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Abstract [100 words] 26 

Purpose:  To determine the optimal number of data points required for optimization of formulae for 27 

classical lens power calculation.  28 

Methods: A large dataset of preoperative biometric values was used to assess the convergence of 29 

formula constants in a number of established intraocular lens power calculation formulae. 30 

Results: In formulae with a single constant, 80 to 100 clinical data points are sufficient to obtain 31 

convergence.  The Haigis formula (3 constants), requires 200 to 300 data points although refractive 32 

error converges more rapidly. 33 

Conclusions: In all formulae 80 to 100 clinical data points are sufficient to achieve a stable mean 34 

refractive error. 35 

Key words: lens power calculation formulae, formula constant optimization, customized constants, 36 

convergence, mean absolute refraction error 37 

 38 

 39 
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Background 40 

 41 

In cataract surgery most intraocular lens (IOL) power calculations worldwide are performed with 42 

theoretical-optical formulae. These formulae include a so-called formula constant which adapts the 43 

formula to the specific behavior of the lens implant, including the optics and haptics design of the 44 

lens as well as the refractive index. When an IOL is brought to market those formula constants are 45 

typically estimated, and with some clinical studies they are verified and optimized to yield the best 46 

overall refractive outcome with a specific lens type [1-3]. 47 

For optimization of formula constants we require a dataset with preoperative biometric values, with 48 

the refractive power of the lens (IOLP) which was implanted, together with the achieved refraction 49 

after stabilization of the lens in the capsular bag [2-4]. In most studies refraction data 1 to 6 months 50 

after cataract surgery are used, and manual refraction is performed using trial glasses in a trial frame. 51 

Formula constants in the classical theoretical-optical formulae such as SRKT [5,6], Hoffer-Q [7,8], 52 

Holladay1 [9] or Haigis [3], published decades ago, act differently but overall they shift the refractive 53 

power of the lens such that the refractive outcome matches the refraction predicted by the formula. 54 

For example, the SRKT formula uses an A constant [5,6], which is a heritage of the empirical SRK or 55 

SRK2 regression formula. In the SRK or SRK2 formula the A constant directly acts on the IOL power, 56 

which means that an increase of A by 1 increases the emmetropic IOL power by 1 diopter. In the 57 

SRKT formula the A constant acts more indirectly, but the general meaning remains unchanged. The 58 

Hoffer-Q formula [7,8] uses a personalized ACD constant (pACD), which in principle refers to the axial 59 

position of a thin IOL implant with respect to the corneal apex. An increase of pACD by 1 increases 60 

the effective lens position by 1 mm, and the respective IOL power must be increased to account for 61 

this axial shift. The Holladay1 formula [9] uses a surgeon factor (SF) which refers to the axial distance 62 

between the position of a thin lens implant and the iris plane. In other words, an increase of SF by 1 63 

refers on average to a posterior shift of the IOL by 1 mm which has to be compensated (in 64 

accordance to the pACD in the Hoffer-Q formula) with an increase in the IOL power. The Haigis 65 

formula [3] uses 3 formula constants, which together are regression coefficients of a bivariate 66 

regression of the axial position of the thin IOL (effective lens position, ELP) with an intercept value 67 

(a0) and a weighting (a1) of the phakic anterior chamber depth (ACD) and a weighting (a2) of the 68 

axial length (AL). That means that ELP is directly derived from ELP=a0+a1·ACD+a2·AL. This formula is 69 

used either with optimization of a0 only with preset values for a1 and a2, or with an optimization of 70 

the constant triplet a0/a1/a2, which makes the formula more flexible. 71 
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The ELP itself refers to an artificial measure which does not directly reflect the physical position of 72 

the lens in the pseudophakic eye. With several model assumptions in all the formulae (such as a 73 

keratometer index which converts corneal front surface radius to corneal power, extracting the 74 

height of the corneal architecture from corneal radius of curvature, or even offset values or hard or 75 

soft limitations for biometric measures), the ELP typically shows larger values compared to the 76 

physical position of the lens [10-13]. 77 

In the literature there is little information on how many clinical data points are required for the 78 

classical theoretical optical formulae in order to extract a proper formula constant. From a 79 

mathematical point of view it is clear that in a homogeneous population an unbiased estimation of 80 

