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Abstract

The attractor of a chaotic dynamical system may have a multi-fractal measure which can

be described by a spectrum of fractal dimensions. These dimensions do not characterize

local geometrical structures that may exist within the attractor and in physical situations

these may be important. It is therefore of interest to have a more effective means of char-

acterizing the local structure of fractal sets and it is thisproblem that is addressed in this

thesis. The problem is approached by considering the statistical distributions of the size and

shape of very small triangular constellations of points sampling the fractal measure. The

approach is illustrated, and validated, using fractal clusters of particles formed by advection

and diffusion in a two-dimensional compressible random flow, which models turbulence.

Our numerical simulations show that as the compressibilityparameter of the fluid passes

through a critical value the distribution of the flatness of constellations undergoes a phase

transition. We develop a theoretical model for this phenomenon which correctly predicts

the critical value of the compressibility. Also, by representing the effects of the flow as a

stochastic matrix process, we show that for a range of valuesof compressibility the prob-

ability density of the size of constellations is a modified power law. For a fractal cluster

generated by the random flow we derive an expression for the Renyi dimension of order

three,D3, in terms of the probability density of the size of constellations and find it is in

agreement with the results of other authors, obtained usingother methods.
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Chapter 1

Introduction

There are three rules for writing a novel. Unfortunately, no one knows

what they are.

W Somerset Maugham

1.1 The subject matter

There is no single universally accepted definition of a fractal. However, roughly speaking,

fractals are sets or geometrical structures which typically have afractional dimension [6]

and which are, precisely or approximately,self-similar. Under magnification any part of a

fractal structure looks exactly or approximately similar to the whole. The term ‘fractal’ was

introduced by Mandelbrot [31] in 1975 to characterize the property of having a non-integer

dimension1.

Aside from their mathematical interest and visual beauty fractals are important in many

areas of science. They can arise as the result of dynamical processes and may influence

phenomena as diverse as the onset of rain [7], the scattering of electromagnetic radiation

from colloids and aggregates [51], the growth of coral [32] and the development of lightning

paths [9, 35, 61]. Examples include clouds, snowflakes, trees, coastlines [31], the strange

attractors of chaotic dynamical systems [37], distributions of particles in turbulent flows

[1, 50] and, possibly, the distributions of matter resulting fromgravitational collapse [39].

1We note, however that some fractal structures actually haveinteger dimension. For example the Peano
curve is fractal but has dimension 2.
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Figure (1.1(a)) shows the results of a simulation of diffusion limited aggregation2. This frac-

tal structure starts as a single seed and, because the concentration of particles is sufficiently

low, grows as particles diffuse onto the structure one at a time at random positions [72]. The

resulting structure is continuous and self-similar but certainly not smooth or differentiable.

(a) A diffusion limited aggregate (b) Particles advected in a turbulent fluid flow

Fig. 1.1The figures show fractal structures formed by two different physical processes. In plot (a)
the diffusion limited aggregate starts as a singleseedand grows as particles diffuse and coalesce to
form the structure shown. In plot (b) an initially uniform distribution of particles has been advected
by a turbulent two dimensional flow.

Figure (1.1(b)) shows a fractal distribution ofn = 5×105 particles in the unit square, pro-

duced by a stochastic model offully developedturbulence in a compressible flow. Initially

the particles were randomly distributed in the square and they have beenadvectedby the

flow. This turbulent flow model provides a generic model of chaotic dynamics which we

shall use throughout the thesis; it is discussed in Chapter 2.

A multitude ofdimensionshave been defined to describe fractals. Some characterizeglobal

scaling properties and complexity and are typically derived from the geometry of the at-

tractor, for example thebox-countingdimension3, DBox, and thecorrelation dimension, D2.

Others characterize local properties, for example themass-dimensiondescribes the concen-

tration of points, or particles, in a fractal distribution and thespectaldimension [68] de-

scribes the anisotropy within a distribution. For the strange attractors of chaotic dynamical

2The source code for this simulation has been made freely available by Dr Paul Bourke, Swinburne Uni-
versity of Technology, Melbourne, Australia,http://paulbourke.net/fractals/dla/.

3The box-counting dimension of the DLA in figure (1.1(a)) is DBox = 1.71.
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systems we also have theLyapunovdimension,DL, which is based on the dynamics of the

system.

The various fractal dimensions are certainly useful, for example in the field of medicine the

box-counting dimension of the human cerebellum, obtained from morphometric studies of

magnetic resonance imaging scans, is being trialled for diagnostic purposes [29]. However

they do have limitations, for example they are notspecific, so that different fractals may have

the same dimension. Also, they provide little information about localstructureswithin the

fractal which, in physical situations, may be important. For example light scattering may be

strongly enhanced in some directions by specular effects if scatterers tend to align or to lie

on planes [48].

In this thesis we examine the problem of analyzing and characterizing local structures in

fractal sets. We address the problem by considering the distribution of size andshape-

statisticsof constellationsof points in the set. The simplest case is treated in detail: the

size and shape statistics fortriangular constellationsof points in a fractal embedded in

two-dimensional Euclidean space. We illustrate and validate the approach using fractal

clusters of particles generated by the turbulent flow model mentioned above. In principle

our approach is generalizable to higher dimensions and to more complicated dynamical

processes.

There is earlier work on the distributions of the shape statistics of triangles and tetrahedra

in the fluid dynamics literature [3, 41, 73], however this is largely concerned with structures

which grow larger as the particles in the constellations aretransported away from each other

by the action of the flow. Here we consider the opposite limit where the particles forming

the structure are initially close together and where, for a period of time, they remain close

together or are brought closer together by the flow.

1.2 Outline

In Chapter 2 we present some background material to help understand the main body of the

thesis. We introduce dynamical systems, fractal attractors and the Renyi spectrum of fractal

dimensions. We also provide a rudimentary overview of stochastic processes and introduce

the synthetic turbulence model which is later used as a modelof a random dynamical system.
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The analysis of small triangular constellations in a fractal measure is treated in Chapter 3.

We develop a parameterization of triangle shape in terms of the area and radius of gyration

of the triangle and relate this to Kendall’s representationof triangle shape on a sphere [23].

The results of numerical studies of aflatnessparameter,Z, for triangles in fractals generated

by the random flow model are then presented and discussed. To understand and explain

these we analyze the dynamics of particles in the flow. We find that the joint probability

density function (p.d.f.) of the logarithms of the size and shape parameters of constellations

satisfies an advection-diffusion boundary value problem (b.v.p.), with a distributed source

and reflecting and absorbing boundaries. We develop an asymptotic approximation to the

solution and use it to show that the p.d.f. of the flatness parameter undergoes aphase tran-

sition as the compressibility parameter of the flow model passes through a critical value,

which we estimate. Chapter 3 is based upon the paperTriangular constellations in fractal

measures, published in the journal Europhysics Letters [65].

The p.d.f. of the flatness parameter obtained in Chapter 3 is specific to the dynamical system

considered there, but the modelling approach is, in principle, generalizable to other geomet-

ric parameters and to other chaotic dynamical systems. We may therefore expect that the

geometry of constellations in the fractal attractors of other chaotic systems will also be de-

scribed by p.d.f.s which satisfy an advection diffusion problem. Consequently in Chapter 4

we study theabsorption problemfor the advection diffusion equation. We treat the absorb-

ing boundary as a source of antiparticles and derive asymptotic expressions, valid far from

the source, for the probability density along, and the flux onto, the boundary. We compare

the solution to that with no boundary or, equivalently, a perfectly permeable boundary. In

each case we find that, the densities and fluxes decay exponentially with distance from the

source. Somewhat unexpectedly we find that the exponent is the same in both cases. Chapter

4 is based upon the paperAdvection diffusion equation with absorbing boundary, published

in the Journal of Statistical Physics [13].

The configuration of a triangular constellation of particles can be represented by a matrix.

This leads us, in Chapter 5, to consider a stochastic process involving the product of a se-

quence of independent identically distributed (i.i.d.) random matrices. We use the singular

value decomposition (s.v.d.) of the configuration matrix torepresent the dynamics of a con-

stellation as a system of stochastic differential equations (s.d.e.) for the singular values. The

related boundary value problem for the joint p.d.f. of the (logarithms of the) singular val-

ues is, again, an advection-diffusion problem, with a reflecting and an absorbing boundary.

From the asymptotic solution we find that the p.d.f. ofE, a measure of the size of the con-

stellation, has the form of a modified power law which reducesto a pure power law under
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certain conditions. We verify the validity of our analysis using the turbulent flow model.

Chapter 5 is based on the paperA Matrix Contraction Process, published in the Journal of

Physics A: Mathematical and Theoretical [66].

In Chapter 6 we apply a generalization of the approach taken inChapter 5 to the fractal

attractor of the turbulent flow model. We relate the distribution of the size parameter,E,

of extremely small constellations to the Renyi dimension of order three,D3, of the attrac-

tor. Chapter 6 is based on the draft manuscriptStatistics of contracted constellations of a

dynamical system.

We conclude the thesis with a brief critical review and an outline of possible extension work,

in Chapter 7.

1.3 Notation

The symbol ‘∼’ appears throughout the thesis; it is used in two ways. In most instances,

the statementf (x) ∼ g(x) should be taken to mean thatf (x) is an asymptotic approximation

to g(x). However, to avoid writing coefficients and numerical factors which are inessential

to an argument, and which would obscure the discussion,f (x) ∼ g(x) may also mean that

f (x) = g(x)×h, whereh is a function of variables, other thanx. In this latter useh is some

function which does not affect an asymptotic limit or is a combination of constants which

usually can be absorbed into a normalization factor. The specific meaning should be clear

from the context.

In most cases random variables are denoted by uppercase Romanletters, or letters in a

calligraphic font e.g.X,Y,E,Z, and vector-valued random variables are denoted by bold

uppercase Roman letters, e.g.XXX,ZZZ. However there are some exceptions, for example the

lower case Greek lettersλ1,λ2 andθ1, θ2,χ0 have been used to denote random singular

values and random angles, respectively. The p.d.f. of the random variableX is denoted by

PX, or PX (x) where it is helpful to make the argument of the function explicit. The expected

value of the random variableX is denoted by〈X〉 and the variance ofX is denoted by〈〈X〉〉.
The notationX ∼ N

(
µ,σ2

)
denotes that the random variableX has a Gaussian or Normal

distribution with meanµ and varianceσ2.

Throughout the thesis time derivatives are denoted as follows :
.
xxx(t) =

dxxx
dt

and
..
xxx(t) =

d2xxx

dt2
.





Chapter 2

Prerequisites

"Begin at the beginning", the King said, gravely, "and go on till you come

to the end; then stop."

Lewis Carrol, Alice in Wonderland

In this chapter we outline the background needed to understand the main body of the thesis,

chapters 3-6. Since we are interested in small constellations of points in the fractal attractors

of chaotic dynamical systems, we will need a few concepts from the fields of dynamical

systems, fractal geometry, stochastic processes and fluid turbulence. Each of these fields

has a vast literature. The main sources used for this chapterare: for dynamical systems,

the texts of Ott [37], Strogatz [54] and Hirsch et. al. [18]; for fractal geometry the text of

Falconer [6] and the review articles of Theiler [57] and Kinsner [25]; for stochastic processes

and the Langevin and Fokker-Planck equations, the texts of Schuss [47], Coffey et. al. [4],

Manhke et. al. [30], Risken [45] and vanKampen [63], and for turbulence, and particles in

turbulence, the texts of Lesieur [28] and Panchev [38] and the article of Falkovich et. al. [8].

Deeper discussion of the concepts and proof of results that are outlined or merely quoted

here can be found in these references, as is specified in the text. Although intended as an

introduction to the thesis the reader may choose to proceed straight to Chapter 3 and refer

back to this chapter as required.
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2.1 Dynamical systems

2.1.1 The nature of a dynamical system

A dynamicalsystem is one whose state evolves in time according to some dynamical law or

equation of motion. The concept has its origins in classicalmechanics [18, 37, 54]. Typi-

cally the equation of motion can be written as a system of firstorder differential equations,

or as an iterative mapping.

If the state of a dynamical system at any timet is completely specified byd ∈ N variables

then we say that the system isd-dimensional, or that it hasd degrees of freedom. In this

case the state can be represented by astate vector, rrr(t)=
[
x1(t), x2(t), . . . , xd(t)

]T
in an abstract

space ofd dimensions, thestate spaceor phase spaceM, which isRd or a proper subset

of Rd. As the system evolves its state vector traces out atrajectory inM. If the dynamics

is defined by a system of differential equations the trajectory is an integral curve of these

equations and if the dynamics is defined by an iterative map the trajectory is a discrete

ordered set of points.

For most dynamical systems it is not possible to solve the equations of motion to give an

explicit expression, in closed form, for the state as a function of t. Typically we then resort

to numerical integration of the equations of motion to compute approximate trajectories. We

may also take a morequalitativeapproach and use the governing equations to construct a

phase portraitfor the system. This may contain geometrical structures such asfixed points,

which represent static non-evolving states, orcycles, which are closed trajectories repre-

senting periodic behaviour, orstrangeattractors, which arefractal sets arising from chaotic

behaviour of the system. The analysis of the phase space structures and the stability of tra-

jectories under small perturbations, and their sensitivity to small changes or uncertainties in

the initial conditions, is an important aspect of the study of any dynamical system.

2.1.2 Strange attractors

If a dynamical system evolves toward a particular subset or region of the phase space which

is invariant, i.e. which evolves to itself under the dynamics, then this subset is called an

attractor and the set of points attracted to it is itsbasin of attraction[54]. Attractors can be

familiar geometrical objects, for example a point or a curve, such as a limit cycle, or they
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can be more complex objects including so-calledfractal sets, in which case they are known

asstrange attractors. The best known of these is the Lorenz ‘butterfly’ [54, 18].

(a) Lorenz’s butterfly (b) x(t) for two trajectories

Fig. 2.1 Figure (a) shows two phase-space trajectories on a strange attractor, the Lorenzbutterfly,
which are initially very close together. Figure (b) shows the evolution of thex-coordinate on each of
the trajectories. After an initial period during which the trajectories remain close they diverge in an
erratic manner.

Figure (2.1(a)) shows two trajectories (in red and blue) in the phase space,R
3, of the dy-

namical system which E. Lorenz used to model convection in the Earth’s atmosphere. Each

trajectory is anintegral curveof three coupled, nonlinear differential equations1. On each

trajectory the phase point alternates between periods where it spirals around the fixed points

on each of the wings. The motion is not periodic: the trajectories never close on themselves,

they are infinitely long curves contained in a finite volume ofthe phase space.

2.1.3 Chaos and Lyapunov exponents

The trajectories of some dynamical systems exhibit such extreme sensitivity to their ini-

tial conditions that a slight difference between two initial states may growexponentially

fast. Then, despite being fundamentally deterministic, the system mayappearto behave

randomly. This effect is illustrated in figure (2.1(b)) which shows the value of one of the

dynamical variables,x, on two trajectories in the Lorenz model. The initial conditions are

rrr0 = (0,1,0) on the blue curve andrrr0 = (0,1.01,0) on the red curve. Until approximately

1These plots were produced using the Mapler computer algebra system and code adapted from OU course
MS325 Computer Algebra, Chaos and Simulations. The detailsof the model are unimportant for our discus-
sion; they can be found in [54].
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t = 20 the separation between the two trajectories is not discernible in the figure, thereafter

the values ofx clearly differ. The position on the attractor, and the time of jumps between

the wings, differs significantly between the two trajectories. Thisapparent randomnessis

calledchaos; it was first alluded to by H. Poincaré in his study of the orbits of three celestial

bodies [40].

We can understand this behaviour by considering the evolution of the separation between

two trajectories that are initially close, our treatment here follows that of [57]. Figure (2.2)

shows two trajectories through the initial pointsrrr0 andrrr0+hhh0, where|hhh0| is small.

rrr0

rrr0+hhh0

hhh0

rrr(t)

rrr(t)+hhh(t)

hhh(t)

Fig. 2.2 The figure shows two trajectories in the phase space of a dynamical system.The initial
separation is given by the vectorhhh0 and the separation at timet is hhh(t). If hhh(t) grows exponentially
fast in some directions but shrinks exponentially fast in others then the dynamical system exhibits
chaotic behaviour.

Suppose that the dynamics is given by the first order system ofo.d.e.s

.
rrr = FFF(rrr) (2.1.1)

then, assuming that‖hhh(t)‖ is small, using a Taylor expansion we find that the separationhhh(t)

evolves as .
hhh(r) = JJJ (rrr)hhh(t) (2.1.2)

whereJJJ (rrr) ≡
[
∂Fi/∂x j

]
is the Jacobian matrix ofFFF, evaluated at the pointrrr(t). The separa-

tion at timet may be thought of as a deformation of the initial separation given by

hhh(t) ≡ MMM (t)hhh0 (2.1.3)

whereMMM(t) is thedeformation or transition matrix. From equations (2.1.2) and (2.1.3) it

follows thatMMM(t) evolves as
.

