersections V \ kerðpiÞ are trivial. But then, letting pi,V denote the restriction of pi to V, it follows
that Vi ¼ pi,VðVÞ ffi V for i¼ 1, 2; in particular, the mappings pi,V are K-invariant isomorphisms. The
compositionW ¼ p�1

1,Vp2,V is a K-invariant isomorphism V1 ! V2, which, by Schur’s theorem, must be
given by uW ¼ uðcNÞ for an intertwiningmatrixN, unique up to a non-zeromultiplicative constant. Now,
if v 2 V is an arbitrary vector, letting u ¼ vp1jV we obtain v¼ðvp1jV ,vp2jVÞ¼ðu,uWÞ¼ðu,uðcNÞÞ: w

Applying Lemma 5 to our restricted representation UH
‘ of the subgroup H<G one sees that an

invariant subspace W for UH
‘ has either zero projection onto the first (undashed) q2 þ 1 coordinates

in the set Ind, or a zero projection onto the second (dashed) coordinates in Ind0, or else has the
form W ¼ fðu, cuMÞ; u 2 Cq2þ1g, where M ¼ M‘ is the intertwining involutory matrix of (8). One
of these then must form an invariant subspace for the entire representation UG

‘ of the group G.
Realizing that the representation UG

‘ is obtained from UH
‘ by adjoining any of the matrices C† from

(7) with zero diagonal blocks, the first two possibilities are immediately ruled out, and we obtain:

Corollary 1. Every non-trivial invariant subspace of UG
‘ has the form W ¼ fðu, cuMÞ; u 2 Cq2þ1g,

where M is the intertwining involutory matrix of the representations Uð1Þ and Uð2Þ of H generated
by Aupp,B and Alow,B, and c is a non-zero complex constant. w

By the corollary, for every vector w 2 W, i.e., of the form w ¼ ðu, cuMÞ for u 2 Cq2þ1, the
vector wC† ¼ ðu, cuMÞoffðCupp,ClowÞ ¼ ðcðuMÞClow, uCuppÞ must also belong to W. This means
that uCupp ¼ uðcMÞClowðcMÞ, and as u was arbitrary and M ¼ M�1, it follows that

Clow ¼ c�2CM
upp : (9)

With the help of Corollary 1 and the knowledge of Cupp ¼ c�1
‘ Pj, Clow ¼ c‘P

jq and Aupp ¼ P2

by (6) we now determine the possible values of the constant c. Namely, squaring the expressions
for Cupp and Clow one obtains
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C2
upp ¼ c�2

‘ P2j ¼ c�2
‘ Aj

upp and C2
low ¼ c2‘P

2jq ¼ c2‘A
jq
upp ,

and substituting these into the square of (9) gives

c2‘A
jq
upp ¼ c�4c�2

‘ ðAj
uppÞM :

The last equation reduces by (8), i.e., by AM
upp ¼ Aq

upp, to c4 ¼ c�4
‘ , so that c ¼ 6idð‘Þc�1

‘ for some
dð‘Þ 2 f0, 1g, where i is the complex imaginary unit. Hence, (9) can equivalently be written in
the form

Clow ¼ ð�1Þdð‘Þc2‘CM
upp : (10)

Observe that if c is one of the four values determined above for which the subspace W ¼
fðu, cuMÞ; u 2 Cq2þ1g is G-invariant, then W? ¼ fðv, � cvMÞ; v 2 Cq2þ1g is another such sub-
space and the pair ðW,W?Þ forms an orthogonal decomposition of C2ðq2þ1Þ: Indeed, letting �

denote the complex conjugate transpose and using the fact that M is unitary (MM� ¼ I) together
with cc� ¼ 1, evaluating the standard inner product of (complex) vectors from W and W? gives

ðu, cðuMÞÞ 
 ðv, � cðvMÞÞ ¼ uv� � cuMððcvMÞ� ¼ uv� � cc�uMM�v� ¼ 0 :

Consider such a pair W,W? of G-invariant subspaces. From the way our induced representa-
tion UG

‘ was introduced before the statement of Proposition 3 and from the calculations in its
proof it follows that for every g 2 GnH the unitary matrix UG