the constant (or constant triplet in the Haigis formula) increases in performance as the number of 81 

clinical data used for formula constant optimization increases. But we should also bear in mind the 82 

compromise between effort and benefit in selecting the number of clinical cases to be used for 83 

constant optimization. 84 

The purpose of the present study was to systematically analyze the convergence behavior of formula 85 

constants for established theoretical optical formulae in a very large dataset and to define thresholds 86 

for the required number of clinical data points for formula constant optimization, e.g. for 87 

customization of formula constants to a surgical technique or measurement setup, to obtain the best 88 

balance between effort and benefit. 89 

 90 



5 
 

Methods 91 

 92 

Measurement data 93 

The IOLCon WEB platform currently stores technical specifications, delivery ranges, and 94 

manufacturer recommended as well as optimized constants for 458 IOL types from 28 manufacturers 95 

worldwide. From a total of more than N=20,000 clinical data points uploaded by clinicians and IOL 96 

manufacturers for formula constant optimization, we extracted all data for lens implantations having 97 

at least 100 clinical results for a specific lens type available. In total a dataset of N=16,648 for 34 lens 98 

types (15 IOL manufacturers) was considered for this retrospective analysis. All clinicians and IOL 99 

manufacturers declared their consent that the IOLCon team could use these anonymized data for 100 

scientific purposes. The dataset includes biometric data prior to cataract surgery (AL, ACD, corneal 101 

front surface radius of curvature for the flat (R1) and the steep (R2) meridian, all measured using 102 

optical biometers), the type and refractive power of the implanted lens, and as the sphere and 103 

cylinder of postoperative refraction (at least 4 weeks after cataract surgery). A minimum (corrected) 104 

visual acuity of 0.6 (20/30) was postulated for uploading clinical data. Data were exported in 105 

standard .csv data format for post-processing. 106 

Calculation of formula constants 107 

Data processing and analysis was performed in MATLAB (Matlab version 2019b, The Math Works, 108 

Natick, USA) using a custom software program. AL measurements for long eyes were modified using 109 

the regression formula described by Abulafia et al. [14] and Wang & Koch [15]. Firstly the dataset of 110 

size N=16,648 was split into 34 subsets (each subset i with length Ni corresponding to one of the 34 111 

lens types i, see Figure 1). The data in each subset were randomly permutated to avoid any sorting 112 

order bias from the data upload to IOLCon. For each of the 34 lens types (i=1 to 34) the individual 113 

formula constant for the SRKT (A-constant), the Hoffer-Q (pACD constant), the Holladay1 (SF 114 

constant), for the Haigis with 1 optimized constant (a0) (with standard values for a1=0.4 and a2=0.1) 115 

were back-calculated using formula inversion. The first k values of the individual formula constants 116 

were averaged (k=5 to Ni) and considered as the optimized formula constant. For the Haigis formula 117 

with 3 optimized constants (triplet a0/a1/a2) the optimized constant triplet was derived from the 118 

least squares covariance for the first k data (k=5 to Ni). 119 

The respective optimized constants for k=5 to Ni were used to estimate the mean absolute refraction 120 

error (MAE) and the median absolute refraction error (MedAE) for each subset (all Ni cases) as the 121 

absolute value of the difference between the achieved spherical equivalent (SE=sphere + 0.5 122 

cylinder) and the refractive error derived from the formula using the optimized constant(s). 123 
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To study the convergence behaviour of the constants considering the different properties of the 34 124 

lens types, the optimized constants for k=5 to Ni were normalized by subtracting the respective 125 

constants for the entire subset (k=Ni). An envelope curve was derived for the k=5 to Ni optimized 126 

constants based on the root mean squared variation (rms) with a sliding average of 20, which shows 127 

the convergence of the formula constant as a function of number of clinical data points considered 128 

for formula constant optimization. In addition, an envelope curve was extracted from the rms of the 129 

MAE and MedAE which shows the convergence behaviour of MAE / MedAE as a function of the 130 

number of cases used for the constant optimization. 131 
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Results 132 

 133 

The descriptive statistics for the entire population with N=16,648 data entries of AL, ACD, R1, R2, 134 

IOLP, and SE are shown in Table 1 in terms of mean, standard deviation, median, and 90% confidence 135 

level. Figure 2 shows the distribution of AL, mean corneal power (mean corneal radius (R1+R2)/2 136 

converted to dioptric power using the Zeiss keratometer index), ACD, and IOLP in a histogram plot.  137 