MMM(t) = JJJ (rrr) MMM(t), with initial conditionMMM(0)= Id. In terms of

MMM(t) the separation at timet has magnitude

‖hhh(t)‖ = ‖MMM(t)hhh0‖ =
[
hhhT

0 MMMT(t)MMM(t)hhh0

]1/2
. (2.1.4)
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If hhh(t) grows exponentially fast in some directions but shrinks exponentially fast in others

then the dynamical system exhibits chaotic behaviour. We can define a long-term meanrate

of divergence, or convergence, of the two trajectories as

λ (rrr000,hhh0) = lim
t→∞

1
t

ln

(
‖hhh(t)‖
‖hhh0‖

)
(2.1.5)

provided this limit exists. The multiplicative theorem of Osedelets [36, 64] shows that,

under very general conditions, this limit does exist and, further, that for almost all initial

points rrr0 there exists an orthonormal basis{vvvi , i = 1· · ·d} of the phase space such that the

scalars

λi = lim
t→∞

1
t

ln‖MMM(t)vvvi‖ (2.1.6)

exists. Asymptotically, an initial displacementhhh0 in the direction of the vectorvvvi is scaled

exponentially fast, at a rate given byλi. For an ergodic system, whose time averages equal

ensemble averages, theλi do not depend on the initial pointrrr0 and are therefore global

properties of the dynamical system. Theλi are called the Lyapunov exponents of the system,

they are usually enumerated in descending order of magnitude: λ1 ≥ λ2,≥, . . . ,≥ λd and the

set of exponents is called the Lyapunovspectrumof the system [54].

The cumulative sums of Lyapunov exponents have a simple geometrical interpretation.λ1

determines the exponential growth rate (λ1 > 0) or contraction rate (λ1 < 0) of the separation

of two points on nearby trajectories;λ1+ λ2 determines the growth rate (λ1+ λ2 > 0) or

contraction rate (λ1+ λ2 < 0) of the area of a small triangle whose vertices lie on three

nearby trajectories andλ1+λ2+λ3 determines the exponential growth or contraction rate of

the volume of a small tetrahedron whose vertices lie on four nearby trajectories.

If the sum of the Lyapunov exponentsλ1+λ2+, . . . ,λd is negative then volumes in phase

space are contracted during the evolution of the system and the system is said to be dis-

sipative [37, 34, 64]. Strange attractors can arise only in dissipative, nonlinear dynamical

systems [57] and in such a system the ‘signature’ of deterministic chaosis that largest Lya-

punov exponent is positive, i.e.λ1 > 0. Then, although volumes of phase space are con-

tracted by the evolution of the system, if the initial separation of two trajectorieshhh has a

non-zero component in the direction of the eigenvectorvvv1 of the matrixMMM(t), these trajec-

tories will separate along this direction exponentially fast, and chaos will ensue. In the next

section we discuss some of the characteristics of the fractal attractors of such systems.
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2.2 Fractals

2.2.1 Self similarity and power laws

A geometrical or physical object which is composed of distinct, identifiable parts is said to

be self similar if the parts are geometrically similar to thewhole, that is if they arescaled

copiesof the whole. Self-similarity is one of the defining characteristic of fractal structure

[6].

Fractal sets that are defined iteratively or recursively viadeterministic rules are, typically,

exactlyself similar: the parts can be scaled to give an identical copy of the whole. In natu-

rally occurring fractals, for example the Lorenz butterfly,the parts are onlyapproximately

similar to the whole. Whilst the parts do not scale to give an identical copy of the whole,

their statistical properties are similar at many different length scales.

(a) A Cantor set (b) A Sierpinski triangle

Fig. 2.3The Cantor set and Sierpinski trangle - examples ofexactlyself-similar fractals.

Figure (2.3) illustrates the concept of exact self similarity. Part (a) shows the first five

steps in the formation of the ‘missing middle third’ orternary Cantor set,C. The zeroth

approximation is the closed unit interval,C0 = [0,1]. At each subsequent iteration the open

middle third of each sub-interval in the set is deleted, giving

C1 =

[
0,

1
3

]
∪

[
2
3
,1

]
, C2 =

[
0,

1
9

]
∪

[
2
9
,
1
3

]
∪

[
2
3
,
7
9

]
∪

[
8
9
,1

]
, etc.
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The fractal,C, is what results when this iterative process is continued adinfinitum [20]. At

thenth iteration there areNn = 2n subintervals, each of lengthεn = (1/3)n and of total length

Ln = (2/3)n. Hence, asn→∞, Nn→∞ andLn→ 0 so that the fractalC is a set containing

infinitely many elements but which has zero length.

Part (b) of figure (2.3) shows a Sierpinski triangle2. This fractal is formed from an equilat-

eral triangle of side of unit length, by recursive subdivision into four congruent equilateral

triangles and removal of the central triangle at each stage.At the zeroth iteration there is

a single equilateral triangle,T0, of areaA0 =
√

3/4. At thenth iteration the approximation

to the fractal,Tn, containsNn = 3n triangles, of total areaAn = (3/4)nA0. The self similar-

ity is evident: one can imagine a scaling transformation of the smaller triangles to produce

the larger ones or, equivalently, viewing the fractal at a different level of magnification or

resolution. Ever-more identical parts are seen as the resolution increases.

A second defining characteristic of fractals is that the value of a measured property depends

on the resolution, or level of precision, at which the measurement is made. For example a

linear fractal, such as the Cantor set, can becoveredby a number,N say, of intervals each

of some given length,ε. The quantityL = N×ε then provides an estimate of the size of the

fractal, at the level of precision set by the value ofε. Changing this level of precision, for

example reducingε, will give a different value forL.

If a property of a fractal exhibits scaling behaviour then the self similarity of the fractal im-

plies that the property must be described by a functional relationship whoseform is invariant

under a scaling transformation. Sincepower lawrelationships areform-invariantunder scal-

ing transformations, or form-invariant with respect to a change of scales, the properties of

fractals are frequently described by power laws3.

2.2.2 Fractal dimensions

In classical Cartesian geometry the Euclidean or spatial dimension of a geometrical object

is defined to be the number of coordinates needed to completely specify the position of

2Figure courtesey of Wikimedia Commonshttps://commons.wikimedia.org/.
3Two quantities,Q andr say, are related by a power law ifQ= ark, for some real constantsa andk. Then,

under the scaling transformationr → λr, whereλ is some positive constant, we haveQ→ λkark, which is
again a power law, with the same exponent. The original relationship can be recovered by now scalingQ, by
the factorλ−k. Note also that, ifQ and r are related via a power law, thenrelative changes inQ and r are
proportional, and the constant of proportionality is the exponent of the power law.
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any point within the object. Thus, for example, a line has dimension one and cuboid has

dimension three. In essence, the Euclidean dimension of an object characterizes the manner

in which it fills space. At the beginning of the twentieth century this classical definition

of dimension, in terms ofdegrees of freedom, was shown to be deficient when G. Peano

constructed aspace filling curve, mapping the unit interval continuously to the unit square.

A formal mathematically rigorous definition of dimension was subsequently developed by F.

Hausdorff in 1918, [6]. This definition is somewhat difficult to use in practice but, building

on Hausdorff’s approach, more practical definitions have been developedand some are used

to describe fractal sets [25].

In addition to characterizing how an object fills space, the Euclidean dimension also charac-

terizesscalingbehaviour. For example, when the linear sizes of a cuboid areeach scaled by

a factorλ then the volume of the cuboid is scaled byλ3, the exponent being the Euclidean

dimension. It is this type of scaling behaviour which forms the basis of the definitions of

many fractal dimensions. But fractal objects are very different from classical geometrical

objects and consequently these dimensions, which describespace-filling properties, scaling

characteristics and complexity, need not be integers. Indeed, it is from this characteristic,

of fractional dimensions, that the term fractal is derived. Furthermore, whilst a strictly self-

similar fractal can be characterized by a single fractionaldimension, this is generally not the

case for a naturally occuring fractal where the scaling behaviour may vary across the fractal,

and a spectrum of dimensions may be required for an adequate description [25, 57].

For anexactlyself similar fractal we can define aself-similarity dimension, DSIM by cover-

ing the fractal with identical copies of somecovering set, of known size4, ε, and examining

how the estimate of the size of the fractal scales with variation in the size of the covering set

[25]. Typically the number,N, of sets needed to cover the fractal will increase as the sizeof

the cover,ε, is decreased. If, in the limit thatε→ 0, the relationship betweenN and 1/ε is

a power law, then the self-similarity dimension,DSIM, is the exponent. That is, if asε→ 0

we have

N→ a

(
1
ε

)K

= aε−K (2.2.1)

wherea andK are some constants, thenDSIM = K.

4If the covering set is a regular geometrical object, such as aline segment or a box, then we take its size to
be some characteristic length.
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For example, since the middle third Cantor set is exactly selfsimilar, thenth approximation

Cn can be covered byNn = 2n intervals of lengthεn = (1/3)n, we have

DSIM = lim
n→∞

[
lnNn

ln (1/εn)

]
= lim

n→∞

[
nln2
nln3

]
= 0.631, to 3 d.p.

Similarly, thenth approximation,Tn, to the Sierpinski triangle can be covered byNn = 3n

equilateral triangles with sides of lengthεn = (1/2)n. Therefore the Sierpinski triangle

has similarity dimensionDSIM = ln3/ ln2= 1.585, to 3d.p.. Heuristically we can interpret

these fractional dimensions as meaning that the Cantor set and the Seirpinski triangle fill

space in a manner somewhat between a point and a line, and a line and a triangle, respec-

tively.

The essence of the above approach, covering the fractal withminiature replicas of a known

size,ε, and examining how the number of covers,Nε, needed scales with that size, can also

be applied to fractals whose self-similarity isonly approximate. However in this case since

there is no covering set which is anexactcopy of the fractal we usually cover the fractal

in ε-cells, i.e.d-dimensional boxes or ‘cubes’ of sideε (for a fractal in a Euclidean space

of dimensiond). The use of boxes is not essential and other covers, particularly ε-balls

are also commonly used. This approach gives thebox-counting, morphologicalor capacity

dimension:

D0 = lim
ǫ→0

[
ln Nε

ln (1/ε)

]
(2.2.2)

where we assume that the limit exists independently of how the cover is chosen, and its type.

In this definition each box, or ball, in the cover is treated equally; no weighting is applied

to reflect any difference in the importance of particular boxes, for example the time which a

trajectory spends in aε-box. Therefore, when applied to an attractor of a dynamicalsystem,

D0 will reflect the geometry or morphology of the attractor but less-so the dynamics.

2.2.3 The Rényi spectrum of fractal dimensions.

The Rényi orgeneralizeddimensions weight the coveringε-boxes according to their ‘er-

godic natural measure’ [57, 64]. In effect, for an attractor of a dynamical system this mea-

sure is essentially the probability that a randomly chosen point on the attractor lies in the

box, so that boxes are therefore weighted according to the frequency with which they are

visited, or the time that trajectories spend in them. In practice if the attractor,A, of a dy-
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namical system is just covered by a number,Nε say , ofε-boxesBi , i = 1, · · · ,Nε then the

probability, pi , that the boxBi contains a randomly chosen point on the attractor can be

estimated by counting the number of points inBi and dividing by the total number of points

inA.

The dimensions in the Rényi spectrum are indexed by a continuous parameter,q, theorder

of the dimension; the Rényi dimension of orderq, is defined as

Dq ≡ lim
ε→0

Sε (q)
ln(1/ε)

(2.2.3)

where

Sε (q) ≡
(
−1

q−1

)
ln


Nε∑

i=1

pq
i

. (2.2.4)

The quantitySε (q) is called the Rényi entropy [25]. It is a generalized measure of the

entropy of the probability distribution{pi , i = 1, · · · ,Nε} which, in the limit asq→ 1 reduces

to the Shannon entropy5 [44]. From the definition ofSε (q) we see that ifq> 0 the weighting

emphasizes dense regions, corresponding to clusters of phase points. Further, as the order

q increases through positive values, then the relative importance of those boxes with higher

measure, the so-called ‘hotspots’ of the attractor, also increases. Forq < 0 the weighting

emphasizes sparse regions of the attractor. For amono-fractal, characterized by unique

scaling behaviour,Dq is a constant independent ofq, but in general, for amulti-fractal

Dq depends onq and is a single-valued, monotonically decreasing functionof q, so that if

q1 ≥ q2 thenDq1 ≤ Dq2 and, in particular,D0 ≥ D1 ≥ D2. For the fractal attractor of a chaotic

dynamical system, whose points represent trajectories in phase space, the Rényi spectrum

of dimensions characterizes theclusteringof the trajectories.

The Rényi dimension of order zero is simply the box-counting dimension,D0, discussed

above.D1 is called theinformation dimension, it is evaluated by applying L’Hôpital’s rule

to calculate the limiting value asq→ 1. In the definition ofD1 the weighting of eachε-

box is proportional to the natural measure of the box. This generalized dimension therefore

characterizes the natural measure, revealing any non-uniform spread of probability on the

attractor.
5This can be seen by writing

Nε∑

i=1

pq
i =

Nε∑

i=1

pi

[
pq−1

i

]
=

Nε∑

i=1

pi
[
exp((q−1) lnpi)

] ≈
Nε∑

i=1

pi
[
1+ (q−1) lnpi

]
= 1+ (q−1)

Nε∑

i=1

pi ln pi
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The Rényi dimension of order two,D2, has gained particular prominence because of the

ease with which it can be calculated [57, 20]. D2 involves the sum
∑Nε

i=1 p2
i , which scales

in the same way as the probability that two points are separated by a distance less thanε.

Now, in a set ofN points, located at positionsrrr i , i = 1, · · ·N, the probability that points are

separated by a distance less thanε is given by thepair correlationsumC2(N, ε):

C2(N, ε) ≡

N∑
i=1

N∑
j=i+1
Θ

(
ε− r i j

)

N(N−1)/2
(2.2.5)

whereΘ is the Heaviside step function andr i j ≡
∣∣∣rrr j − rrr i

∣∣∣ is the separation of the particles at

positionsrrr i andrrr j . Hence

D2 = lim
ε→0

lnC2(N, ε)
lnε

(2.2.6)

and, therefore,D2 can be estimated merely from the statistics of separations of nearby points

in a (large) sample of points from the fractal. This approachto estimating a fractal dimension

originates with Grassberger and Proccacia; we refer the reader to [14, 52] for the details.

Because of its relation to the pair correlation sum,D2 is called thecorrelationdimension.

For integral values ofq greater than twoDq can be interpreted in terms of a q-point cor-

relation sum,Cq(N, ε). This countsq-tuples of points, in a sample ofN points, for which

the separation between any pair in theq-tuple is less thanε. This has scaling behavior

Cq(N, ε) ∼ ε(q−1)Dq so that

Dq =
1

q−1
lim
ε→0

lnCq(N, ε)

lnε
. (2.2.7)

In principle this result can be used to obtainDq for all integral values ofq ≥ 2 however,

implementation is not straightforward since the number ofq-tuples,Nq, grows rapidly with

N.

We remark that theDq describe the scaling properties of the moments of the number,N(ε),

of phase points in a smallε-ball6 asε→ 0. For example, the correlation sumC2(N, ε) is an

estimate of the probability that two points, with positionsrrr i andrrr j, randomly selected from

a set ofN points are within a distanceε of each other. Therefore, ifBε(rrr) is a ball of radius

ε centred on a particleat point,rrr, thenC2(N, ε) measures the probability of finding a second

point inside the ball, hence〈N(ε)〉 ∼ εD2, asε→ 0. Similarly, forq> 1, if
〈
N (q−1)(ε)

〉
varies

6Note thatNε is the number of covers of sizeε needed to cover the fractal set andN(ε) is the number of
points in the fractal lying in anε-ball, which is a random variable with expectation〈N(ε)〉
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as some power ofε, asε→ 0 then the exponent is (q−1)Dq, that is:

〈N (q−1)(ε)〉 ∼ ε(q−1)Dq (2.2.8)

we use this interpretation in Chapter 6 when we consider the Rényi dimension of order 3.

2.2.4 The Lyapunov dimension

The fractal dimensions considered above are based on the geometrical scaling properties of

the fractals, or on the statistics of the separations of nearby points sampling the fractal. For

the strange attractor of a dynamical system Kaplan and Yorkehave introduced a dimension

which is calculated from the Lyapunov spectrum of the system[21] and which therefore

depends on the dynamics of the system.

Suppose that the Lyapunov exponents of the system areλ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λd and let

Sm be the sum of the firstm exponents, with 1≤ m≤ d. Since the system is dissipative

we know thatSd < 0 and since the system is chaotic we know thatλ1 > 0, and therefore

S1 > 0. Therefore there exist an integerk≥ 1 such thatSk > 0 andSk+1 =Sk+λk+1 < 0. The

Lyapunov dimension, also known as the Kaplan-Yorke dimension, is defined to be thatreal

number, betweenk andk+1 for whichSm would vanish, ifSm were a continuous function

of m. At this hypothetical value there is neither contraction orexpansion of phase-space

volumes. The Lyapunov dimension,DL, is defined by linear interpolation [20, 21]:

DL = k− Sk

λk+1
= k−

k∑
i=1
λi

λk+1
. (2.2.9)

It has been conjectured thatDL is equal to the information dimension of an attractor; this

conjecture remains open [10].