‘ ðgÞ has the form E† ¼ E†ðgÞ ¼
offðEupp, ElowÞ with off-diagonal (and necessarily unitary) blocks of dimension q2 þ 1 each.
Consider a complex eigenvalue x of E† associated with a non-zero eigenvector w, splitting
uniquely as w ¼ w1 þ w2 for w1 2 W and w2 2 W?: Now, ðw1 þ w2ÞE† ¼ wE† ¼ xw ¼
xðw1 þ w2Þ and by C2ðq2þ1Þ ¼ W �W? and the G-invariance of the two subspaces we obtain
w1E† ¼ xw1 and w2E† ¼ xw2: It follows that the eigenspace EigðE†, xÞ of E† associated with the
eigenvalue x is a direct sum ðEigðE†, xÞ \WÞ � ðEigðE†, xÞ \W?Þ of the corresponding spaces of
eigenvectors of E† that belong to W and W?: By diagonalizability of unitary matrices this also
means that the spectrum of E†, of size 2ðq2 þ 1Þ, is a concatenation of the spectra SpecðE†,WÞ
and SpecðE†,W?Þ of size q2 þ 1 consisting, respectively, of the eigenvalues corresponding to
eigenspaces contained in W and W?:

Let now w ¼ ðu, cuMÞ 2 W be an eigenvector of E† for an eigenvalue x. Since W is G-invariant
and hence preserved by E†, one has

ðxu, xcuMÞ ¼ xw ¼ wE† ¼ ðcuMElow, uEuppÞ 2 W :

Membership of the last vector in W means that uEupp ¼ cuMElowðcMÞ, and since this holds for
every eigenvector u corresponding to any eigenvalue x, we obtain Eupp ¼ c2EMlow, or, equivalently,
c�EuppM ¼ cMElow: The chain of displayed equations further gives xu ¼ ucMElow and xcuM ¼
ðcuMÞcElowM, which means that u and cuM are eigenvectors of the matrices cMElow ¼ c�EuppM
and cElowM, respectively, for the same eigenvalue x. Conversely, if u is an eigenvector of
c�EuppM ¼ cMElow for an eigenvalue x, then right multiplication by cM shows that cuM is an
eigenvector of cMElowcM ¼ Eupp for x and hence xðu, cuMÞ ¼ ðcuMElow, uEuppÞ, that is, w ¼
ðu, cuMÞ 2 W is an eigenvector of E† for the same eigenvalue x.

This correspondence between the eigenspaces of E† that are subspaces of W and eigenspaces
of the (unitary and hence diagonalizable) matrix cMElow ¼ c�EuppM together with the earlier
established facts about spectra lead to the conclusion that the multi-set SpecðE†,WÞ is equal to
the spectrum of cMElow ¼ c�EuppM: This way we have arrived at the following conclusion for our
missing character v‘ for ‘ 2 L, which we state as a summary of the above considerations together
with (8) and (10).

Proposition 4. Let M be a unitary Hermitian matrix of dimension q2 þ 1 with determinant ±1
such that
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Alow ¼ AM
upp , B ¼ BMandClow ¼ c�2CM

upp ¼ ð�1Þdð‘Þc2‘CM
upp (11)

for some c 2 f6idð‘Þc�1
‘ g. For an arbitrary g 2 GnH let UG

‘ ðgÞ ¼ offðEuppðgÞ, ElowðgÞÞ. Then, the
pair of characters v‘ and v‘k for each ‘ 2 L is determined by letting v‘ðgÞ ¼ trðcMElowðgÞÞ ¼
trðc�EuppðgÞMÞ for every g 2 GnH: w

Proposition 4 allows for a quick determination of the missing pair of characters v‘ and v‘k for
‘ 2 Lþ ¼ frðqþ 1Þ=2; 1 � r � ðq� 3Þ=2g: The key observation now is that for ‘ ¼ rðqþ 1Þ=2 2
Lþ (1 � r � ðq� 3Þ=2) one has cq�1

‘ ¼ ð�1Þr by Proposition 3. Let Q be the permutation matrix
corresponding to the permutation of the set Ind fixing � and 1 and sending a 7! aq for every
a 2 Indnf�,1g mod ðq2 � 1Þ: Observe that, due to cq�1