The dataset was split into 34 subsets, and the length of the subsets varied between 102 and 4247 138 

(mean 490 ± 740, median 234). After random permutation of the 34 subsets the individual constants 139 

were derived for each data for all formulae with 1 formula constant (A for SRKT, pACD for Hoffer-Q, 140 

SF for Holladay 1, and a0 for Haigis). The optimized constant for the first k points was calculated from 141 

the mean of the individual constants for the first k points in each subset. For the Haigis formula with 142 

3 optimized constants the constant triplet a0/a1/a2 was back-calculated from the first k data points 143 

in each subset using least squares covariance techniques. 144 

The upper graph in Figure 3 shows the optimization of the constant for all subsets i (i = 1 to 34) 145 

considering the first k data (k from 10 to 1000) on a semi logarithmic scale using the SRKT A constant 146 

as an example. The red markers indicate the length of each subset and the final values for the A 147 

constant, referring to a constant optimization based on the entire subset. The lower graph shows the 148 

SRKT A constant as a function of k normalized to the final value indicated by the markers in the upper 149 

graph. For low values of k we observe a large variation in the normalized A constant, whereas for 150 

larger values of k the variation decays. Due to normalization the markers for all 34 subsets are 151 

aligned with the zero level in the lower graph. 152 

For the Haigis formula with 3 constants (a0/a1/a2) the constant triplet was normalized to the final 153 

value of the constant triplet (considering all data from each subset), and instead of the variation of 154 

each constant a0, a1, and a2, the Euclidian distance of the difference between the triplet for k and 155 

the final triplet (for k = Ni) was computed. In a next step the MAE / MedAE for the entire subset was 156 

derived using the optimized constants (A constant for the SRKT formula, pACD for Hoffer-Q, SF for 157 

Holladay 1, a0 and a0/a1/a2 for the Haigis formula) based on the first k points in each of the 34 158 

subsets.  159 

Figure 4a, b, c, d, e refer to the results of the SRKT formula, the Hoffer-Q formula, the Holladay 1 160 

formula, the Haigis formula with optimized a0 and preset values for a1 and a2, and the Haigis 161 

formula with 3 constants optimized (a0/a1/a2), respectively. Data are shown for k = 10 to 1000 in a 162 

semilogarithmic plot. In Figures 4 a-d, the upper graph displays the variation of the normalized 163 

constants as a function of k (k=10 to 1000, blue dots) and the respective envelope curve indicating 164 
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the rms error (lower and upper boundary of the envelope in red) for the different formulae. The 165 

upper graph in Figure 4e displays the variation of the Euclidian distance of the a0/a1/a2 constant 166 

triplet with respect to the final value considering all data in a subset for constant optimization, 167 

together with the envelope curve indicating the rms error. In the middle / lower graph of Figures 4 a-168 

e the respective mean absolute refraction error (MAE) and the median absolute refraction error 169 

(MedAE) are plotted (k=10 to 1000, blue dots) together with the envelope curve indicating the rms 170 

variation of MAE /MedAE as a function of k. The upper graphs of Figure 4 show that the variation in 171 

the constant drops systematically with increasing k, mostly for low values of k up to 80 or 100. For 172 

the Haigis formula with 3 optimized constants (Figure 4e, upper graph) the convergence of the 173 

Euclidian distance over k is much slower, and around 200 to 400 data points are required for 174 

optimization in order to keep variations in the Euclidian distance within thresholds of ±0.1. The MAE 175 

/MedAE show a decay over k for where the number of data points considered for the constant 176 

optimization is small (up to around 80 to 100), but no further clinically relevant decrease if constant 177 

optimization is based on a larger dataset. This is valid for the formulae with one optimized constant 178 

(Figure 4a-d, lower graph) as well as for the Haigis formula with 3 optimized constants (Figure 4e, 179 

lower graph). 180 

Table 2 shows the rms variation of the formula constants optimized for the first k=25, 50, 100, and 181 

200 points in each subset, together with the respective rms value of mean absolute refraction error 182 