2.3 Stochastic processes

When we examine the shape statistics of constellations in a turbulent flow we will deal

with a dynamical system whose evolution is governed by stochastic differential equations

that contain random forcing ornoiseterms. The state of such a system evolves in a prob-
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abilistic manner and the coordinates of the point in phase space representing the state are

time-dependent random variables orstochastic processes. Because the state is random the

system is described by a p.d.f. which determines the probability that the state lies in a small

element of the phase space at any given time.

This state p.d.f. determines the properties of the system and is of primary importance in

our later work. For systems withdiffusive dynamics, from the equation of motion we can

derive a partial differential equation, the so-called Fokker-Planck equation,governing the

state p.d.f., which in principle allows us to determine thisp.d.f.

2.3.1 The 1d random walk and its continuum limit

As a simple example of a stochastic dynamical system which illustrates some of the above

concepts, consider a particle executing a random walk on thereal line, see figure (2.4).

q p

∆x ∆x
R

Fig. 2.4 The random walker, shown in red, starts at the origin and at timestk = k∆t, wherek =
1,2,3, · · · and∆t is a small time increment, hops to the left with probabilityq or to the right with
probability p. After a timen∆t the expected position of the particle is given by equation (2.3.2) and
the variance of this position is given by equation (2.3.3).

Suppose that the particle is initially at the originx= 0 att = 0 and that at timestk = k∆t, k=

1,2, · · · the particle makes a jump∆Xi to the left or right, of magnitude∆x, with transition

probabilitiesP [∆Xi = ∆x] = pandP [∆Xi = −∆x] = q= 1−p. Then, at any timet the position

of the particle,X(t), is a random variable and the probability,PX (xn, tm), that X(tm) = xn,

wherexn ≡ n∆x andtm≡m∆t with n,m∈ Z andm≥ 0, satisfies the recurrence relation

PX (xn, tm+1) = pPX (xn−1, tm)+qPX (xn+1, tm) (2.3.1)
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with initial conditionPX (xn,0) = δn,0. The positionX(t) has mean and variancefunctions

µX (t) = 〈X(t)〉 =
n∑

i=1

〈∆Xi〉 = n(p−q)∆x (2.3.2)

σ2
X (t) =

〈
(X(t)−〈X(t)〉)2

〉
=

n∑

i=1

〈
(∆Xi −〈∆Xi〉)2

〉
= 4npq(∆x)2 (2.3.3)

respectively, wheren≡ Int[t/∆t].

In thecontinuumor diffusivelimit, where∆x→ 0,∆t→ 0 andn→∞, in such a manner that

(∆x)2/∆t neither vanishes or becomes unbounded, and such thatn∆t = t, we have

µX(t) = (p−q)

(
∆x
∆t

)
t ≡ vt and σ2

X(t) = 4pq
(∆x)2

∆t
t ≡ 2Dt (2.3.4)

wherev≡ (p−q)∆x/∆t is thedrift velocityandD≡ 2pq(∆x)2/∆t is thediffusion coefficient7.

In the continuum limit the position of the particle,X(t), is a continuous function oft de-

scribed by a p.d.f.,PX(x, t), such that at timet the probability of finding the particle in the

small interval (x, x+dx) is given byP (x< X ≤ x+dx, t) = PX(x, t)dx. From (2.3.1), pro-

vided that∆x and∆t are sufficiently small, it follows that

PX (x, t+∆t) ≈ pPX (x−∆x, t)+qPX (x+∆x, t) (2.3.5)

then, expanding each term in a Taylor series and taking the continuum or diffusive limit, as

above, it follows thatPX (x, t) satisfies theadvection-diffusionequation:

∂PX (x, t)
∂t

= −v
∂PX (x, t)

∂x
+D

∂2PX (x, t)

∂x2
. (2.3.6)

Equation (2.3.6) is also known as the F.P. equation for the p.d.f. ofX(t). We can deduce the

solution by applying the central limit theorem (c.l.t.). SinceX(t) is the sum of many∆xi ,

which are i.i.d. random variables, it has a Gaussian distribution and sinceX(t) has mean

µX(t) = vt and varianceσ2
X(t) = 2Dt it follows that

PX (x, t) =
1

√
4πDt

exp

[
− (x−vt)2

4Dt

]
. (2.3.7)

7The numerical coefficient, 2, is included in equation (2.3.4) to give agreement with the diffusion constant
in the diffusion equation.D has physical dimensions L2T−1
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This is the solution of the F.P. equation (2.3.6) with initial conditionPX(x,0)= δ(x).

Figure (2.5) shows fourtrajectories, realizationsor sample pathsof the continuum limit of

thesymmetricrandom walk, for whichp= q= 1/2, v= 0 andD = ∆x2/(2∆t).
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W(t)

Fig. 2.5 The continuum limit of the one dimensional random walk is the Wiener process,usually
denoted byW(t). Each path can be thought of as the trajectory of a Brownian particle (see also figure
(2.7).

The continuum limit of the symmetric random walk is called the Wiener process[17] and

is usually denoted byW(t), or B(t). This process is of fundamental importance in modelling

random phenomena.W(t) is a mathematical model of one-dimensionalBrownian motion

- the diffusive motion, due to molecular collisions, of microscopically small particles sus-

pended in a fluid. Each sample path shows a sequence of values of the process,W(t), for

0 ≤ t ≤ 1, at timest = tn = n∆t, n = 1,2, · · · , where∆t is a small time interval, with linear

interpolation between points. The paths can be thought of asthe world-linesof particles

undergoing Brownian motion, in one dimension. We shall consider the properties ofW(t)

in section (2.3.4), after first introducing some further terminology.

2.3.2 Characterizing stochastic processes

To progress with our analysis of shape statistics it will be necessary to make some simpli-

fying assumptions regarding the nature of the stochastic processes that we will deal with;

these are outlined below. A fuller discussion of the concepts introduced below can be found

in the text of vanKampern, [63].

Typically a stochastic process,X(t), is characterized by specifying the p.d.f.PX (x, t) and

by giving the moments and cumulants ofX(t). These characteristics areensemblestatistics,
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which can be estimated from a sample of realizations of the process. However if the process

is ergodicthey can also be estimated fromtemporal averagescalculated from a time series

of observations on asingle realizationof the process. Further, ifX(t) is stationary, by which

it is meant that the p.d.f.PX(x, t) is invariant under the time shift t→ t+ τ for everyτ ∈ R,

then the parameters of the process, such as the mean and variance functions,do not change

over time. The interpretation of this property is that the underlyingmechanism causing the

randomness in the process does not change with the course of time [4]. We shall assume

bothergodicity and stationarity.

The covariance function ofX(t) is KX (t1, t2) ≡ 〈[
X(t1)−µX (t1)

] [
X(t2)−µX (t2)

]〉
which can

be written as

KX (t1, t2) =
∫ ∞

−∞

∫ ∞

−∞

[
x(t1)−µX (t1)

] [
x(t2)−µX (t2)

]
PX1,X2 (x1, t1 ; x2, t2)dx1dx2 (2.3.8)

wherePX1,X2 (x1, t1 ; x2, t2) is thesecond order jointp.d.f. of the process. This is defined

such that the joint probability that the state lies in the interval(x1, x1+dx1) at timet1 and in

the interval(x2, x2+dx2) at timet2 is PX1,X2 (x1, t1 ; x2, t2)dx1dx2. The covariance function

KX (t1, t2) can be thought of as a measure of the similarity of the processat timest1 andt2
andKX (t, t) is the variance,σ2

X (t), a measure of the variability of the process at timet.

For a stationary process the covariance functionKX (t1, t2) depends only on the magnitude of

the time difference|t2− t1|. Then, if there exists a constant,τc, such that for any timest1 and

t2 with |t2− t1| > τc we haveKX (t1, t2) ≈ 0, the values of the processX(t1) andX(t2) are, in

effect, uncorrelated. We callτc the correlation time of the process. Ifτc is very small then as

a first approximation we may takeτc = 0, so thatX(t) is delta-correlatedin time. Roughly

speaking, this means that the system has no memory of its history: the future state depends

only on the current state, not the past history of the system.This memory-lessproperty is

characteristic ofMarkovprocesses and we shall assume that it holds.

We note that, if for any strictly increasing sequence ofsample times t0 = 0< t1 < t2 < t3, · · ·
the process increments∆Xi ≡ X(ti+1)−X(ti) are independent random variables, i.e. ifX(t)

hasindependent incrementson anynon-overlapping time intervals, then it is a Markov pro-

cess [63].
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2.3.3 Gaussian processes

A stochastic process,X(t), is Gaussian if Xi = X(ti) , i = 1,2, · · · ,k, are jointly Gaussian

random variables for allk ∈ N, and all choices oft1, t2, · · · , tk. Many naturally occurring

random processes are the net result of a great many microscopic effects and are therefore

Gaussian, or very nearly so. For this reason, and because of their relative mathematical

simplicity, Gaussian stochastic processes are often the first choice when modelling a random

physical process [63].

If X(t) is a Gaussian process with mean functionµX (t) and covariance functionKX (t, t′),

then thekth order joint p.d.f. ofX1,X2, · · · ,Xk is the Gaussian function

PX1,X2,··· ,Xk (x1, t1; x2, t2; · · · ; xk, tk) =
exp

[
−1

2 (xxx−µµµ)T K (xxx−µµµ)
]

√
(2π)k |detK|

(2.3.9)

whereµµµ =
[
µ1,µ2, · · · ,µk

]T and K =
[
Ki j

]
with µi ≡ µX (ti) and Ki j ≡ KX

(
ti , t j

)
. Since the

higher order cumulants vanish8 a Gaussian process iscompletely determinedby its mean

function, µX (t), and its covariance function,KX (t, t′). Estimation of these functions is a

relatively simple task since it involves, at most, pairs of data points.

2.3.4 The Wiener process

In section (2.3.1) we introduced the Wiener process,W(t), a model of Brownian motion in

one dimension, as the continuum limit of a symmetric random walk. W(t) is a Gaussian

process with mean zero, i.e.µW (t) = 〈W(t)〉 = 0, and covariance functionK(s, t) given by

K (s, t) = 〈W(s)W(t)〉 = σ2Min(s, t) (2.3.10)

whereσ2 is a positive constant and Min(s, t) is the smaller of the two variabless andt, see

[17]. From (2.3.10) it follows that the variance ofW(t) is

K(t, t) =
〈
W(t)2

〉
= σ2t (2.3.11)

8See, for example, [22] section 2.4.
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and, therefore,W(t) is aN
(
0,σ2t

)
random variable. Also, from (2.3.10) it follows that for

timess, t 〈
[W(t)−W(s)]2

〉
= σ2 |t− s| (2.3.12)

so that theincrement W(t)−W(s) is anN
(
0,σ2 |t− s|

)
random variable.

If W(0) = 0 andσ = 1 thenW(t) is called the standard Wiener process. For this process

if the particle is at positionW(s) at time s, then at a future timet > s, with a probability

[2π(t− s)]−1/2×exp
[
−z2/(2(t− s))

]
it will have changed position by an amountz. The mean

change of position is zero, and the standard deviation of thechange in position grows as√
t− s. The particle is therefore most likely to be found in an interval of width

√
t− scentred

on its initial location,W(s). This growth in the width of this interval, as the square root of

the elapsed time, is characteristic of a diffusion process.

SinceW(t) is a Gaussian process the values of the process,Wi , i = 1,2, · · · , at anysample

times,ti , i = 1,2, · · · , are Gaussian random variables and their joint p.d.f.s are Gaussian. Also,

the increments∆Wi ≡Wi+1−Wi during the intervals(ti , ti+1] , i = 1,2, · · · are Gaussian and

for i , j we have
〈
∆Wi∆Wj

〉
= 0; the increments∆Wi are therefore independent for non-

overlapping intervals andW(t) is a Markov process.

When we consider stochastic differential equations we shall deal with the differential incre-

ment dW(t) ≡W(t+dt)−W(t) in the standard Wiener process during the infinitesimal time

interval (t, t+dt]. This increment has mean〈dW(t)〉 = 0 and variance〈〈dW(t)〉〉 = dt. We

can therefore interpret dW(t) as astochastic differential with anN(0,dt) distribution, and

this property is used when simulating stochastic processesdriven by Wiener noise. Note

that although the mean of the increment dW(t) is zero, the mean of themagnitudeof the

increment is〈|dW(t)|〉 =
√

2dt/π ∼
√

dt. Further9, since dW(t) ∼ N(0,dt) the square of the

Wiener increment, dW2(t), has mean dt and variance dt2. In the continuum limit the vari-

ance vanishes and we may treat dW2(t) as adeterministicquantity, equal to its mean value:

i.e. dW2(t) =
〈
dW2(t)

〉
= dt. We use this result in subsection (5.2.2) when deriving a system

of stochastic differential equations for a diffusive random matrix process driven by Wiener

noise. We consider the nature of these so-called Langevin equations in the next section.

9Since dW∼ N(0,dt),
〈
dW2k

〉
=

(2k)!

2kk!
dtk,k= 1,2, · · ·
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2.3.5 The Langevin equation

The first appearance of a stochastic differential equation in Physics is due to Langevin who

applied Newton’s second law to a particle undergoing Brownian motion [27]. In the absence

of any exterior force, e.g. gravity, Langevin’s equation (for a particle of unit mass) can be

written in the reduced form [4]

dV
dt
= −γV(t)+FL(t). (2.3.13)

The−γV(t) term represents theStoke’s dragforce on the ‘Brownian’ particle due toviscous

damping, caused by the surrounding fluid particles.

R

Fig. 2.6The figure shows a sphere of radiusR immersed in a fluid comprised of particles whose size
is much smaller thanR. The constant bombardment of the sphere by the fluid particles produces
a random net impulse driving the erraticBrownianmotion of the sphere, and viscous drag on the
sphere.

For a spherical particle of radiusR the constantγ = 6πRη, whereη is the fluid viscosity. The

‘Langevin’ forcing termFL(t), is therandomly fluctuatingimpulsive force on the particle,

due to the molecular bombardment by the fluid particles, see figure (2.6) .

The Langevin force,FL(t), can be written as
√

2Dξ(t), whereD is the diffusion coefficient

for the motion andξ(t) is white noise10, the formal derivative of the Wiener process. The

processξ(t) is a zero-mean Gaussian process which is delta-correlatedin time:

〈ξ(t)〉 = 0 and
〈
ξ(t)ξ(t′)

〉 ≡ δ(t− t′). (2.3.14)

In general a s.d.e. for a random processX(t) driven byWiener noiseis a relationship between

the stochastic differentials, dX(t) and dW(t). We are interested in processes which satisfy

10This name reflects the fact that the power spectral density ofthe process is constant: all frequencies are
present, with equal power, as is the case for the white light.See for example [4].
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Langevinequations of the form

dX(t)
dt
= v[X(t), t] +σ[X(t), t]ξ(t) (2.3.15)

or, written in differential form using dW(t) = ξ(t)dt,

dX(t) = v[X(t), t]dt+σ[X(t), t]dW(t). (2.3.16)

The increment dX(t) is therefore comprised of two terms, atransportor drift term, which is

proportional to the length of the time interval, and adiffusiveterm which, being a multiple

of dW(t), is proportional to
√

dt and which may, therefore, be much larger than the former.

We note that ifX(t) satisfies (2.3.16) then, in the continuum limit, we have

F1 ≡
〈dX〉

dt
= v and F2 ≡

〈
dX2

〉

dt
= σ2. (2.3.17)

Equation (2.3.16) can be used to model the position,X(t), of a small particle which under-

goes diffusive motion with drift, then the coefficient v is thedrift velocity andσ2/2 is the

diffusion coefficient. A process satisfying (2.3.16) is adiffusionin R1.

The solution of a stochastic differential equation

The Langevin equation for the velocityV(t) of a Brownian particle can be formally inte-

grated to give

V(t) =
√

2D
∫ t

−∞
e−γ(t−s)ξ(s)ds (2.3.18)

this velocity process,V(t), is called theOrnstein-Uhlenbeckprocess [62].

However, in general, very few s.d.e.s can be integrated exactly, and given a s.d.e. for a

process,X(t), solving it usually means determining thestatistical propertiesof X(t) using

numerical methods [12]. One numerical method of solution, which we shall use in our

simulations, is the stochastic analogue of the Euler methodfor o.d.e.s. Using this method,

for the s.d.e. given in (2.3.16), an approximate realization or sample path on the time interval

[0,T] consists of lines joining the points(ti , xi) , i = 0,1, · · · ,N wheretk = k∆t, k= 0,1, · · ·N
with ∆t ≡ T/N, and where thexk are given by the iterative scheme

xk+1 = xk+v(xk, tk)∆t+σ (xk, tk)ζk

√
∆t (2.3.19)
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where theζk, k= 1,2, · · · ,N are i.i.d.N (0,1) random variables.