‘ ¼ ð�1Þr, for the matrix P introduced
immediately after the end of the proof of Proposition 3 one has Pq ¼ ð�1ÞrPQ: With this in hand
and using oddness of j, an inspection of (6) shows that

Alow ¼ AQ
upp , B ¼ BQandClow ¼ ð�1Þrc‘ðPjÞQ ¼ ð�1Þrc2‘CQ

upp : (12)

Comparing (12) with (11) implies that for ‘ 2 Lþ one can simply take M¼Q for the intertwining
matrix, with ð�1Þdð‘Þ ¼ ð�1Þr and c�1 ¼ c� ¼ irc‘:

Applying Proposition 4 further, for ‘ 2 Lþ the value of the “missing” character v‘ at the elem-
ent g ¼ g3ðjÞ of part (c) of Proposition 3 may be taken to be the trace of the product c�CuppðjÞQ:
By (6) one has CuppðjÞ ¼ c�1

‘ Pj and one may check that the only non-zero diagonal elements of
the product CuppðjÞQ are those in positions � and 1, which are cj�1

‘ and c�j�1
‘ : Therefore

v‘ðg3ðjÞÞ ¼ c�ðcj�1
‘ þ c�j�1

‘ Þ ¼ irðcj‘ þ c�j
‘ Þ for ‘ ¼ rðqþ 1Þ=2 2 Lþ, 1 � r � ðq� 3Þ=2: By the

same token, letting UG
‘ ðg4ðjÞÞ ¼ offðDupp,DlowÞ for the element g4ðjÞ of part (d) of Proposition 3,

for ‘ 2 Lþ one has v‘ðg4ðjÞÞ ¼ trðc�DuppðjÞQÞ and as this matrix has a zero diagonal by inspection
it follows that v‘ðg4ðjÞÞ ¼ 0:

Using the notation sþ‘ ðjÞ ¼ irðajr þ a�j
r Þ for ‘ ¼ rðqþ 1Þ=2, with ar ¼ exp ðipr=ðq� 1ÞÞ ¼ c‘,

the missing pair of characters v‘, v‘k may be given as follows.

Corollary 2. For ‘ ¼ rðqþ 1Þ=2 2 Lþ, 1 � r � ðq� 3Þ=2, the pair of characters v‘ and v‘k are
determined by v‘ðg3ðjÞÞ ¼ sþ‘ ðjÞ for odd positive j � q� 2, and v‘ðg4ðjÞÞ ¼ 0 for odd posi-
tive j � q: w

We continue by calculating the values of v‘ for ‘ 2 L� on conjugacy classes of twisted elements of
G. Out of the previous results it is easy to extract, for each of the ðqþ 1Þ=2 values of ‘ 2 L�,
the ðq� 1Þ=2-dimensional vector of values of ðv‘ðg3ðjÞ; odd j � q� 2Þ: Observe that, for any fixed
‘ 2 L�, the restriction ðv‘ÞH is orthogonal to each of the ðq� 3Þ=2 restrictions ðv‘ÞH for ‘ 2 Lþ

and to the trivial character i. It follows that, for our fixed ‘ 2 L�, the ðq� 1Þ=2-dimensional vector
w ¼ ðv‘ðg3ðjÞ; odd j � q� 2Þ is orthogonal to the system of ðq� 1Þ=2 mutually orthogonal vectors
consisting of the all-one vector and the ðq� 3Þ=2 vectors ðcj‘ þ c�j

‘ ; odd j � q� 2Þ for the ðq� 3Þ=2
values of ‘ 2 Lþ, all of dimension ðq� 1Þ=2: But such a w must then be the zero vector, which
implies that v‘ is zero at all elements g3ðjÞ for every ‘ 2 L�:

It remains to determine the values of v‘ for ‘ 2 L� at the elements g4ðjÞ for odd positive
j � q, which will take considerably more space. To this end it is sufficient to determine the
matrix M for this situation, and although general methods for calculating intertwining matri-
ces are available (see e.g. [11]) we adopt here a more direct approach. Summing up some of
the facts established so far, the unitary Hermitian matrix M with detðMÞ ¼ 61 is, up to the
sign, determined by the equations from Proposition 4, the second and third of which are
equivalent to BM ¼ MB and ð�1Þdð‘Þc2‘CuppM ¼ MClow: Written in terms of coordinates Ma, b

for a, b 2 Ind, the first equation gives

Mf ðaÞ, f ðbÞ ¼ c2ðjaj�jbjÞ
‘ Ma, b with jaj ¼ a if a 6¼ �,1

0 otherwise:

�
(13)
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To deal with the second equation we will assume that ‘ ¼ sðq� 1Þ=2 2 L�, 1 � s � ðq� 1Þ=2,
and we will choose dð‘Þ such that ð�1Þdð‘Þ ¼ ð�1Þs; as we shall see, this choice will be consistent
with the forthcoming calculations. Taking this into the account and realizing that now cqþ1

‘ ¼
ð�1Þs, it can be checked that the equation ð�1Þdð‘Þc2‘CuppM ¼ MClow, taken first for j¼ 1 and
then extended by induction for every t mod q2 þ 1, translates into the following linear system,
where a, b 62 f�,1g :

Maþt, bþtq ¼ c�2t
‘ Ma, b

Maþt, � ¼ c�2t
‘ Ma, �, M�, bþtq ¼ c�2t

‘ M�, b, M�, � ¼ 0

Maþt,1 ¼ Ma,1, M1, bþtq ¼ M1, b, M1,1 ¼ 0

(14)

It can also be verified that the system (14) for t¼ 2 implies the first equation Alow ¼ AM
upp from

Proposition 4.
In what follows we will use the fact that �q ¼ ðq2 � 1Þ=2 is the only non-trivial involution mod

ðq2 � 1Þ, with q�q � �q mod ðq2 � 1Þ; we will also frequently use the cycle ð�q, � ,1Þ of the per-
mutation f. Let y ¼ M0,1: The leftmost equation in the last row of (14) shows that Ma,1 ¼ y for
every a 2 Ind0 ¼ Indnf�,1g: Applying first (13) with c2q‘ ¼ c�2

‘ , followed by using the middle
equation of (14) for t¼ q and finally by (13) again one obtains

M1, f ð�qþ1Þ ¼ c�2
‘ M�, �qþ1 ¼ c�2

‘ ðc2‘M�, �qÞ ¼ M�q,1 ¼ y :

But from M ¼ M� it also follows that M1, f ð�qþ1Þ ¼ ðMf ð�qþ1Þ,1Þ� ¼ y�, which in combination with
the above implies y ¼ y�, that is, y is a real number. Using (13) it also follows that y ¼ M�q,1 ¼
M1, � ¼ M�

�,1 ¼ M�,1, so that the entries of the column of M marked 1 are constantly equal to
y except for M1,1 ¼ 0: Due to M ¼ M� the same conclusion is valid for the row of M marked
1: By MM� ¼ M2 ¼ I, the dot product of the row and the column of M marked 1 must be
equal to 1, that is, q2y2 ¼ 1, from which y ¼ 6q�1:

The entries of M in the row and column marked � are determined by the equations of (14)
containing asterisks. To determine the remaining entries, observe first that, by (14) and (13), one
has M1,1 ¼ M�q , �q ¼ M0, 0 ¼ 0, and hence by the first equation of (14) one also has Mt, tq ¼
Mtq, t ¼ 0 for every t mod ðq2 � 1Þ: The remaining entries of M turn out to be non-zero and can
be determined as follows. For every a0 2 Indnf�q, � ,1g by (13) one obtains Mf ða0Þ, �q ¼
c2a

0
‘ Ma0 ,1 ¼ yc2a

0
‘ : Combining this with application of the first equation of (14) yields

Mf ða0Þþt, �qþtq ¼ c�2t
‘ Mf ða0Þ, �q ¼ yc2a

0�2t
‘ : (15)

Letting now a ¼ f ða0Þ þ t and b ¼ �q þ tq and evaluating t and a0 in terms of a and b gives
t ¼ bqþ �q and a0 ¼ f�1ða� bqþ �qÞ and hence (15) with c2q‘ ¼ c�2