MAE. The data depicted are from the envelope curves of Figures 4a-e. The rms variation of the 183 

formula constants shows a significant systematic decay over k from k=25 to k=50 and a negligible 184 

change from k=100 to k=200. For the Haigis formula with 3 optimized constants the Euclidian 185 

distance of the optimized constant triplet to the ‘final’ value converges much more slowly and shows 186 

a systematic decay from k=25 through 50 and 100 to 200. The convergence behaviour for the rms of 187 

mean absolute refraction error shows a strong decay from k=25 to 50, a mild decay from k=50 to 188 

100, and almost no change from k=100 to 200. 189 

As an example, the root mean squared (signed) predicted refraction error for an optimization on 190 

k=100 data points reads 0.417, 0.417, 0.407, 0.408 dpt for the SRKT, Hoffer-Q, Holladay 1, Haigis with 191 

optimized a0, and Haigis with optimized constant triplet a0/a1/a2, respectively. 192 
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Discussion 193 

 194 

For most lenses on the market the initial values for the formula constants are estimated based on 195 

lenses manufactured with the same material and a similar design [1-4], or they are based on results 196 

from a small number of patients treated with that lens from a pre-market study. Normally, formula 197 

constants are refined after launch of a new lens model step by step using data from post market 198 

studies [16-18]. But in general, formula constants provided e.g. by the manufacturers or some 199 

internet platforms such as ULIB or IOLCon should only be used for reference. As the calibration of 200 

biometers and keratometers may vary between surgical centers, the technique of the surgeon may 201 

be different, and the standards for measuring postoperative refraction (e.g. lane distance) might be 202 

inconsistent in general formula constants should be customized to a specific environment in order to 203 

ensure the best prediction performance for the refractive outcome [2,16,19], especially if eyes with 204 

uncommon biometric measures (e.g. long eyes [14,15] or short eyes [20]) are calculated.  205 

In this paper we have attempted to investigate the convergence behaviour of formula constants. 206 

From the IOLCon internet platform we extracted from a total of more than 20,000 clinical data points 207 

uploaded for formula constant optimization all datasets with a minimum of 100 clinical entries for 208 

each lens. After splitting the N=16,648 dataset into 34 subsets (one for each lens type) each subset 209 

was randomized to avoid any bias due to the sorting order. For IOL calculation formulae using one 210 

constant only (SRKT, Hoffer-Q, Holladay 1, and Haigis with optimized a0 only) the strategy was to 211 

back-calculate the individual formula constant for each eye by inverting the IOL calculation formula. 212 

Then we considered the first k data in each subset and calculated the average of the individual 213 

constants, defined as optimized constants for the first k data. With the Haigis formula based on 3 214 

formula constants the strategy is more complicated [19]. From the first k data we derived the least 215 

squares solution from the covariance matrix to read out the optimized constant triplet. To 216 

adequately deal with the different lens types, designs and materials (in total 34 lens types were 217 

considered) the formula constants were normalized to the ‘final’ value (i.e. the value of the 218 

optimized constant based on all data from that subset). In other words, we subtracted the ‘final’ 219 

value of the constant from the constant based on k points to analyse the convergence behaviour of 220 

the constant (or constant triplet) as a function of k. This task is shown using the SRKT A constant as 221 

an example in Figure 3. In the upper graph the mean of the individual A constants of the first k data is 222 

plotted for all 34 lens types as a function of k. The final value (when optimizing the constant to all 223 

data in a subset) is marked in red. After subtracting from each curve the final value (normalizing to 224 

zero) the convergence properties can be evaluated systematically as shown in the lower graph. For 225 

the Haigis formula using 3 constants we subtracted the ‘final’ constant triplet from the constant 226 
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triplet based on optimization with k points and derived the Euclidian distance instead. This Euclidian 227 

distance is plotted in the upper graph of Figure 4e. 228 

For clinicians the convergence behaviour of the constant itself is of minor interest [1,3]. The target 229 

criterion for evaluating the proper number of data points for reliable optimization of formula 230 

constants is the mean absolute error in refraction. This value predicts the mean deviation of the 231 

refraction estimated by the formula with a specific lens constant (or lens constant triplet) from the 232 

achieved refraction measured after surgery. Therefore, from the formula constants for the first k 233 

data in each subset we estimated the mean absolute refraction error as the difference between the 234 

achieved spherical equivalent and the estimated spherical equivalent for the entire subset of data. 235 