2.3.6 The Fokker-Planck equation

In addition to using the Langevin equation, (2.3.16), to construct approximate sample paths,

using (2.3.19), we can also use it to derive a partial differential equation, the Fokker-Planck

(F.P.) equation, for the p.d.f.PX(x, t), [4, 30, 45, 63]. To derive this equation we note that

for a Markov process PX(x, t) is, in fact, thetransitionp.d.f. P(x, t | x0, t0), with the initial

condition (x0, t0) = (x0,0) understood. Now, the transition p.d.f. of any Markov process

satisfies the Chapman-Kolmogorov identity:

P(x3, t3 | x1, t1) =
∫

R

dx2P(x3, t3 | x2, t2)P(x2, t2 | x1, t1) (2.3.20)

whereP
(
x j , t j | xi , ti

)
is the p.d.f. for the transition to statex j at timet j giventhat the process

was in statexi at timeti . The meaning of this identity is illustrated in figure (2.7).

x

t

(x1, t1)

(x2, t2)

(
x′2, t2

)

(x3, t3)

Fig. 2.7 During the evolution of the stochastic process,X(t), between the timest1 and t3, at the
intermediate timet2 the process may have any allowable value. The transition probability from
(x1, t1) to (x3, t3) is computed by calculating the probabilities of transitioning via every intermediate
state and summing over the intermediate states.

To reach the statex3 at time t3 from the statex1 at time t1 we can, in principle, proceed

through any intermediate statex2 at the intermediate timet2. The densityP(x3, t3 | x1, t1)

is therefore obtained by integrating contributions from every possible intermediate state.

Hence,P(x3, t3 | x1, t1) involves the products of the transition probabilities from(x1, t1) to

(x2, t2) and from(x2, t2) to (x3, t3), integrated over every possible value ofx2.
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Setting(x3, t3) = (x, t+∆t), (x2, t2) = (x′, t) and(x1, t1) = (x0, t0) gives

PX (x, t+∆t) =
∫

R

dx′P
(
x, t+∆t|x′, t)PX

(
x′, t

)
. (2.3.21)

The F.P. equation is obtained by making a series expansion ofthe integrand. We have

P
(
x, t+∆t|x′, t)PX

(
x′, t

)
= P([x−∆x] +∆x, t+∆t, | [x−∆x], t)PX ([x−∆x], t)

=

∞∑

k=0

(−1)k(∆x)k

k!
∂k

∂xk
[P(x+∆x, t+∆t | x, t)PX (x, t)] (2.3.22)

where∆x ≡ x− x′. Substituting this into equation (2.3.21) and performing the integration

with respect tox′ gives

PX (x, t+∆t) =
∞∑

k=0

(−1)k

k!
∂k

∂xk
[Mk (x, t,∆t)PX (x, t)] (2.3.23)

whereMk (x, t,∆t) is thekth jump momentfor the system, defined as

Mk (x, t,∆t) ≡
∫

R

dz(z− x)kP(z, t+∆t | x, t). (2.3.24)

Now, M0 = 1 and, sinceP(z, t | x, t) = δ(z− x) it follows from equation (2.3.24) that, fork≥ 1,

Mk (x, t,∆t)→ 0 as∆t→ 0. Therefore, assuming that fork≥ 1 the jump moments are of the

form

Mk (x, t,∆t) = Fk(x, t)∆t+o(∆t) (2.3.25)

for some functionsFk(x, t) and substituting this into equation (2.3.23) gives, in the limit as

∆t→ 0
∂PX (x, t)

∂t
=

∞∑

k=1

(−1)k

k!
∂k

∂xk
[Fk (x, t)PX (x, t)] . (2.3.26)

Equation (2.3.26) is called the Kramers-Moyal expansion

Any change ofPX (x, t) with time t is due to the difference between an increase caused by

transitions to the statex at timet and a decrease due to transitions away from this state. By

considering this balance we may use the Chapman Kolmogorov equation, to derive a so-

calledmaster equation. This is an integro-differential equation for the evolution ofPX (x, t);

the derivation can be found in reference [4], we simply quote the result:

∂PX (x, t)
∂t

=

∫

R

dx ′
[
T

(
x|x′, t)PX

(
x′, t

)−T
(
x′|x, t)PX (x, t)

]
(2.3.27)
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whereT (x2|x1, t) is interpreted as thetransition probability per unit timefrom x1 to x2 at

time t. The Kramers-Moyal expansion, equation (2.3.26) is, therefore, essentially a series

expansion of the master equation.

For a diffusive Markov process governed by a Langevin equation it can be shown thatF1

andF2 are the functions given in equation (2.3.17) and that the moments higher than the

second vanish [45]. Therefore, for a such a process, the Kramers-Moyal seriesterminates

after two terms giving the Fokker-Planck equation forPX (x, t):

∂PX(x, t)
∂t

= −∂ [F1(x, t)PX(x, t)]
∂x

+
1
2
∂2 [F2(x, t)PX(x, t)]

∂x2
. (2.3.28)

TheF1 term is called the drift or transport term and theF2 term is the diffusion term. IfF1

andF2 are independent oft then the process is stationary. The advection-diffusion equation

(2.3.6) is a particular case of the F.P. equation.

Note that we can write the F.P. equation, (2.3.28), as acontinuity equation:

∂PX(x, t)
∂t

+
∂J(x, t)
∂x

= 0 (2.3.29)

where theprobability current J(x, t) is

J(x, t) ≡ F1(x, t)PX(x, t)− 1
2
∂ [F2(x, t)PX(x, t)]

∂x
. (2.3.30)

Hence, the F.P. equation can be thought of as a continuity equation for the evolution of the

probability densityPX(x, t).

2.3.7 The multivariate case

The results of the previous sections generalize to the multivariate case. For ad-dimensional

vector-valued stochastic process, governed by a system of Langevin equations, the joint

p.d.f. of the stochastic variables satisfies a multivariateF.P. equation.

Let Xi , i = 1, · · · ,d be stochastic processes driven by the Wiener processes11 Wi , i = 1, · · · ,d
where the dWi satisfy

〈
dWidWj

〉
= dt δi j and letxxx= [x1, · · · , xd]T , XXX = [X1, · · · ,Xd]T and

11We assume here that there ared independent Wiener noise processes, but this is not strictly necessary.
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WWW= [W1, · · · ,Wd]T. Then, if theXi satisfy thed-dimensional system of Langevin equations

dXi = vi(XXX, t)dt+
d∑

j=1

σi j (XXX, t)dWj , i = 1, · · · ,d, (2.3.31)

where the transport and drift coefficientsvi(XXX, t) andσi j (XXX, t) are known functions of posi-

tion and time, the joint p.d.f. ofX1, · · · ,Xd, PXXX (xxx, t), satisfies the multivariate F.P. equation

∂PXXX

∂t
= −

d∑

i=1

∂

∂xi
(viPXXX)+

d∑

i=1

d∑

j=1

∂2

∂xi∂x j

(
Di j PXXX

)
(2.3.32)

where thevi, Di j and PXXX and their derivatives are evaluated at (XXX, t) and theDi j are the

elements of thecovariance matrixmatrix of theXi, given, in the limit as dt→ 0, by

Di j ≡

〈
dXidX j

〉

2dt
=

1
2dt

d∑

r=1

d∑

s=1

σirσ js 〈dWrdWs〉 =
1
2

[
σσσσσσT

]
i j
. (2.3.33)

The system of s.d.e.s (2.3.31) can be written in vector form

dXXX = vvv(XXX, t)dt+σσσ (XXX, t)dWWW (2.3.34)

with vvv ≡ [v1, · · · ,vd]T andσσσ ≡
[
σi j

]
and the F.P. equation (2.3.32) can be written as the

continuity equation
∂PXXX

∂t
+∇∇∇ · JJJ = 0 (2.3.35)

whereJJJ ≡ [J1, · · · , Jd]T and each component,Ji, is given by

Ji = viPXXX−
d∑

j=1

∂

∂x j

(
Di j PXXX

)
. (2.3.36)

JJJ is referred to as the probability current. IfDDD is independent ofxxx, we say that the diffusion

is homogeneous; in this caseJJJ simplifies toJJJ ≡ (vvvPXXX)−DDD∇∇∇PXXX.

We shall encounter equations of the form (2.3.32) and (2.3.34) in chapters 3,4 and 5.
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2.4 Synthetic turbulence

2.4.1 The nature of turbulence

Turbulence, the most common state of fluid motion, is characterized by chaotic behavior

[28]. At any point in a turbulent flow the fluid velocity appears tofluctuate randomly and

unpredictably, about some mean value. Figure (2.8)12 shows an example of a turbulent flow,

caused by a jet of fluid being injected into a surrounding bath. The jet is injected from the

left and the colours indicates the age of the vortices and eddys, with the youngest on the

left in green and the oldest, towards the right in blue. Note that, on the right of the figure,

although the velocity field is very irregular it is so in a somewhat homogeneous and isotropic

manner.

Fig. 2.8 The figure shows a jet of fluid injected, from the left, into a bath of fluid. Thejet creates
a turbulent wake in which the flow is highly irregular. On the right of the figure the turbulence
is fully developed: the vortices and eddys of the flow appear to be distributed in an isotropic and
homogeneous manner.

In principle, a turbulent flow is described by the Navier Stokes equations but, because the

ensemble of particles comprising the fluid has a great many degrees of freedom, and be-

cause of the randomness in the flow, it is necessary to take a statistical approach when

modelling turbulence. In afully developedturbulent flow the velocity field ishomogeneous

and isotropic, so that the statistical properties of the flow are the same atany point and in

any direction.

Particle-ladenturbulent flows, such as volcanic plumes, are particularly interesting [46, 53].

A remarkable feature of some particle-laden turbulent flowsis the tendency of the particles

in suspension to formfractal clusters[1, 2, 50, 73] and it is these structures that are of

primary interest to us. For further detail on turbulence we refer the reader to [11, 28, 59, 60].

12Courtesey Dr. Dong-Hyuk Shin, School of Engineering, The University of Edinburgh.
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2.4.2 A stochastic model of fully developed turbulence in 2D

We shall consider fractal structures formed by particles suspended in a fully developed turbu-

lent flow in two-dimensions. To simulate the flow we shall adopt a simple stochastic model,

due to Kraichnan [26], which reproduces the statistical characteristics of fully developed

turbulence sufficiently well for our purposes.

For a two dimensional flow in thex1x2 plane, the fluid velocityuuu(rrr , t) can be written as the

sum of irrotational and solenoidal components:

uuu= β ∇φ+∇∧ΨΨΨ =
(
β
∂φ

∂x1
+
∂ψ

∂x2
, β

∂φ

∂x2
− ∂ψ

∂x1

)T

(2.4.1)

whereφ(rrr , t) is thescalar potentialandΨΨΨ(rrr , t) = ψ(rrr , t)eee3, is thevector potentialand∇∧ΨΨΨ
is the curl ofΨΨΨ. The functionψ is the stream functionandeee3 is the unit normal to the

x1x2 plane. The potentialsφ andψ are independent of each other. The parameterβ is a

measure of thecompressibilityof the flow: whenβ = 0 then div(uuu) = 0, corresponding to an

incompressible flow.

For a turbulent flow the potential functions arerandom fields, in both time and space [38]. At

any given fixed point the potentialsφ(rrr , t) andψ(rrr , t) are stochastic process which fluctuate

randomly in time. Also, since we are interested in fully developed turbulence, at any instant

thespatialfields have isotropic and homogeneous spatial statistics.

In two dimensions an isotropic and homogeneous random field,φ(rrr), satisfies the following

isotropy relation [71], which we proceed to show,

〈(
φx1x1

)2〉
=

〈(
φx2x2

)2〉
= 3

〈(
φx1x2

)2〉
= 3

〈(
φx1x1

) (
φx2x2

)〉
(2.4.2)

where subscripts denote partial differentiation. This relation can be derived from the Fourier

representation ofφ(rrr) :

φ(rrr) =
∫

R2
dkkk φ̂(kkk) exp[ikkk · rrr] . (2.4.3)

The Fourier transform,̂φ(kkk), has the following statistics

〈
φ̂(kkk)

〉
= 0 and

〈
φ̂(kkk)φ̂(kkk′)

〉
= S(k)δ(kkk−kkk′) (2.4.4)
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whereS(k) = S (|kkk|) is thespectral intensity. From (2.4.3) differentiating with respect tox1

we have

φx1x1 =

∫

R2
dkkk

(
−k2

x

)
exp[ikkk · rrr] φ̂(kkk)

and therefore 〈(
φx1x1

)2〉
=

∫

R2
dkkk

(
−k2

x

)∫

R2
dkkk′

(
−k′ 2

x

)〈
φ̂(kkk)φ̂(kkk′)

〉
. (2.4.5)

Writing the integrals in polar coordinates inkkk-space, withkkk= (kx,ky) = (kcosθ,ksinθ), and

using (2.4.4) gives

〈(
φx1x1

)2〉
=

∫ 2π

0
dθcos4θ

∫ ∞

0
dk k5 S (k) =

3π
4

∫ ∞

0
dk k5 S (k) . (2.4.6)

Similarly, we find that

〈(
φx1x2

)2〉
=

〈(
φx1x1

) (
φx2x2

)〉
=
π

4

∫ ∞

0
dk k5 S (k) . (2.4.7)

Comparing (2.4.6) and (2.4.7) gives the isotropy relation (2.4.2).

To model a fully developed two-dimensional turbulent flow weexpand the potential fields

φ(rrr , t) andψ(rrr , t) as Fourier series with time-dependent coefficients that are random vari-

ables. The statistics of the coefficients are chosen so that at each instant in time the series

produces a smooth, translationally invariant, isotropic spatial field. Therefore at any time

φ(rrr , t) andψ(rrr , t) satisfy equation (2.4.2). Also, since we are interested in diffusive effects,

the Fourier coefficients are chosen so that the fields values are delta correlated in time.

Taking the coordinate space to be the square[0,L] × [0,L] of the x1x2 plane, withperiodic

boundary conditions, then at timet the Fourier series expansion ofφ is of the form

φ ≡ φ (rrr , t) =
∑

kkk

akkk (t)sin(kkk · rrr)+bkkk (t)cos(kkk · rrr) (2.4.8)

and similarly forψ. The Fourier coefficients,akkk, are i.i.d. random variables with the follow-

ing statistics:

〈akkk (t)〉 = 0 and
〈
akkk (t)akkk′

(
t′
)〉
=C0 δt,t′ δkkk,kkk′ exp

[
−1

2
kkk2ξ2

]
(2.4.9)

and similarly forbkkk. The parameterξ is thecorrelation lengthof the flow. Field values at

points separated by a distance greater thanξ are, in effect, uncorrelated but field values at
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closer points are correlated and the Gaussian nature of the correlation function assures the

smoothness of the spatial field. The wave vectors,kkk, are given by

kkk=
2π
L

(n,m) , n,m= 0,1,2, . . . . (2.4.10)

In practice the Fourier series is finite, so that 0≤m,n≤ N for some integerN. We find that

if N < 6 the truncated series approximations of the potential fields are not very smooth and

if N > 20 the computation of the field values is time-consuming. In our simulations we have

N = 12.

Note that, since the potential fieldsφ andψ are independent of each other, the expectation

value of their product and of any product of their derivatives of vanishes. The statistics of

the fields can be calculated from the Fourier expansions of the potentials, by replacing the

sum over the discrete states ink-space by integrals, using thedensity of statesrule:

∑

kkk

[· · · ]→ L2

(4π)2

∫ ∞

0
dkx

∫ ∞

0
dky [· · · ] = L2

16π2

∫

R2
dkkk [· · · ] (2.4.11)

where the last integral is over all ofkkk space, and it is assumed that the integrand is an even

function ofkx andky. For example, using the Fourier expansion ofφ and the orthogonality

and correlation properties of the coefficients we have

〈(
φx1x1

)2〉
=

∑

kkk

C0 k4
x exp

[
−kkk2ξ2/2

]

=
C0L2

16π2

∫

R2
d kkk k4

x exp
[
−kkk2ξ2/2

]

=
C0L2

16π2

∫ 2π

0
dθ cos4θ

∫ ∞

−∞
dk k5 exp

[
−k2ξ2/2

]

=
3C0L2

8πξ6

and with normalization
〈(
φx1x1

)2〉
= 3, it follows that the coefficientC0 =

8πξ6

L2
.