‘ reduces to

Ma, b ¼ yc2f
�1ða�bqþ�qÞþ2b

‘ for a 6¼ bq ; (16)

the condition a 6¼ bq is a consequence of a0 6¼ �q: Now, (16) together with the information about
zero entries of M and about rows and columns marked � and 1 determine the matrix M ¼ M‘

completely. Conversely, one may check that the entries of M ¼ M‘ that have just been deter-
mined satisfy Equations (13) and (14) with ð�1Þdð‘Þ ¼ ð�1Þs:

With this in hand we are in position to calculate the remaining values of v‘ for ‘ 2 L� at the
elements g4ðjÞ, represented by the matrix UG

‘ ðg4ðjÞÞ ¼ offðDuppðjÞ,DlowðjÞÞ given in part (d) of
Proposition 3; in particular, entries of DuppðjÞ are zero except for those indexed ð�,1Þ, ð1, �Þ,
and ða, � a� jÞ for a 2 Ind0, equal, respectively, to ð�1Þ‘cj�1

‘ , ð�1Þ‘c�j�1
‘ , and ð�1Þ‘c�j�2a�1

‘ :

By Proposition 4 we have v‘ðg4ðjÞÞ ¼ trðc�DuppðjÞMÞ, and a straightforward evaluation of the
trace gives
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v‘ðg4ðjÞÞ ¼ is c�j
‘

X
a2Ind0

c�2a
‘ M�a�j, a þ ðcj‘ þ c�j

‘ ÞM�,1
� �

:

With the help of (16) and y ¼ 6q�1, and also by changing the summation variable from a to
t ¼ �aþ ðq� 1Þ=2, the trace equation transforms to

v‘ðg4ðjÞÞ ¼ 6isq�1 c�j
‘

X
t2Ind0

c2f
�1ðtðqþ1Þ�jÞ

‘ þ ðcj‘ þ c�j
‘ Þ

 !
: (17)

Again the key is to use the fact that now c2ðqþ1Þ
‘ ¼ 1, so that to understand the sum in (17) one

just needs to study the residues of f�1ðtðqþ 1Þ � jÞ mod ðqþ 1Þ, and it is sufficient to do this
only for t 2 f0, 1, :::, q� 2g as the values of f�1 depend only on the residue of t but this time
mod ðq� 1Þ: The following auxiliary result will help sort the situation.

Lemma 6. For t 2 f0, 1, :::, q� 2g the values of f�1ðtðqþ 1Þ � jÞ are in distinct congruence classes
mod ðqþ 1Þ; moreover, f�1ðtðqþ 1Þ � jÞ 6� 0 and 6� j mod ðqþ 1Þ:

Proof. Let eðtÞ ¼ f�1ðtðqþ 1Þ � jÞ: Suppose that for t1, t2 2 f0, 1, :::, q� 2g one has eðt1Þ ¼
u1ðqþ 1Þ þ v and eðt2Þ ¼ u2ðqþ 1Þ þ v for the same residue v mod ðqþ 1Þ: Observe that the
power z ¼ nqþ1 of the primitive element n 2 F ffi GFðq2Þ that has been used throughout is an
element of the subfield F0 ffi FGðqÞ of F. By the defining equation for f in part (b) of Proposition
3 one then has �1 ¼ n�eðt1Þ þ nt1ðqþ1Þ�j ¼ zu1nv þ zt1n�j and, similarly, �1 ¼ zu2nv þ zt2n�j:
Eliminating nv from the two equations gives n�jðzt1�u1 � zt2�u2Þ ¼ z�u2 � z�u1 : But as n�j 62 F0
for 1 � j � q while all the powers of z are in F0, it follows that u1 ¼ u2 and hence also t1 ¼ t2,
proving the first part of the result. The second part is proved similarly, letting e(t) ¼ j and then
e(t) ¼ 0 in the first part of the calculation above. w

The set Ind0 ¼ f0, 1, :::, q2 � 2g contains, for each u 2 f0, 1, :::, q� 2g, exactly qþ 1
distinct elements with residue mod ðq� 1Þ equal to u, and each of these qþ 1 elements of the
form t ¼ u0ðq� 1Þ þ u for u0 2 f0, 1, :::, qg determine the same value of the argument of f�1 in
(17). Therefore the sum in (17) evaluates toX

t2Ind0
c2f

�1ðtðqþ1Þ�jÞ
‘ ¼ ðqþ 1Þ

X
0�u�q�2

c2f
�1ðuðqþ1Þ�jÞ

‘ : (18)