The mean absolute error is plotted in the lower graphs of Figures 4a-e for all formulae under test. 236 

What can be seen directly from the graph is that is that the MAE varies greatly between the 34 237 

subsets of data. Considering k>100, in some of the subsets the MAE is stable at a level larger than 0.4 238 

D, whereas in other subsets the MAE is stable at a level lower than 0.3 D. Overall, for k up to 80 or 239 

100, the rms value of MAE decays systematically as indicated by the envelope curve shown in red. 240 

For larger k values (more than 100) the rms values of MAE and MedAE for all formulae stabilize at a 241 

level of around 0.35 to 0.4 D (prediction inaccuracy of the respective formulae), irrespective of the 242 

number of clinical data points considered for the constant optimization. In other words, 80 to 100 243 

clinical data are sufficient for optimization of a formula constant, and a higher number of clinical 244 

cases do not systematically improve the outcome in terms of MAE or MedAE of refraction. For the 245 

Haigis formula based on 3 optimized constants a0/a1/a2, the conditions are rather different. The 246 

upper graph in Figure 4e shows that the Euclidian distance converges more slowly compared to the 247 

formulae with only one constant. However, comparing the rms variation in the Euclidian distance in 248 

the upper graph to the rms variation in the MAE of refraction shown in the lower graph shows no 249 

more systematic decay of the MAE for values of k larger than 80 to 100, even if the Euclidian distance 250 

converges much more slowly. This comparison indicates that different triplets of optimized constants 251 

(affecting the Euclidian distance) yield very similar results in the rms value of MAE and MedAE of 252 

refraction. Therefore, the Euclidian distance remains on a larger level as variations in a1 and a2 253 

counteract changes in a0, but the overall performance of the refractive outcome appears unaffected. 254 

In conclusion, this study shows that:  255 

1) for IOL calculation formulae with 1 constant 80 to 100 clinical data points are sufficient for 256 

extracting proper optimized constants. This can be proven for the SRKT (A constant), the 257 

Hoffer-Q (pACD constant), the Holladay 1 (SF constant), and the Haigis formula (optimized for 258 

a0 with standard values for a1 and a2);  259 
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2) for the Haigis formula with 3 optimized constants (a0/a1/a2) around 200 to 300 clinical 260 

data points are needed to calculate s stable constant triplet;  261 

3) there are large stochastic variations in the manufacturing process, the lens power 262 

labelling, or the quality of the clinical data which affect the overall level of the root mean 263 

squared value of mean absolute refraction error for different lens types;  264 

4) irrespective whether we optimize formula constants for formulae with 1 or 3 constants, 265 

the mean absolute refraction error typically stabilizes by the time at least 80 to 100 clinical 266 

data points have been used for constant optimization, and no further improvement of mean 267 

absolute refraction error is expected if more clinical data points are considered. 268 
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Figures and Figure Legends 332 

 333 

 334 

Figure 1: Structural diagram of data analysis: The dataset with N=16,648 clinical data points is split 335 

into 34 subsets (one for each lens type I with length Ni) and data in the subsets are randomly 336 

permutated. For formulae with 1 constant the individual constant for each case is back-calculated 337 

and the individual constants of the first k data averaged (k=5 to Ni). For the Haigis formula with 3 338 

constants the optimized constant triplet a0/a1/a2 is derived from least squares covariance of the 339 

first k points in each subset I (k=5 to Ni). 340 

 341 
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 342 

Figure 2: Histograms showing the distribution of the axial length, corneal power (calculated from the 343 

mean of the flat and steep corneal radius and the Zeiss keratometry index), phakic anterior chamber 344 

depth measured from the corneal front apex to the front apex of the crystalline lens, and the power 345 

of the lens implanted during cataract surgery (IOL power). 346 

 347 
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 348 

Figure 3: The upper graph shows, as an example, the variation of the optimized A constant for the 349 