In the simulationsL = 1, so that the coordinate space is the unit square with the edges

identified to make a torus, and the correlation length of the flow is set toξ = 0.25 . The flow

model therefore has a single parameter,β, the compressibility of the flow.
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2.4.3 Advection of particles in a turbulent flow

Particles advected in a two dimensional turbulent flow can sample a fractal measure [50]. We

may think of the two dimensional flow as being on the surface ofa fluid, and the particles as

identical spheres sitting on the surface. Suppose that the particles have radiusRand massm

and that the fluid has densityρ f , kinematic viscosityν and is moving with a velocity field

uuu(rrr , t). Then, provided that the motion of a particle does not affect the velocity field and that

it is dominated by viscous, Stoke’s, drag, the equation of motion of a particle at pointrrr at

time t is [33]:
..
rrr = γ (uuu(rrr , t)− .

rrr ) (2.4.12)

whereγ = 6πRρ f ν/m. In advective motion, the particles are carried along with the flow, so

that
..
rrr = 000 and the particle velocity is

.
rrr = uuu(rrr , t). (2.4.13)

Particles advected in this way are calledtracer particles; their trajectories are thepathlines

of the flow and their dynamics is important in the study of so-called passive scalar problems,

for example the dispersion of pollutants.

2.4.4 The flow mapping used in the numerical investigations

In our numerical investigations we start with an ensemble ofparticles randomly distributed

in the unit square and compute the positions of the points at discrete timestn = nδt,n =

1,2, · · · . After many timesteps the positions of the particles samplea fractal measure, as

shown in figure (1.1(b)). We then select a number of triples of points which form the vertices

of triangular constellations, whose size and shape parameters we then analyze. To simulate

the effects of advectionand diffusionon the particle positions we use themap

rrrn+1 = rrrn+uuun (rrrn, tn)
√
δt, n= 0,1, · · · (2.4.14)

whererrrn ≡ rrr (tn) , n= 0,1, · · ·

The velocity field is given by (2.4.1) evaluated at timetn:

uuun =

(
β
∂φn

∂x
+
∂ψn

∂y
, β

∂φn

∂y
− ∂ψn

∂x

)
(2.4.15)
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where∂φn/∂x≡ ∂φ/∂x(xn,yn, tn), etc., with the derivatives of the fieldsφ andψ being deter-

mined from Fourier expansions of the form (2.4.8). The timestepδt is set sufficiently small

to allow the use of adiffusive approximation, which is equivalent to using a velocity field

which isdelta-correlatedin time [8].



Chapter 3

Triangular constellations in fractal

measures

The laws of Nature are written in the language of mathematics...the

symbols are triangles, circles and other geometrical figures, without whose

help it is impossible to comprehend a single word.

Galileo Galilei

In subsection (2.2.3) we saw that the correlation dimension of a fractal set,D2, can be

interpreted as the exponent in a power law giving the expected number of points in a small

ball, centred on a reference point, as a function of the radius of the ball [69, 70]. Essentially,

D2 depends on the distribution of the separation of pairs of points sampling the fractal or, in

other words, on the distribution of thesizeof binary constellations. Given this relationship,

between a fractal dimension and the distribution of the sizeof binary constellations, it is

natural to consider the distribution of the geometrical properties of constellations containing

more than two points.

In this chapter we considertriangular constellationsformed by triples of points in a fractal

measure in two spatial dimensions. Here, in addition to a measure of size, we can also

define measures ofshape. Theseshape parametersare based on the intrinsic geometrical

properties of constellations, they are independent of their size, location and orientation. It is

reasonable to expect that the statistics of these parameters will reflect, and provide insight

into, the local structure of the fractal measure.
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We introduce a measure of theflatnessof a triangle,Z, and we analyze its statistics. Using

the random compressible flow model, introduced in section (2.4.2), as a generic model of

chaotic dynamics we consider the p.d.f.,PZ, for a one-parameter family of point fractals in

the plane. We find thatPZ is associated with power-laws and undergoes aphase transitionas

the compressibility parameter,β, (see equation (2.4.1) ), is reduced through a critical value.

In the concluding section of the chapter we provide an interpretation of these findings.

This chapter is based on [65], Triangular constellations in fractal measures, published in

the journal European Physics Letters.

3.1 Characterising fractals via constellations

3.1.1 A statistical approach to the problem

Constellations in a fractal are sets of points sampling the fractal which form the vertices

of a simplex. Roughly speaking they are the simplest geometrical structures that can be

formed in the space in which the fractal is embedded. For a fractal embedded inR2 we

may consider binary and triangular constellations. These consist of two and three distinct

points respectively and they form one and two dimensional simplexes, i.e. line segments and

triangles, respectively. For a fractal embedded inR3 we may also consider three dimensional

tetrahedral constellations, comprised of four distinct non-coplanar vertices. See figure (3.1).

Fig. 3.1 Binary, triangular and tetrahedral constellations correspond to simplices,the simplest sets
whichspana volume element, ind = 1,2 and 3 dimensions, respectively.

To characterize the local structure of a fractal using the properties of constellations we will

construct numerically determined probability distributions of the size and shape parameters

of a largesampleof constellations whose vertices are points in the fractal.We describe the
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sampling procedure below, taking the simplices to be triangles in d = 2 and tetrahedra in

d = 3 spatial dimensions, respectively.

We first select, at random, a large number ofreferencepoints in the fractal, these are the

reference vertices. Then in a ball of radiusε centred on each reference vertex we select a

number of sets of points; for a fractal embedded inRd each set containsd points. Each set of

points together with the reference vertex defines thed+1 vertices of a constellation which

lies inside the ball. We then compute the values of the size and shape parameters for each

such constellation and from this data we construct the numerically determined p.d.f.s. By

taking a smaller value of the radius,ε, and selecting new sets of vertices lying in the smaller

ε-ball we can examine how the distributions of size and shape parameters behaves asε→ 0.

The approach is illustrated schematically, ford = 2, in figure (3.2). This figure shows three

epsilon-disks each centred on a reference vertex, which is apoint in the fractal. Within each

disk there are four triangular constellations with the reference point as one of the vertices.

Fig. 3.2 At each timestep in the evolution of the system a large number of reference particles are
selected at random (only three references particles are shown here). Within a small disk centred on
each reference particle a number of triangular constellations are then obtained by selecting pairs of
particles. The size and shape parameters are calculated for each of these triangular constellations
and the results are tallied to give numerical probability density functions. Theasymptotic behaviour
of the p.d.f.s is be obtained by taking a sequence of diminishing disk sizes.
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3.1.2 Describing the size and shape of a triangular constellation

Figure (3.3) shows a triangular constellation in a fractal inR2, formed by a reference point

P0 and two points,P1 andP2, lying in someε disk centred onP0. Q is the foot of the per-

pendicular toP0P1 throughP2 and G is the centroid of the triangle. Using the nomenclature

of elementary geometry, we may think ofP0P1 as thebaseandQP2 as thealtitudeof the

triangle.

x

y

P0

φ

θ

P1P2

G

Q

eee1 (θ)
eee2 (θ)eee1 (θ+φ)

eee2 (θ+φ)

Fig. 3.3P0 is the reference particle,P0P1 is the base of the triangle,QP2 is the altitude andG is the
centroid. The angleθ defines the orientation of the triangle andφ determines theflatness.

We are interested in the statistics of thesize and shape of triangles, irrespective of their

location and orientation, for the case whereε is very small. We therefore introduce alocal

Cartesian coordinate system with origin at the reference point P0 and axesP0x and P0y,

as shown. Further, at the pointP1 we introduce alocal right-handed basis{eee1(θ),eee2(θ),eee3}
whereeee1(θ) is a unit vector parallel to

−−−−→
P0P1, eee2(θ) is a unit vector perpendicular toeee1(θ)

lying in the plane andeee3 is the unit vector perpendicular to the plane. Similarly, atP2 we

introduce the basis{eee1(θ+φ),eee2(θ+φ),eee3}. These basis vectors will play an important role

later, when we consider the time-evolution of triangular constellations in fractals arising in

a dynamical system.
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The constellation is completely specified by the six coordinates of the three vertices, relative

to some origin O (which, for clarity is not shown in the figure). Its position relative to O

may be taken to be the position vector,rrr0, of the vertexP0, or the position vector,rrr, of

the centroidG; each is specified by two coordinates. Its orientation, withrespect to the Ox

axis, is given by the rotation anglêxP0P1 ≡ θ. There are then three remaining parameters

available to define the intrinsic geometry of the triangle and this can be done using a number

of different sets of three variables. For example, by giving the lengths of the three sides

|P0P1| ≡ R1, |P0P2| ≡ R2 and |P1P2| ≡ R3, or the lengths of the base|P0P1|, the altitude

|QP2| ≡ h and|P0Q| ≡ ℓ, or we may specify the lengths of any pair of sides and their included

angle, for exampleR1,R2 andφ.

As a measure of size we might be tempted to adopt thesignedarea,A, of the triangle, given

by1

Aeee3 ≡
1
2
δrrr1∧δrrr2 =

1
2

R1R2sin(φ)eee3 (3.1.1)

whereδrrr1 andδrrr2 are the displacements ofP1 andP2 relative toP0:

δrrr1 ≡
−−−−→
P0P1 = R1eee1(θ) =


δx1

δy1

 , δrrr2 ≡
−−−−→
P0P2 = R2eee1(θ+φ) =


δx2

δy2

 . (3.1.2)

However we note that, even whenR1 and R2 are large, ifφ ≈ 0 or π then the area may

be small, and it will vanish if the triangle is degenerate. Toavoid this problem we adopt

an alternative measure, the (scaled) radius of gyration of the triangle about its centroid,R,

defined by

R2 ≡
2∑

i=0

(
rrr i − rrr

)2
=

R2
1+R2

2+R2
3

3
. (3.1.3)

Given that the vertices are assumed to be distinct, this measure of size is positive definite

and is smallonly when the three vertices are close together.

Having decided on the measure of size, there remain two independent variables which we

can use to define two distinct measures of shape. Since the shape of a triangle is unaltered

by a similarity transformation, i.e. a linear scaling, thenscaling all linear dimensions by1R1
,

we see that the shape of the triangle can be specified by, for example, the ratio of lengths,

ρ ≡ R2
R1

, and the included angleφ.

1Note thatA becomes negative as the angle,φ, at the vertexP0, passes through the valueπ in which case
it becomes areflexor exterior angle to the triangle and the cyclic order of the vertices, reading anticlockwise,
changes fromP0P1P2 to P2P1P0. Henceforth in the text we shall simply refer toA as the area of the triangle,
understanding that, when it is negative there has been an inversion in the order of the vertices.
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Figure (3.4) shows some triangles forρ≪ 1 andρ ≈ 1, for several values ofφ (for ρ≫ 1 the

triangles are similar to those forρ≪ 1 and are not shown).

In figures (b), (c) and (d)ρ≪ 1 and, for all values ofφ, the triangles areflat. Also, they

resemble a binary constellation with a third, satellite, vertex. Borrowing a term from astron-

omy, we say that they have highbinarity. In figures (e), (f) and (g)ρ ≈ 1 and the triangle is

flat whenφ is very small or whenφ ≈ π. Figure (f) shows the least binary and least flat case,

an equilateral triangle. In all cases, asφ→ 0 orπ the triangle degenerates onto a completely

flat line.

ρ
φ

1
(a)

(b)

(c)

(d)

(e)

(f)

(g)

Fig. 3.4The constellations in the figure illustrate different degrees offlatnessandbinarity. Triangles
are flat when the smallest included angle,φ, is very small and are least flat when the smallest included
angle isπ3. If a pair of vertices lies very close together and the third vertex is an outlierwe say that
the triangle has high binarity.

The area of the triangle,A, is also a poor choice as a measure offlatness. For example, if

the vertices of the triangle are close together (so that its size, R, is small), then the area is

smallregardlessof whether or not the triangle is flat. A good measure of flatness must avoid

this defect and we consider, instead, thedimensionless ratioof the area relative to the square

of the radius of gyration, which can be written as:

A
R2
=

3
4


sinφ

ρ+ 1
ρ
−cosφ

 . (3.1.4)
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This ratio is small ifφ ≈ 0 or π, or if ρ≪ 1 or if ρ≫ 1, that is, when the triangle is flat

or highly binary. Further, forρ = 1 the ratio has a maximum value of
√

3
4 whenφ = π

3 and

a minimum value of−
√

3
4 whenφ = 5π

3 ; in both cases the triangle is equilateral. This ratio

therefore has the characteristics of a good measure of flatness and we define our flatness

parameter,Z, to be a multiple of it:

Z =
4
√

3

(
A
R2

)
. (3.1.5)

Small values of|Z| correspond to flat triangles and, with this choice of numerical coefficient,

−1≤ Z ≤ 1 for all values ofφ and for equilateral trianglesZ = ±1.

3.1.3 The Kendall sphere, a shape space for triangles

Since the shape of a triangle depends on only two variables itmay be represented by a

point in a two dimensionalshapespace. One choice of this space is due to D G Kendall

[23]. Whilst examining the statistics of shapes drawn from arandom scatterof points,

Kendall showed that the shape of a triangle can be represented uniquely by a point on a

compact manifold, the surface of a sphere [24]. In contrast to the treatment in section

(3.1.2) whereP0 is singled out as a reference point, which is convenient in the context of

dynamical systems where we consider the separation of phasespace trajectories relative to a

test trajectory, this elegant representation of triangle shape has the advantage that it does not

distinguish any one vertex: all vertices are placed on an equal footing. The Kendall sphere2,

showing the corresponding shapes of triangles at some points on it, is shown in figure (3.5).

The position of a point on the sphere is given by two angles3: the co-latitude,θ, with 0≤
θ ≤ π, and the azimuth,φ, with 0≤ φ ≤ 2π. For θ ≤ π

2, the triangle at point(π− θ,φ) in the

southern hemisphere has the same shape as that at(θ,φ) in the northern hemisphere, but the

cyclic order of its vertices is inverted. Therefore, the southern hemisphere is essentially an

invertedcopy of the northern hemisphere.

2Kendall used a sphere of radius1
2; we shall use a unit sphere. He also considered the order of the vertices

as important, so that the 6 ways of labelling a triangle give rise to 6 different shapes. For our purposes this
distinction is unimportant.

3Note that these angles arenot the angles shown in figure (3.3).
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φ

θ

B1

B2

B3

Fig. 3.5The Kendall sphere: the shape of a triangle can be represented by a point on the surface of a
sphere. This representation of shape is due to D G Kendall. Flat triangles correspond to points near
the equator and the least flat, equilateral, triangles are represented by thepoles. The triangles placed
around the outside of the sphere show the shapes of isosceles triangles corresponding to different
latitudes on the meridians atφ = 0 andφ = π.

At the poles, (θ = 0 andθ = π), there are equilateral triangles of opposite orientation. As

the co-latitude, increases from 0 toπ2 the triangles flatten until, on the equator, they degen-

erate into sets of collinear points. The three pointsB1 =
(
π
2,0

)
,B2 =

(
π
2,

2π
3

)
andB3 =

(
π
2,

4π
3

)

representbinary coincidencesat which two vertices of the degenerate triangle coincide4.

Isosceles triangles lie along the meridiansφ = nπ
3 , n = 0,1, · · · ,5, which together with the

equator,θ = π
2, partition the sphere into 12 equal half-lunes. A family of isosceles triangles,

lying on the great circle formed by the meridiansφ = 0 andφ = π, is shown around the out-

side of the sphere. On a given line of latitude increasing theazimuth,φ, by 2π
3 corresponds

to a cyclic permutation of the vertices. Therefore, neglecting inversions (i.e. reflections) and

4With the vertices labelled as in figure (3.3), then atB1, verticesP0 andP1 coincide, atB2, verticesP1 and
P2 coincide, and atB3, verticesP0 andP2 coincide.
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cyclic permutations of the order of the vertices, the shape of any triangle can be represented

by a point in a half lune.

For our purposes, the most important point to note is thata point on the sphere with co-

latitudeθ represents a triangle with flatness Z= cosθ. The interpretation of the azimuth,φ,

is more complicated and is discussed in the next subsection.

Kendall considered the behaviour of the representative point on the sphere as the three ver-

tices of the triangle undergo independent Brownian motions in plane [23]. He observed that

the point undergoes Brownian motion on the surface of the sphere5 and he showed that the

equilibrium distribution of diffusion on a spherical surface is a uniform probability density.

This important result implies thatfor a random scatter of points the probability density of

the flatness variable, Z, is uniform on[−1,1]:

PZ(z) =
1
2
, −1≤ z≤ 1 . (3.1.6)

One of the motivations for Kendall’s work was to determine whether or not the many appar-

ent alignments among standing stones near Land’s End in Cornwall could occur by chance,

and to test claims that certain sites of geographical and archeological interest are aligned

on ley lines. He argued that these apparent alignments are no more prevalent than those

observed in random scatters of points. One possible criticism of his reasoning is that settle-

ments and geographical features may not be randomly scattered, and that fractal measures

might be a better model. We return to this point in our conclusion.