By Lemma 6, the values of f�1 appearing in (18) cover exactly q� 1 out of the possible qþ 1 resi-
due classes mod ðqþ 1Þ, except for the classes 0 and j. But the sum of powers of c2‘ with expo-
nents ranging over all the qþ 1 distinct residue classes mod ðqþ 1Þ is equal to zero, because it is
precisely the sum of all the qþ 1 distinct complex ðqþ 1Þth roots of unity. It follows that the
sum of (18) is equal to the negative of the “missing” two terms corresponding to residue classes j
and 0, that is, X

0�u�q�2

c2f
�1ðuðqþ1Þ�jÞ

‘ ¼ �c2j‘ � c0‘ : (19)

Substituting now (19) into (18) and then the resulting sum into (17) finally gives the values of
v‘ðg4ðjÞÞ equal to 6isðcj‘ þ c�j

‘ Þ: We state the corresponding result as a corollary, using the notation
s�‘ ðjÞ ¼ isðbjs þ b�j

s Þ for ‘ ¼ sðq� 1Þ=2, 1 � s � ðq� 1Þ=2, where bs ¼ exp ðips=ðqþ 1ÞÞ ¼ c‘; we
will also take into account the earlier observation about zero values of v‘ðg3ðjÞÞ for ‘ 2 L� :

Corollary 3. For ‘ ¼ sðq� 1Þ=2 2 L�, 1 � s � ðq� 1Þ=2, the pair of characters v‘ and v‘k are
determined by v‘ðg3ðjÞÞ ¼ 0 for odd positive j � q� 2, and v‘ðg4ðjÞÞ ¼ s�‘ ðjÞ for odd posi-
tive j � q: w
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7. The character table of Mðq2Þ
It remains to translate the facts derived in Propositions 2 and Corollaries 2 and 3 into a tabular
form. In the interest of saving space and displaying all the irreducible characters of Mðq2Þ in
form of a single table one needs to use a number of abbreviations. The following is a legend for
reading Table 5.

Characters. We use the symbols i, q, and q0 in the first column of Table 5 in their meaning
as in Table 3 of characters of PSLð2, q2Þ, and R for the Steinberg character. In the explanations
below we will also use the characters q‘ and pm of PSLð2, q2Þ: Continuing in the description of
character designations in the first column of Table 5, we let q‘;q ¼ q‘ þ q‘q for ‘ 2 U and pm;q ¼
pm þ pmq for m 2 V; the sets U with jUj ¼ 1

8 ðq2 � 4qþ 3Þ and V with jVj ¼ 1
8 ðq2 � 1Þ have

been introduced in Section 2 before Table 1. The last two entries in the first column of Table 5
are based on the characters v‘ from Corollaries 2 and 3, and we let vþ‘ ¼ v‘ for ‘ 2 Lþ ¼
frðqþ 1Þ=2; 1 � r � ðq� 3Þ=2g and v�‘ ¼ v‘ for ‘ 2 L� ¼ fsðq� 1Þ=2; 1 � s � ðq� 1Þ=2g: In
rows marked w,wk for w 2 fi, R, vþ‘ , v

�
‘ g where double signs appear on some values, those with the

bottom signs are assumed to be values of the product of w with the alternating character k. The num-
ber of characters totals to 2þ 2þ 1þ 1