SRKT formula and 34 subsets of data considering the first k clinical data points for constant 350 

optimization. The red marks indicate the ‘final’ value for each subset of data (each subset 351 

corresponding to one lens type) using all data for optimization. For a better comparison, all 34 graphs 352 

normalized to the ‘final’ value are plotted in the lower graph. 353 

 354 
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 355 

Figure 4a 356 

 357 
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 358 

Figure 4b 359 



20 
 

 360 

Figure 4c 361 

 362 
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 363 

Figure 4d 364 
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 365 

Figure 4e 366 

Figures 4a-d: The upper graphs show the optimized formula constants normalized to the ‘final’ value 367 

based on the first k clinical data of each of the 34 subsets as a function of k. The red lines mark the 368 

upper and the lower envelope curve indicating the root mean squared (rms) value. The upper graph 369 

in Figure 4e shows the Euclidian distance of the optimized constant triplet a0/a1/a2) derived from 370 

the first k clinical data from the ‘final’ constant triplet as a function of k. The middle graphs / lower 371 

graphs in Figures 4a-e display the rms value of the mean absolute refraction error (MAE) / median 372 

absolute refraction errors (MedAE) as a function of k alongside with the rms curve marked with the 373 

red curve. 374 
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Tables and Table Legends 375 

 376 

N=16,648 AL in mm R1 in mm R2 in mm ACD in mm IOLP in D SE in D 

Mean 23.484 7.778 7.634 3.096 20.98 -0.239 

SD 1.127 0.275 0.275 0.389 3.00 0.698 

Median 23.370 7.770 7.630 3.10014 21.00 -0.125 

Minimum 19.830 6.780 6.359 2.000 3.00 -4.250 

Maximum 29.960 9.730 9.160 4.820 30.00 2.500 

Quantile 5% 21.890 7.340 7.200 2.460 15.50 -1.500 

Quantile 95% 25.520 8.240 8.090 3.750 25.50 0.750 

Table 1: Descriptive statistics of the entire dataset with mean, standard deviation (SD), median, 377 

minimum and maximum, 5%, and 95% quantiles (90% confidence intervals). AL refers to the axial 378 

length, R1 and R2 to the corneal front surface radius in the flat and steep meridian, ACD to the phakic 379 

anterior chamber depth measured from the corneal front apex to the front apex of the crystalline 380 

lens, IOLP to the refractive power of the implanted lens, and SE to the spherical equivalent of 381 

postoperative refraction. 382 

 383 

N=16,648 SRKT rms A 

constant  

Hoffer-Q 

rms pACD 

constant 

Holladay 

rms SF 

constant 

Haigis rms 

a0 constant 

Haigis 

a0/a1/a2 

rms value 
normalized  
constant 

k=25 0.1686 0.1069 0.1048 0.1003 0.1823* 

k=50 0.0662 0.0427 0.0408 0.0461 0.0908* 

k=100 0.0339 0.0279 0.0246 0.0301 0.0810* 

k=200 0.0251 0.0186 0.0157 0.0188 0.0569* 

rms value mean 
absolute 
refraction error 
MAE in D 

k=25 0.4092 0.4079 0.3982 0.4056 0.4032 

k=50 0.3889 0.3894 0.3792 0.3908 0.3841 

k=100 0.3873 0.3888 0.3770 0.3864 0.3757 

k=200 0.3872 0.3818 0.3760 0.3828 0.3751 

rms value 
median 
absolute 
refraction error 
MedAE in D 

k=25 0.3286 0.3308 0.3221 0.3338 0.3245 

k=50 0.3153 0.3190 0.3079 0.3182 0.3081 

k=100 0.3102 0.3170 0.3036 0.3125 0.3018 

k=200 0.3043 0.3108 0.2957 0.3086 0.3008 

Table 2: Descriptive data of the envelope curves shown in Figures 4a-e in the upper graph (rms value 384 

normalized constant) and in the middle (rms value mean absolute refraction error MAE in D) and lower graphs 385 
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(rms value median absolute refraction error MedAE in D) for optimization of the formula constants based on 386 

k=25, 50, 100, and 200 clinical data. Between k=25 and 100 data the rms value of the normalized constants 387 

decreases significantly, whereas between k=100 and k=200 the decrease is clinically negligible. The rms of the 388 

mean and median absolute refraction error (as shown in the envelope curve in the lower graphs in Figure 4) 389 

decreases significantly for all formulae from k=25 to 100, but only slightly from k=100 to 200 considered for 390 

constant optimization. The asterisks * indicate that for the Haigis formula with 3 optimized constants the 391 

Euclidian distance of the constant triplet a0/a1/a2 was considered. 392 