3.1.4 The Euler matrix of a triangle

The position, size, shape and orientation of a triangle are fully determined by the position

vectors,rrr0, rrr1, rrr2, of the three vertices,P0,P1,P2 with respect to some origin O. However, it

only requires a single vector to specify the position of the triangle, for examplerrr000, or rrr, the

position vector of the centroidG. It therefore follows that the size, shape and orientation,

which are independent of position, are fully determined by only two vectors. The represen-

tation of the geometry of a triangle via a pair of vectors has its origins in the work of Euler

and, in essence, Kendall utilised a pair ofEulervectors in his treatment of triangle shape; in

5He did not give an explicit demonstration of this result; oneis given in [42].
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our notation these are:

uuu1 ≡
1
√

2
(rrr1− rrr0) =

1
√

2
δrrr1 , uuu2 ≡

1
√

6
(2rrr2− rrr0− rrr1) =

1
√

6
(2δrrr2−δrrr1) . (3.1.7)

Figure (3.6) illustrates these vectors, withuuu1,uuu2 located at the centroidG; note thatuuu2

passes through vertexP2

O

G

P0

P1

P2

rrr0

rrr1

rrr2
rrr

uuu1

uuu2

Fig. 3.6 The Euler vectors of a triangle. Any triangle can be specified completely by the position
vectors of its vertices or, equivalently, by the position vector of its centroid, G, and the two Euler
vectors,uuu1 anduuu2 introduced in this section.uuu1 is parallel to the base of the triangle and when
originating from the centroiduuu2 passes through the vertex opposite the base.uuu1 anduuu2 therefore
characterize the orientation, size and flatness of the triangle.

We can use the vectorsuuu1 anduuu2 to construct a 2×2 matrix,EEE, which we shall refer to as

theEuler matrixof the triangle:

EEE =


u1,x u2,x

u1,y u2,y

 (3.1.8)

whereu1,x andu1,y are the Cartesian components ofuuu1, and similarly foruuu2.

The singular-value decomposition (s.v.d.) ofEEE can be written as

EEE = RRR(θ1)ΛΛΛRRR(θ2) (3.1.9)

where theRRRs are rotation matrices andΛΛΛ = diag(λ1,λ2).
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The angleθ1 in (3.1.9) describes an overall rotation of the triangle and therefore contains no

information about its size or shape. Hence the singular valuesλ1 andλ2 and the angleθ2,

alone, completely determine the size and shape of the triangle6.

The Frobenius norm, ‖EEE‖, of the Euler matrix is equal to the radius of gyration of the

triangle:

‖EEE‖2 ≡ tr
(
EEETEEE

)
= uuu2

1+uuu2
2 = R2 (3.1.10)

and the determinant, det(EEE), is a multiple of the signed area,A:

A =
√

3
2

det(EEE). (3.1.11)

Hence, the flatness of the triangle can be written entirely interms of therotational invariants

of its Euler matrix:

Z =
2det(EEE)

tr(EEETEEE)
. (3.1.12)

In terms of the singular values, from equation (3.1.9) it follows that det(EEE) = λ1λ2 and

‖EEE‖2 = tr
(
EEETEEE

)
= λ2

1+λ
2
2, giving

Z =
2λ1λ2

λ2
1+λ

2
2

=
2(

ν+ 1
ν

) (3.1.13)

whereν ≡ λ2
λ1

, so that the flatness parameter depends only on theratio of the singular values

of the Euler matrix. Also, in terms of the singular values andthe angleθ2, we have

EEETEEE = λ2
1



(
1+ν2

2

)
+

(
1−ν2

2

)
cos2θ2 −

(
1−ν2

2

)
sin2θ2

−
(

1−ν2

2

)
sin2θ2

(
1+ν2

2

)
−

(
1−ν2

2

)
cos2θ2


. (3.1.14)

Since this is invariant under an increase ofπ in θ2 we identify the double angle 2θ2 with the

azimuthal coordinateφ on the Kendall sphere. Then, within the subset of triangles defined

by a given pair of singular values, an increment ofπ
3 in θ2 corresponds to an increment of2π

3

in φ, which corresponds to a cyclic permutation of the vertices of the triangle on the sphere.

In summary, a triangle can be represented by its Euler matrix, EEE, which has a singular value

decompositionEEE = RRR(θ1)ΛRRR(θ2), with singular valuesλ1 andλ2. In terms of these the size

of the triangle isR= λ2
1+ λ

2
2 and its flatness isZ = (2λ1λ2)/

(
λ2

1+λ
2
2

)
. Also, the shape of

6The s.v.d. is discussed in [49, 19]. We note here that although the s.v.d. ofEEE is not unique the singular
valuesλ1,λ2 are uniquely determined .
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the triangle can be represented by a point(θ,φ) on the Kendall sphere. The co-latitudeθ,

is given byZ = cosθ and depends only on the ratio of singular valuesν =
λ2
λ1

. All triangles

corresponding to a given pair of singular values have the same size and flatness and lie on

the same line of latitude and the azimuthφ is double the rotation angleθ2 in the s.v.d. ofEEE.

3.2 Numerical investigation of the flatness p.d.f.PZ

3.2.1 The numerical model

As a concrete example of a dynamical process which generatesa fractal measure, we con-

sider the distribution of an ensemble of (5× 105) particles produced by the mapping dis-

cussed in subsection (2.4.4). The initial distribution of the particles is uniform in the unit

square and after many iterations the positions of the particles sample a fractal measure, as

shown in figure (1.1(b)) in Chapter 1. The equation of motion of each particle is givenby

the map (2.4.14), where the velocity fielduuun is given by equation (2.4.1) with the potentials

normalized as in equation (2.4.2).

3.2.2 Results

Figure (3.7) shows the numerically determined p.d.f.,PZ(z), of the flatness parameter,Z, for

small triangular constellations formed by triplets of randomly chosen points inside a disc

of radiusε≪ ξ, whereξ is the correlation length of the flow. Each plot shows eight p.d.f.s

for the same value ofβ, corresponding to eight values ofε. The scales are logarithmic on

both axes. We are particularly interested in the distribution of flat triangles, i.e. those in the

equatorial region of the Kendall sphere7, and therefore in the behaviour ofPZ(z) in the limit

asz→ 0.

In the first three plots, where the compressibilityβ is small, the p.d.f.s forZ are approx-

imately independent of the value ofε and uniform8. With respect to the distribution of

the flatness of triangular constellations, fractals formedin flows with these values ofβ are

similar to random scatters of points.

7Kendall termed very flat (and very tall) trianglessplinters.
8apart from a cusp atz= 1, which arises because our sampling criterion is different from Kendall’s, in that

we require that the three points lie inside a disc of radiusε.
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Fig. 3.7 The p.d.f. of the flatness parameterPZ(z) for sampling disc radiiε = 1
8,

1
16, · · · ,

1
1024, for

various values of the compressibility parameterβ. The p.d.f. of the flatness parameter undergoes
a phase transition: forβ less than a critical valueβc ≈ 0.185 the distribution of flatness is uniform,
above this critical value, in the limit asε→ 0, the p.d.f. is asymptotic to two different power laws.

In the second row of plotsPZ(z) is dependent uponε and in the limit asε→ 0, PZ(z) appears

to be asymptotic to two power laws. Forz small, but exceeding some valuezc(ε), we have

PZ(z) ∼ zα1. Forz≪ zc, PZ(z) ∼ zα2. The valuezc(ε) decreases asε→ 0.

The straight lines on the last plot in figure (3.7) indicate estimates for the exponentsα1 and

α2 for a compressibility value ofβ1 =
1√
5
≈ 0.447. We note that even at this value ofβ, the

p.d.f.PZ(z) is normalisable (i.e.α1 > −1).

The interpretation of these findings is that the p.d.f. of theflatness parameter,PZ(z), appears

to undergo aphase transitionas the compressibility parameter in the flow model,β, passes

through a critical value, which we estimate in section (3.5) to beβc =
1√
29
≈ 0.185. For

β ≤ βc then PZ(z) is independent ofε, and approximately uniform, but above the critical

compressibilityPZ(z) is dependent onε and very flat triangles predominate. For fractal
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measures generated by this compressible flow the correlation dimension is [2, 70]

D2 =
2(1−β2)

1+3β2
. (3.2.1)

The plots in figure (3.7) therefore show the p.d.f.s,PZ(z), for values of ofD2 lying between

2 and 1, corresponding to values ofβ betweenβ = 0 andβ = 1/
√

5 respectively. Note that

for β = βc =
1√
29

we haveD2 =
7
4. So, in terms of the correlation dimension the prevalence

of very flat triangles remains constant until the critical value D2 =
7
4 is reached. Below

this value the distribution of triangle shapes has a strong dependence uponD2 and very flat

triangles become predominant.

In the remainder of this chapter we develop a theoretical explanation for these observations,

showing why there is a critical compressibility and estimating its value, and we provide a

qualitative explanation of why the distributionPZ(z) has two exponents forβ > βc.

3.3 Shape parameters and advective diffusion

3.3.1 Dynamics of constellations

To understand the results of the numerical simulation shownin section (3.2.2) we must

consider how the geometry of a small flat constellation behaves in the flow. In this section

we shall show that, for the fractal measure produced by the mapping (2.4.14), with the flow

(2.4.1), the logarithms of the size and flatness parameters of triangular constellations evolve

according to an advection-diffusion process.

Figure (3.8) shows a constellation, at two timest andt′ = t+ δt. In the short time interval

the verticesP0,P1 andP2 move from positionsrrr0, rrr1 andrrr2 to the pointsP′0,P
′
1 andP′2 with

position vectorsrrr ′0, rrr
′
1 andrrr ′2, respectively. And, in the notation of subsection (3.1.2), the

lengthsR1,R2, the angleφ and the areaA become, respectively,R′1,R
′
2, φ′ andA′.
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O x1

x2
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P1 eee1

eee2
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P′
0

φ′

P′1
eee′

1

eee′
2

P′2

Fig. 3.8The figure shows the configuration of a triangular constellation at timest andt′ = t+ δt. As
the flow transports the particles the lengths and angles defining the size and shape of the constellation
evolve. The basis vectors atP′1 are obtained from those atP1 via a random rotation.

From equation (2.4.14) we have

rrr ′i = rrr i +uuu(rrr i , t)
√
δt, i = 0,1,2 (3.3.1)

so that

δrrr ′i ≡ rrr ′i − rrr ′0 = rrr i − rrr0+
√
δt [uuu(rrr i , t)−uuu(rrr0, t)] , i = 1,2. (3.3.2)

Hence, provided that the particle separationsR1 = |P0P1| andR2 = |P0P2| are sufficiently

small, we have to first order inδrrr i,

δrrr ′i = δrrr i +
√
δt (δrrr i · ∇∇∇)uuu=

[
III +
√
δtAAA

]
δrrr i , i = 1,2 (3.3.3)

where

AAA=
[
Ai j

]
=

[
∂ui

∂x j

]

and the field derivatives are evaluated at the reference point, P0, at timet.

Introducing local bases{eee1,eee2} and
{
eee′1,eee

′
2

}
at P1 andP′1 respectively, we can write

δrrr ′1 = R′1eee′1 = R1eee1+
√
δtAAA(R1eee1) (3.3.4)

and, definingFi j (t) for i, j = 1,2, to be the projection ofAAAeeej onto the basis vectoreeei :

Fi j (t) ≡ eeei ···AAAeeej (3.3.5)
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so that

AAAeee1 = F11(t)eee1+F21(t)eee2 and AAAeee2 = F12(t)eee1+F22(t)eee2

we have , dropping the argumentt for clarity,

δrrr ′1 = R′1eee′1 = R1

{(
1+
√
δtF11

)
eee1+
√
δtF21eee2

}
. (3.3.6)

Comparing the magnitudes of each expression forδrrr ′1 we have

R′1
R1
=

[
1+2

√
δtF11+δt

(
F2

11+F2
21

)] 1
2 . (3.3.7)

This equation expresses the ratio of the lengths of the base of the triangle at timest and

t+ δt in terms of the randomly fluctuating quantitiesF11 andF21. Introducing the random

variableX1 ≡ − ln R1
ξ

, whereξ is the correlation length of the flow9, then the increment inX1

between timest andt+δt is

δX1 ≡ X′1−X1 = − ln

(
R′1
R1

)
(3.3.8)

note that, sinceX1 = − ln
(

R1
ξ

)
we haveδX1 ≈ −δR1

R1
. Using (3.3.7) and expanding the right

hand side of equation (3.3.8) in a series of powers of
√
δt, retaining only terms upto order

δt, we have

δX1 ≈ −
1
2

ln
[
1+2

√
δtF11+δt

(
F2

11+F2
21

)]
≈ −
√
δtF11+δt


F2

11−F2
21

2

 . (3.3.9)

Equation (3.3.9) is essentially a stochastic differential equation, in differential rather than

derivative form, for the incrementδX1 in the random variableX1 during the time interval

(t, t+δt).

Now, the local basis{eee1,eee2} at P1 is arandom rotationof the coordinate basis{iii, jjj}. There-

fore, sinceFi j = eeei ··· AAAeeej and since the fieldsφ andψ are random functions which have

isotropic statistical properties, it follows that the statistics of theFi j must be the same as

those ofAAA : 〈
Fi j

〉
=

〈
Ai j

〉
= 0 and

〈
Fi j Fkl

〉
=

〈
Ai j Akl

〉
≡ 2Di jkl . (3.3.10)

9We are interested in the case whereR1≪ ξ so that the minus sign ensures thatX1 is positive.
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Hence,X1 has drift velocityv1 where

v1 ≡
〈δX1〉
δt
=

〈
A2

11

〉
−

〈
A2

21

〉

2
=D1111−D2121 (3.3.11)

and the diffusion coefficientD11 is

D11≡
〈δX1δX1〉

2δt
=

〈
A2

11

〉

2
=D1111. (3.3.12)

A near identical argument shows thatR2 has the same equation of motion. Since the triangle

is very flat cosφ ≈ 1 and sinφ ≈ φ so thatδrrr2 ≈ R2 (eee1+φeee2) and equation (3.3.3) gives

δrrr ′2 = R2eee′2 = R2

{(
1+
√
δt (F11+φF12)

)
eee1+

(
φ+
√
δt (F21+φF22)

)
eee2

}
(3.3.13)

and we find that

R′2
R2
=

[
1+2

√
δt

(
F11+φ (F12+F21)+φ

2F22

)

+ δt
(
F2

11+F2
21+2φ (F11F12+F21F22)+φ

2
(
F2

12+F2
22

))
+φ2

] 1
2 . (3.3.14)

Introducing the random variable− ln
(

R2
ξ

)
and performing a Taylor expansion in powers of

√
δt the results follows. Note that it also then follows that the random variableX3 ≡ ln

(
R1
R2

)
=

− lnρ is degenerate, in the sense that it isfrozenon some deterministic value.

To yield an equation of motion for the angleφ we note that sinceφ is small10 we have

φ ≈ sinφ =
2A

R1R2

so that

ln

(
φ′

φ

)
= ln

(
A′
A

)
− ln

(
R′1
R1

)
− ln

(
R′2
R2

)
= ln

(
A′
A

)
−2δX1. (3.3.15)

We therefore consider the ratio of the areas of the triangle at timest andt′ = t+δt.

At time t′ the area isA′, given byA′eee3 = δrrr ′1∧ δrrr
′
2. Using equations (3.3.6) and (3.3.13)

we find that
A′
A = 1+

√
δt Tr(FFF)+δt det(FFF) (3.3.16)

10Without loss of generality we may assume thatφ is thesmallestangle in the triangle, if necessary re-
labelling the vertices to assure this. In this caseφ cannot exceedπ3 and whenφ = π

3 the trianglemustbe
equilateral.
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giving

ln

(
A′
A

)
≈ 1+

√
δtTr(FFF)+δt

[
det(FFF)− 1

2
(tr (FFF))2

]
. (3.3.17)

Now, introducing the random variableX2 = − ln

(
φ

π/3

)
, we have

δX2 ≡
(
X′2−X2

)
= − ln

(
φ′

φ

)

and, using equations (3.3.9) and (3.3.17), equation (3.3.15) gives

δX2 = −
√
δt (F22−F11)−δt

det(FFF)+
F2

11−F2
22

2
−

(
F11F22+F2

21

) . (3.3.18)

HenceX2 has drift velocityv2 where

v2 =
1
2

{〈
A2

22

〉
−

〈
A2

11

〉}
+

〈
A2

21

〉
−〈A21A12〉 =D2222−D1111+2(D2121−D2112)

and the remaining diffusion coefficients are

D22=
〈δX2δX2〉

2δt
=

1
2

{〈
A2

11

〉
−2〈A11A22〉+

〈
A2

22

〉}
=D1111−2D1122+D2222 (3.3.19)

and

D12= D21=
〈δX1δX2〉

2δt
=

1
2

{
〈A11A22〉−

〈
A2

11

〉}
=D1122−D1111. (3.3.20)

Equations (3.3.9) and (3.3.18) express the increments in thelogarithmsof the lengthsR1

and the angleφ, during timeδt, in terms of the randomly fluctuating quantitiesFi j (t). By

mapping the three variablesR1,R2 andφ to the point(X1,X2,X3), where

X1 ≡ −ln

(
R1

ξ

)
, X2 ≡ −ln

(
φ

π/3

)
, X3 ≡ ln

(
R1

R2

)
= −lnρ (3.3.21)

andξ is the correlation length of the velocity field andρ = R2
R1

, we have expressed the dy-

namics of small flat constellations, and therefore the evolution of the shape parameterZ ∼ φ,

in terms of the motion of a point in the abstractX1X2X3 space.