8 ðq2 � 4qþ 3Þ þ 1
8 ðq2 þ 1Þ þ 2� 1

2 ðq� 3Þ þ 2� 1
2 ðq� 1Þ ¼

ðqþ 1Þðqþ 5Þ=4, which is the number of conjugacy classes as stated at the beginning of Section 3.
Conjugacy classes. Again, in the interest of saving space, in displaying representatives of con-

jugacy classes of Mðq2Þ in the first row of Table 5 we will omit square brackets, and the second
coordinate, 0 or 1, will appear as a subscript; thus, for example, instead of ½aðfjÞ, 0� and
½offðnjÞ, 1� we simply write aðfjÞ0 and offðnjÞ1: The second and the third row of Table 5 display
the number of conjugacy classes (# cl) and orders of the corresponding centralizers (jCentj); the
size of a conjugacy class can be obtained by dividing the order q2ðq4 � 1Þ of Mðq2Þ by the order
of the centralizer. The column aðnjÞ0 ðUÞ corresponds to those representatives aðnjÞ0 for which
j 2 U: The column headed by aðnj0Þ0 actually comprises four columns, namely, those correspond-
ing to the total of q� 2 values of j 0 ¼ jðq61Þ and j 0 ¼ jðq61Þ=2 from Table 1, including the
bounds and restrictions on j as given in this table. (Observe that although entries in these col-
umns have the same shape, they take different values of j and j 0 as input.) The column headed
aðfkÞ0 applies for k 2 V, and the in the last two columns corresponding to diaðnjÞ1 and offðnjÞ1
the variable j is odd and bounded by 1 � j � q� 2 and 1 � j � q, respectively.

Entries. We have used the following in Table 5: xqðj‘Þ ¼ aj‘ þ a�j‘ þ aj‘q þ a�j‘q, where
a ¼ exp ð4pi=ðq2 � 1ÞÞ; xpðkmÞ ¼ bkm þ b�km þ bkmq þ b�kmq, where b ¼ exp ð4pi=ðq2 þ 1ÞÞ;
sþ‘ ðjÞ ¼ irðajr þ a�j

r Þ for ‘ ¼ rðqþ 1Þ=2, 1 � r � ðq� 3Þ=2, where ar ¼ exp ðipr=ðq� 1ÞÞ; and
finally s�‘ ðjÞ ¼ isðbjs þ b�j

s Þ for ‘ ¼ sðq� 1Þ=2, 1 � s � ðq� 1Þ=2, where bs ¼ exp ðips=ðqþ 1ÞÞ:
(Note that the complex numbers a and b have also been used in Table 3, the character table
of PSLð2, q2Þ:)

In the terms introduced above we are finally in position to present the character table of the
twisted linear group Mðq2Þ:
Table 5. Table of irreducible characters of G ¼ Mðq2Þ:
Mðq2Þ I0 u0 w0 aðnjÞ0 ðUÞ aðnj0Þ0 aðfkÞ0 diaðnjÞ1 offðnjÞ1
# cl 1 1 1 1

8 ðq2 � 4qþ 3Þ q� 2 1
8 ðq2 � 1Þ 1

2 ðq� 1Þ 1
2 ðqþ 1Þ

jCentj q2ðq4 � 1Þ q2 2ðq2 � 1Þ 1
2 ðq2 � 1Þ q2 � 1 1

2 ðq2 þ 1Þ 2ðq� 1Þ 2ðqþ 1Þ

i, k 1 1 1 1 1 1 ±1 ±1
R, Rk q2 0 1 1 1 –1 ±1 71
qþ q0 q2 þ 1 1 2 2ð�1Þj 2ð�1Þj 0 0 0
pm;q 2ðq2 � 1Þ –2 0 0 0 �xpðkmÞ 0 0
q‘;q 2ðq2 þ 1Þ 2 4ð�1Þ‘ xqðj‘Þ xqðj‘Þ 0 0 0
vþ‘ , vþ‘ k q2 þ 1 1 2ð�1Þ‘ 1

2xqðj‘Þ 1
2xqðj‘Þ 0 6sþ‘ ðjÞ 0

v�‘ , v�‘ k q2 þ 1 1 2ð�1Þ‘ 1
2xqðj‘Þ 1

2xqðj‘Þ 0 0 6s�‘ ðjÞ
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Theorem 1. The character table of the group Mðq2Þ is given by Table 5.

In a forthcoming paper [10], we apply the character table from Theorem 1 to obtain an enu-
meration of regular maps of any given type (i.e., of given vertex valency and face length) sup-
ported by the groups Mðq2Þ: This refines the earlier enumeration of [3] where types were not
considered, and extends the available collection of classes of regular maps of given type [8] enum-
erated with the help of Frobenius’ character formula [4].
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