In the region corresponding to very small flat triangles, i.e. whereX1≫ 0 andX2≫ 0, the

picture is actually relatively simple:X1 andX2 have diffusive dynamics, andX3 is frozen.
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Further, in this caseρ is then constant and sinceφ is very small, equations (3.1.4) and (3.1.5)

imply that the flatness parameterZ ∼ φ.

Note thatX2 = 0 whenφ = π
3. In this case, ifφ is the smallest angle in the triangle, the

triangle is equilateral, so thatρ = 1. From equations (3.1.4) and (3.1.5) it then follows that

Z = 1. HenceX2 = 0 corresponds to the North pole of the Kendall sphere.

We emphasize here that the modelling carried out above is approximate, in two senses. The

derivationof the stochastic equations of motion (3.3.9) and (3.3.18) clearly involves simpli-

fying assumptions and approximations. However it is important to note that the assumption

that the dynamics is diffusive, with advection, and can be described by a Fokker-Planck

equation is also an approximation. Consequently, any deductions we make will also be

approximations.

3.3.2 The boundary value problem for the p.d.f.PXXX

SinceX3 is frozen we will assume that the joint p.d.f. for the steady-state distribution of

X1,X2 andX3 is separable, of the formPXXX(x1, x2)PX3(x3), with PX3(x3) some normalized

p.d.f., (which we need not specify). Then, assuming that thestandard techniques and results

from Fokker-Planck dynamics are applicable (2.3.6) it follows that, forx1≫ 0 andx2≫ 0,

the p.d.f. for the joint distribution ofX1 andX2, PXXX(x1, x2), obeys a steady-state advection-

diffusion equation11:

−vi

(
∂PXXX

∂xi

)
+Di j

(
∂2PXXX

∂xi∂x j

)
= 0. (3.3.22)

In terms of the velocity gradients,Ai j , the drift coefficients are

v1 =
1
2

(〈
A2

11

〉
−

〈
A2

21〉
〉)

(3.3.23a)

v2 = 2
(〈

A2
22

〉
−

〈
A2

11

〉)
+

〈
A2

21

〉
−〈A21A12〉 (3.3.23b)

11with i, j = 1,2 and summation over repeated indices.
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and the diffusion coefficients are

D11=
1
2

〈
A2

11

〉
(3.3.24a)

D12=
1
2

(
〈A11A22〉−

〈
A2

11

〉)
= D21 (3.3.24b)

D22=
1
2

(〈
A2

11

〉
−〈A11A22〉+

〈
A2

22

〉)
. (3.3.24c)

For the fluid velocity defined by (2.4.1) since the potentialsφ andψ have spatially homoge-

neous statistical properties the various expected values are independent of positionand the

drift and diffusion coefficients are therefore functions of the compressibility parameter,β,

alone.

At this point we can already make some observations about thenature of solutions of equa-

tion (3.3.22). First, since the equation of motion forXXX = (X1,X2) in the regionx1 ≫ 0,

x2≫ 0 is invariant under translation inx1 andx2, any steady-state solution forPXXX must be

translationally invariant, up to a change of normalisation. Therefore, because the exponen-

tial function is translationally invariant up to a change ofnormalisation, solutions exist in

the form12

PXXX(x1, x2) ∼ exp
[
γ1x1+γ2x2

]
. (3.3.25)

For these solutions the corresponding distributions ofR1 and the angleφ will have proba-

bility densities proportional torγ1−1
1 andφγ2−1 respectively. It is then apparent whyZ may

have a power-law distribution: sinceZ∼ φ, then ifφ has a power-law distributionZ will also

have a power-law distribution, with the same exponent. So for such solutionsPZ(z)∼ zα with

α = γ2−1.

Second, if we identifyR1 with the radius of the sampling disk,ε, then a solution of the

from (3.3.25) implies that the probability density for both verticesP1 andP2 to lie within

a ball of radiusε centred on the reference pointP0 varies asεγ1. We may therefore infer

thatγ1 = 2D3, whereD3 is the third Renyi dimension [16]. Note, however, that since our

approximations fail nearx2 = 0 it is impractical to evaluateγ1 (and thereforeD3) using our

approach13.

The above translational invariance argument indicates whyPZ(z) may have a power-law dis-

tribution but it does not identify the value of the exponent.To do this we must consider the

effect of the boundary conditions on the linesx1 = 0 andx2 = 0. The linex1 = 0 corresponds

12Normalisation requires that the constantsγ1,γ2 are negative.
13Formulae forD3 which are applicable to our model are given in [2].
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to constellations of points where the separationR1 is equal to the correlation lengthξ. Some

of these aresqueezedby the linearised flow and enter the regionx1 > 0. The linex1 = 0

is therefore adistributed source. ‘Phase’ points,XXX, representing these constellations are

created on the linex1 = 0 at some rate,J(x2), which, from inspection of figure (3.7) corre-

sponds toϕ having a uniform probability density in the limit asφ→ 0. Noting Kendall’s

random scatter result [23] this implies that the source flux density on the boundaryx1 = 0 is

J (x2) =


J0exp[−x2] x2 > 0

0 x2 ≤ 0
(3.3.26)

whereJ0 is a constant, which determines the normalisation of the joint probability density,

PXXX (x1, x2). On the linex2 = 0 the situation is more complicated:x2 = 0 is a non-absorbing

boundary, so that∂PXXX
∂x2

(x1,0) = 0, but the approximations thatX3 is frozen and thatX1 and

X2 obey a simple advection-diffusion equation fail close tox2 = 0.

Two instances of the advection-diffusion process forXXX = (X1,X2) are shown schematically

in figure (3.9).

x1

x2

a

b

c
d

e

vvv

DDD

Fig. 3.9The figure shows two realizations of the advection-diffusion process forXXX = (X1,X2). The
phase points diffuse and drift, as shown, and the size and shape of the triangular constellations evolve
correspondingly. As the phase points diffuse towards thex1 axis triangles become less flat, as they
drift to the right and up they are squeezed and flattened.

The phase point initially ata represents a triangle withR1 = ξ which is squeezed by the

flow, so that the point enters the regionx1 > 0. Then, as the phase point drifts broadly in

the direction ofvvv as shown in the figure, the triangle is squeezed and flattened.Similarly,

the phase point initially atc represents a triangle withR1 = ξ, but which is not as flat as the
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triangle originally ata. At first this point enters the regionx1 > 0 and approachesx2 = 0,

so thatR1 shrinks andϕ, or equivalentlyZ, grows. Therefore at first the triangle becomes

smaller and less flat until, at pointd, it is nearly equilateral. Since the axisx2 = 0 is a non-

absorbing boundary the phase point eventually drifts towards pointe. Note that, graphically,

we represent the diffusion tensor by the ellipsexxxT ·DDDxxx= 1, whose principal axes are parallel

to the eigenvectors ofDDD.

3.4 A model for the shape distribution

It is not possible to determine the solution to the steady-state advection-diffusion equation

(3.3.22) exactly. However, since the probability densityPXXX can be expected to vary over a

wide range of values, we appeal to the large deviation principle [58] and assume that it can

be expressed in exponential form:

PXXX (xxx) ∼ exp[−Ψ(xxx)] (3.4.1)

where the exponent,Ψ (xxx), is somelarge deviation function. Then by constructing an ap-

proximate expression for the large deviation function we can develop a quantitative theory

for the critical compressibility,βc.

To construct the approximate expression forΨ (xxx) we will take account of the distributed

source on the boundaryx1= 0 but will ignore the effect of the non-absorbing boundary. This

approach can be expected to produce a reasonable approximation to the exact solution in

the region of interest, far from the non-absorbing boundary. To construct the approximation

to Ψ (xxx) we will treat the distributed source as a continuum of point sources of different

strengths, spread along the linex1 = 0, and will sum the contributions from each point

source on the line.

For advection and diffusion, with drift velocityvvv and diffusion tensorDDD and apoint source

located at the origin at timet = 0, the joint probability density ofXXX is a Gaussian propagator

centred atxxx= vvvt. The steady-state probability density,P(0)
XXX , due to aconstant source of unit

intensitylocated at the origin can then be obtained by integrating this propagator overt, so

that

P(0)
XXX (xxx) ∼

∫ ∞

0

dt exp[−S(xxx, t)]

4πt
√

det(DDD)
(3.4.2)
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where

S(xxx, t) =
(xxx−vvvt) ·DDD−1(xxx−vvvt)

4t
. (3.4.3)

We can estimate the value of the integral in equation (3.4.2) by transforming it into a form to

which Laplace’s method can be applied, as follows. We introduce ascaledtime τ, defined

by τ = t/t∗, wheret∗ is the time at whichS (xxx, t) has a minimum with respect tot. Sincet∗

satisfies∂S/∂t(xxx, t∗) = 0 we have

t∗ =

√
xxx ·DDD−1xxx

vvv ·DDD−1vvv
. (3.4.4)

Then

S (xxx, t) =
1
2

(
xxx ·DDD−1vvv

)
+λg(τ) (3.4.5)

where

λ ≡ 1
4

( √
vvv ·DDD−1vvv

√
xxx ·DDD−1xxx

)
and g(τ) = τ+

1
τ

(3.4.6)

so that equation (3.4.2) becomes

P(0)
XXX (xxx) ∼

exp
[

1
2xxx ·DDD−1vvv

]

4π
√

det(DDD)

∫ ∞

0
dτ

(
1
τ

)
exp

[−λg(τ)
]
. (3.4.7)

Laplace’s method is applicable, directly14, to the integral in equation (3.4.7) and gives

∫ ∞

0
dτ

(
1
τ

)
exp

[−λg(τ)
] ≈

(
1
τ∗

) √
2π

λg′′ (τ∗)
exp

[−λg
(
τ∗

)]
(3.4.8)

whereτ∗ is defined byg′ (τ∗) = 0. Sinceg(τ) = τ− 1
τ

we haveτ∗ = 1 and g(τ∗) = g′′ (τ∗) = 2,

giving ∫ ∞

0
dτ

(
1
τ

)
exp

[−λg(τ)
]
=

√
π

λ
exp[−2λ] .

Hence

P(0)
XXX (xxx) ∼ exp[−Ψ0(xxx)]

√
4π det(DDD)

(
vvv ·DDD−1vvv

)1/4 (
xxx ·DDD−1xxx

)1/4
(3.4.9)

14This method provides an estimate for integrals of the formI (λ) =
∫ b
a

dτ f (τ)exp[−λg(τ)] in the limit as

λ→∞, wheng(τ) has a minimum in the interval [a,b]. Hereλ ∼
√

xxx ·D−1xxx
√

vvv ·D−1vvv∼ |xxx|, so that we expect
the asymptotic approximation to be good when|xxx| is large.
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whereΨ0(xxx) given by

Ψ0(xxx) =
1
2

[ √
xxx ·DDD−1xxx

√
vvv ·DDD−1vvv− xxx ·DDD−1vvv

]
. (3.4.10)

Note that, apart from the prefactor
(
xxx ·DDD−1xxx

)−1/4
, the approximation given in (3.4.9) is of

the expected form (3.4.1), and the exponent,Ψ0(xxx) = S(xxx, t∗).

The approximation to the p.d.f.,PXXX, for the distributed source may now be obtained from

a weighted integral ofP(0)
XXX . The weight function is equal to the intensity of the distributed

source along the half-line
{
(x,y) ∈ R2 : x= 0,y≥ 0

}
, i.e. J (y) = exp(−y). Therefore, neglect-

ing the prefactors,

PXXX (x1, x2) ∼
∫ ∞

0
dy exp(−y)exp(−Ψ0 (x1, x2−y)) =

∫ ∞

0
dy exp

{− [
y+Ψ0 (x1, x2−y)

]}
.

(3.4.11)

We apply the method of Laplace again, assuming that for any given (x1, x2) the integral is

dominated by contributions from the neighbourhood of some critical value,y∗, at which the

exponent in the integrand has a minimum with respect toy. This gives

PXXX (x1, x2) ∼ exp[−Ψ (x1, x2)] (3.4.12)

where

Ψ(x1, x2) = Ψ0(x1, x2−y∗)+y∗ (3.4.13)

with y∗ defined by the condition

∂Ψ0

∂x2
(x1, x2−y∗) = 1 . (3.4.14)

Clearly, the value ofy∗ depends onx1 andx2 and, sinceDDD andvvv depend on the compress-

ibility parameterβ, it also depends onβ. We now consider this dependence.

From equation (3.4.10), writing xxx= x x̂xx, wherex̂xx is a unit vector, we can see that the value of

Ψ0 (xxx) is proportional to the magnitude ofxxx, with the constant of proportionality depending

on the direction of̂xxx. In particular, on the linexxx= λvvv, λ ∈ R,

Ψ0(xxx) =
1
2

(|λ| −λ)
(
vvvDDD−1vvv

)
=


0 λ ≥ 0

−λ
(
vvvDDD−1vvv

)
λ < 0.

(3.4.15)
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Therefore,Ψ0 (xxx) vanishes directly ‘downwind’ of the source, i.e. forλ ≥ 0, but ‘upwind’

of the source, i.e. forλ ≤ 0, and on any other ray emerging from the source the value of

Ψ0 (xxx) increases linearly with distance from it, and, correspondingly, there is an exponential

reduction ofP(0)
XXX along any such ray (asymptotically).

Ψ0(x1, x2) therefore has a simple geometrical interpretation, shownin figure (3.10), it is the

height of atilted coneabove thex1x2 plane, where the vertex of the cone lies at the source

point and a generator of the cone lies along the direction of the drift velocity vectorvvv.

O vvv

x1

x3

x2
XXX =

(
x1, x2

)

x3 = Ψ0 (x1, x2)

Fig. 3.10The large deviation rate function,Ψ0 (x1, x2) can be interpreted as the height of a tilted cone
above thex1x2 plane. The vertex of the cone lies at the source of the phase points and one generator
lies along the drift vectorvvv.

Given this geometrical interpretation ofΨ0 (xxx) it immediately follows that the gradient of

Ψ0 (xxx) is constant on any ray from the critical source point (0,y∗). Therefore, for any given

value ofβ and any given field point(x1, x2), the condition in equation (3.4.14) is satisfied on

some ray through the source point which has a slopem(β), say. Hence

y∗ = x2−m(β)x1 (3.4.16)

and equation (3.4.13) then gives

Ψ(x1, x2) = Ψ0(x1,m(β)x1)+ x2−m(β)x1 . (3.4.17)

The preceding analysis is correct only if there is avalid stationary point, i.e. when equation

(3.4.14) predictsy∗ ≥ 0. Figure (3.11) illustrates the position of the critical source point

(0,y∗) corresponding to an arbitrary ‘field’ point(x1, x2) in three different cases:
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(a) m(β) < 0 (b) m(β) > 0
x2 >m(β) x1

(c) m(β) > 0
x2 <m(β) x1

x1 x1 x1

x2 x2 x2

xc
2

(
x1, x2

)

(
x1, x2

)

(
x1, x2

)

(0,y∗)

(0,y∗) x2 =m(β) x1

x2 =m(β) x1

Fig. 3.11For a given field point (x1, x2) the ordinate,y∗, of the critical point(0,y∗) depends on the
ordinate,x2, of the field point and onm(β) and whetherm(β) is positive or negative. Form(β) < 0
then y∗ > 0 for all values ofx2. However form(β) > 0 theny∗ > 0 only if x2 > m(β) x1, but if
x2 ≤m(β) x1 we must takey∗ = 0.

From inspection of plot (a) in figure (3.11), or equivalently from equation (3.4.16), we

can see that, ifm(β) < 0 then corresponding to every field point
(
x1, x2

)
there is always a

positive solution to equation (3.4.14). However, ifm(β) > 0, as in plots (b) and (c), then

valid stationary points only exist ifx2 ≥ xc
2 ≡m(β)x1, as in plot (b). If x2 < xc

2, as in plot (c),

then the integral (3.4.11) is dominated by the contribution from the origin, i.e.y∗ = 0, and

in this caseΨ(x1, x2) ∼ Ψ0(x1, x2).

IdentifyingR1 with ε we can see that the conditionx2 ≥ xc
2

is equivalent to a conditionz≤ zc,

wherezc depends onβ andε. Hence, whenm(β) ≥ 0 we expectPZ(z) to be characterized by

different exponents, depending upon whetherz is greater or less than some valuezc, which

depends onβ andε.

These conclusions are wholly consistent with the results shown in figure (3.7). The critical

compressibility for the phase transition is determined by the conditionm(βc) = 0 and, for

β > βc, the discussion of cases (b) and (c) in figure (3.11) explains, qualitatively, whyPZ(z)

is characterized by a power law with different exponents,α1 andα2 depending upon whether

z is greater or less than some valuezc (see the last plot of figure (3.7) ). Our analysis also

gives an insight onto the origin of small, non-flat triangles, for which X1≫ 0 andX2 ≈ 0.

Whenβ < βc, there is a solution of (3.4.14) and these triangles are predominantly formed

by squeezing of flat triangles from (0,y∗) along their axis. Whenβ > βc, small triangles are

formed by approximately isotropic squeezing of triangles that, initially, are not flat.
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3.5 Estimate of critical compressibility

For the map defined by equations (2.4.14) and (2.4.1) we have

A ≡
[
Ai j

]
=

[
∂ui

∂x j

]
=


βφx1x1

+ψx1x2
, βφx1x2

+ψx2x2

βφx2x1
−ψx1x1

, βφx2x2
−ψx1x2

 . (3.5.1)

Therefore, with the normalisation as given in equation (2.4.2), we haveD1111= D2222=

1
2

(
1+3β2

)
, D1212=D2121=

1
2

(
3+β2

)
andD1122=D1221=

1
2

(
β2−1

)
. Hence, from equa-

tions (3.3.23) it follows that the drift velocity is

vvv=


β2−1

2
(
1+β2)

)
 (3.5.2)

and from equations (3.3.24) the diffusion tensorDDD is

DDD =


1
2

(
1+3β2

)
, −

(
1+β2

)

−
(
1+β2

)
, 2

(
1+β2

)
 . (3.5.3)

This gives

DDD−1vvv=


2

2

 , xxxDDD−1vvv= 2(x1+ x2) , vvvDDD−1vvv= 2
(
1+3β2

)

and

Ψ0 (xxx) = κ
√

x2
2+Λ

(
x1x2+ x2

1

)
− (x1+ x2) (3.5.4)

where

κ =
1+3β2

2β
√

2(1+β2)
, Λ =

4(1+β2)

1+3β2
. (3.5.5)

Figure (3.12) shows contours ofΨ0 (x1, x2), for β = 1
3, on the domain

[
−1

2,1
]
×

[
−1

2,1
]
, with

Ψ0 (x1, x2) increasing from a value of zero at the origin. The asymmetry of the contours

shows that the tilted cone isskew. The uniformity of the distribution of the contours in

the first quadrant in figure (3.12) shows that, in this quadrant, the surfacex3 = Ψ0 (x1, x2)

is approximately planar. Hence the exponentΨ0 (x1, x2) ≈ γ1x1+γ2x2, for some constants

γ1,γ2. Equation (3.4.12) then shows thatPXXX (x1, x2) is of the form given in equation (3.3.25).

We can therefore see that it is the near-planar structure ofΨ0 (x1, x2) which results in the

existence of the power law behaviour in the p.d.f.,PXXX.
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O

vvv

x1

x2

Fig. 3.12The plot shows the contours ofΨ0 (x1, x2) on the domain
[
−1

2,1
]
×
[
−1

2,1
]
, for β = 1

3. Along
the direction of the drift vector through the source,O,Ψ0 (x1, x2) = 0. The asymmetry of the contours
shows that the conical surfacez=Ψ0 (x1, x2) is skew, whilst the uniformity of the contours in the first
quadrant shows that the surface is nearly planar in this quadrant.

Figure (3.13) shows the advection-diffusion process for the phase pointXXX = (X1,X2) for

β = 1
3. Although the diffusion can take the phase point into the regionx1 > 0 the effect

of the drift is to transport the phase point upwards and onto the x2 axis, i.e. back onto the

distributed source. This is a general feature of the motion for all non-zero values ofβ.

x1

x2

v

DDD

Fig. 3.13The advection-diffusion process forXXX = (X1,X2) for β = 1
3, c.f. figure (3.9).

With Ψ0 (xxx) given by equations (3.5.4) and (3.5.5) the stationary point condition (3.4.14) is

κ (2ζ +Λx1)
√
ζ2+Λ

(
x1ζ + ζ2) = 2 (3.5.6)



3.6 Discussion of results 65

whereζ = x2−y∗. This gives a quadratic equation forζ:

ζ2+ (Λx1)ζ +
1
4

r (β) (Λx1)2 = 0 (3.5.7)

where

r (β) =
1−26β2−87β4

1−26β2−23β4
.

The solution is

ζ = x2−y∗ =
Λ

2

−1± 8β2

√
1−26β2−23β4

 x1

giving y∗ = x2−m(β) x1 with

m(β) =
2
(
1+β2

)

(
1+3β2)

±
8β2

√
1−26β2−23β4

−1

 . (3.5.8)

We seek the critical value of compressibility,βc, for whichm(βc) = 0. A solution can only

exist for the positive root in equation (3.5.8) and in this caseβc = 1/
√

29.

Hence forβ ≤ βc we expectP(z) ∼ z0, independent ofβ, and forβ > βc, we expect two dif-

ferent exponents forPZ(z), as discussed in section (3.4), because the dominant contribution

to the propagator depends upon the position in the (x1, x2) plane. These predictions are in

good agreement with our numerical results, illustrated in figure (3.7).

3.6 Discussion of results

We have characterized the shape of a triangular constellation using a flatness parameter

Z = 4√
3
A/R2, whereA is the area of the triangle andR is its radius of gyration. Using

numerical simulations we have examined the p.d.f. ofZ, PZ (z), for triangular constellations

in fractal sets arising from a compressible chaotic flow. We found that below a critical

value of compressibility,βc, the p.d.f. is approximately independent of the compressibility

and above the critical valuePZ(z) ∼ zα, with an exponent which takes one of two different

values ,α1 or α2, depending upon how smallz is.

By relating the triangle size and flatness to an advection-diffusion process we were able to

determineβc analytically for our simple model flow, and we gave a qualitative explanation
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of the existence of the two values of the exponentα. We remark, however, that a quantitative

treatment of the exponentsα1, α2 whenβ > βc will require a more sophisticated model for

the propagator of the advection diffusion process, which takes account of the behaviour near

and on the non-absorbing boundaryx2 = 0.

Our analysis has dealt with the simplest case of advective motion in two dimensions and

the distribution ofPZ(z) reported in figure (3.7) is specific to this case, but the techniques

used here are, in principle, readily generalised to three dimensional systems, and to more

complex equations of motion, e.g. those describing inertial particles. We therefore expect

that other variables characterising the shape of constellations of nearby points in a random

flow, and in particular the logarithms of the angles and lengths defining a small simplex, will

satisfy simple stochastic equations of motion. The corresponding joint probability density

will then satisfy an advection-diffusion equation, with boundary condition similar to those

encountered here.

We conclude with a remark about Kendall’s discussions ofley lines. Kendall’s analysis of

triangle shapes in a random scatter of points appears to confirm that the suspected align-

ments may occur purely by chance. However, one possible criticism of his argument is that

human settlements are not randomly scattered. Indeed they could well be described by a

fractal measure, and then the distribution of acute triangles described byPZ would be dif-

ferent from that of a random scatter. However, our results show that, even if the pattern of

human settlement were, for some reason, fractal in nature the distributionPZ would remain

almost unchanged until the fractal dimension passes below some threshold value (Dc = 7/4

for our model). This is an unexpected vindication of Kendall’s arguments.



Chapter 4

Advection and diffusion with an

absorbing boundary

Lord Ronald said nothing; he flung himself from the room, flung himself

upon his horse and rode madly off in all directions.

Stephen Leacock, in Gertrude and the Governess

In Chapter 3 we saw that the so-calledabsorption problem, the solution of the advection

diffusion equation with an absorbing boundary, arises in the study of the structure of the

fractal measure generated by a random flow. The p.d.f. of the flatness parameter obtained in

Chapter 3 is specific to the dynamical system considered therebut the modelling approach

is, in principle, generalizable to other geometric parameters, and to other random dynami-

cal systems. We therefore expect that the absorption problem will be a general feature of

studies of the structure of fractal measures generated by random dynamical systems that

serve as models for particles in turbulent flows [2, 8, 41]. Consequently, in this chapter, we

consider the solution of the spatially homogeneous advection-diffusion equation, where the

drift velocity vvv and the diffusion tensorD are independent of position and time and where

there is an absorbing boundary.

For the two dimensional case (see figure (4.1) ) we investigate the flux of particles onto the

x2 axis due to a steady point source at (x0,0) under two circumstances. First when thex2

axis has no effect on the particles, i.e. when it is a completelytransparentor permeable

boundary, and second when it is anabsorbingboundary. To model the absorption we treat
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the boundary as a source of ‘antiparticles’. We show that, ineach case, far from the source

the flux onto the boundary has the form

J (x2) ∼ A(x2)e−Ψ(x2)

whereΨ(x2) andA(x2) depend upon the source positionx0. We find that asx2→∞ the

coefficientA(x2) ∼ x−p
2 , with p= 1

2 for the transparent boundary andp= 3
2 for the absorbing

boundary. However, somewhat surprisingly, we find that the exponentΨ(x2) is the same in

each case and grows linearly asx2→∞.

We conclude the chapter with some numerical illustrations of the quality of the approxi-

mations and some comments on the structure of our asymptoticresults. This chapter is

based upon the paperAdvection diffusion equation with absorbing boundary, published in

the Journal of Statistical Physics [13].

4.1 The advection diffusion equation

In Chapter 3 we considered triangular constellations formedby triplets of points lying inside

a disk of radiusε, sampling a fractal measure generated by a random flow. We character-

ized the size and shape of a constellation using the variables X1 andX2, defined by equation

(3.3.21), and showed that in the regionx1≫ 0 andx2≫ 0 these evolve according to a spa-

tially homogeneous advection-diffusion process for which thex2 axis is both a distributed

source and an absorbing boundary. We are thus led to considerthe situation illustrated in

figure (4.1):

Particles are created by a steady unit source at (x0,0) and undergo advection and diffusion,

with drift velocity vvv and diffusion tensorD, where bothvvv andD are independent of position

and time1 .

The displacement of a particle from the source is denoted byζζζ and the diffusion tensor is

represented by the ellipsexxxTDDDxxx = 1. During a time interval of lengtht, in the absence of

advection a droplet containing many particles initially concentrated at a point will expand to

occupy an ellipse centred on the point. The axes of this ellipse are parallel to the eigenvec-

tors ofD and their half-lengths are
√
D1t and

√
D1t, whereD1 andD2 are the eigenvalues

of DDD.
1We will later consider the limit asx0→ 0.
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x1

x2

x0

vvv

D

√
D1t

√
D2t

ζζζ

Fig. 4.1 The figure illustrates a source of particles located at (x0,0) and the paths of a number of
particles undergoing advection and diffusion, with drift velocityvvv and diffusion tensorD, and being
absorbed on contact with thex2 axis.

In d spatial dimensions with a point source of intensityσ(t) located atxxx0 the particle density

ρ(xxx, xxx0, t) at positionxxx at timet satisfies the advection-diffusion equation:

∂ρ

∂t
= −

d∑

i=1

vi
∂ρ

∂xi
+

d∑

i=1

d∑

j=1

Di j
∂2ρ

∂xi∂x j
+σ(t)δ(xxx− xxx0) (4.1.1)

where thevi are components of the drift velocityvvv and theDi j are elements of the diffusion

tensorD.

Our objective is, for the two-dimensional case, to determine the particle fluxJa(x2) onto

the boundaryx1 = 0 when there is asteadysource and when the particles are absorbed on

contact with this boundary. Dealing with an absorbing boundary is difficult when there is

both advection and diffusion because there is no simple local boundary condition which

ρ (xxx, xxx0, t) must satisfy. For this reason, in the next section, we first consider a reference

problem where the boundary is completely permeable.
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4.2 Particle density and flux for a permeable boundary

By definition, when thex2 axis is a completely permeable or ‘transparent’ boundary ithas

no effect on the particles so, for example, they may cross the boundary many times at dif-

ferent locations. We can therefore use the free-space propagator, or Green’s function, for

the advection-diffusion equation to calculate the steady state particle density and the corre-

sponding boundary flux arising from a steady point source.

4.2.1 Particle flux for a non-singular diffusion tensor

The free space propagator for (4.1.1) for a particle released atxxx0 at time zero, is the proba-

bility density for the particle to reachxxx at timet. This is given by

K0 (xxx, xxx0, t) =G0 (xxx, xxx0, t)Θ (t) =


exp

[−S(ζζζ, t)
]

√
det(D) (4πt)d


Θ (t) (4.2.1)

whereΘ(t) is the Heaviside step function,ζζζ = xxx− xxx0 is the displacement vector and

S(ζζζ, t) =
(ζζζ −vvvt) ·D−1(ζζζ −vvvt)

4t
. (4.2.2)

The particle density at pointxxx at timet is therefore

ρ0 (xxx, xxx0, t) =
∫ t

−∞
dt′ σ(t′)G0(xxx, xxx0, t− t′) . (4.2.3)

If the source is steady and active fromt = 0 thenσ(t) = σ0Θ (t) whereσ0 is some constant,

and equation (4.2.3) gives (after a change of dummy integration variable),

ρ0 (xxx, xxx0, t) = σ0

∫ t

0
dt′ G0

(
xxx, xxx0, t

′) . (4.2.4)

As t→∞ the densityρ0 (xxx, xxx0, t) reaches asteady statevalue, given by

ρ0 (xxx, xxx0) = σ0

∫ ∞

0
dt′ G0(xxx, xxx0, t

′) . (4.2.5)
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Sincevvv andD are independent ofxxx we can write equation (4.1.1) in the form

∂ρ

∂t
+∇∇∇ · JJJ0 = σ(t)δ(xxx− xxx0) (4.2.6)

where theflux vector JJJ0(xxx, xxx0, t) is

JJJ0(xxx, xxx0, t) = ρ0(xxx, xxx0, t) vvv−DDD ∇∇∇ρ0(xxx, xxx0, t) (4.2.7)

with the gradient being taken with respect toxxx. From equation (4.2.4) it follows that

∇∇∇ρ0 (xxx, xxx0, t) = σ0

∫ t

0
dt ∇∇∇G0(xxx, xxx0, t) (4.2.8)

then, noting that

∇∇∇G0(xxx, xxx0, t) = −G0(xxx, xxx0, t)∇∇∇S(xxx, xxx0, t) and ∇S(xxx, xxx0, t) =
1
2t

[
DDD−1 (ζζζ −vvvt)

]

we have

DDD∇∇∇ρ0 (xxx, xxx0, t) = −σ0

∫ t

0
dt′ G0

(
xxx, xxx0, t

′)
[
ζζζ −vvvt′

2t′

]

Hence

JJJ0 (xxx, xxx0, t) = σ0

∫ t

0
dt′ G0

(
xxx, xxx0, t

′)vvveff
(
xxx, xxx0, t

′) (4.2.9)

where theeffective velocityis

vvveff (xxx, xxx0, t) ≡
1
2

(xxx− xxx0

t
+vvv

)
. (4.2.10)

As t→∞ this tends to the steady state value:

JJJ0(xxx, xxx0) = σ0

∫ ∞

0
dt′ G0(xxx, xxx0, t

′)vvveff(xxx, xxx0, t
′) (4.2.11)

4.2.2 Asymptotic values of particle density and flux

The integrals in equations (4.2.5) and (4.2.11) cannot be expressed exactly in a closed form.

However for large|ζζζ | = |xxx− xxx0|, they are dominated by contributions from a neighbourhood

of the critical pointt∗ at whichS(ζζζ, t) has a minimum. The method of Laplace can therefore

be applied to provide asymptotic estimates of the integralsand gives the following expres-
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sions for the steady-state density and flux:

ρ0(xxx, xxx0) ∼ γσ0G0
(
xxx, xxx0, t

∗) and JJJ0(xxx, xxx0) ∼ ρ0(xxx, xxx0)vvveff(xxx, xxx0, t
∗) (4.2.12)

whereγ is the Gaussian integral

γ =

∫ ∞

−∞
du exp

[
−1

2
∂2S(ζζζ, t∗)

∂t2
u2

]
. (4.2.13)

The condition thatS is stationary with respect tot is

∂S
∂t

(ζζζ, t∗) =
1
4

(
vvv ·D−1vvv− ζζζ ·D

−1ζζζ

(t∗)2

)
= 0

giving

t∗ =

√
ζζζ ·D−1ζζζ

vvv ·D−1vvv
. (4.2.14)

Now, sinceD is symmetric,

S(ζζζ, t∗) =
1
2

(√
ζζζ ·D−1ζζζ

√
vvv ·D−1vvv− ζζζ ·D−1vvv

)
≡ Ψ0(xxx, xxx0) (4.2.15)

also, the second derivative and the Gaussian integral (4.2.13) are

∂2S

∂t2
(ζζζ, t∗) =

1
2

vvv ·D−1vvv

√
vvv ·D−1vvv

ζζζ ·D−1ζζζ
, γ =

2
√
π
(
ζζζ ·D−1ζζζ

) 1
4

(
vvv ·D−1vvv

) 3
4

. (4.2.16)

Substituting these results into (4.2.12) gives

ρ0(xxx, xxx0) ∼ σ0A0(xxx, xxx0)exp[−Ψ0 (xxx, xxx0)] (4.2.17)

and

JJJ0(xxx, xxx0) ∼ σ0

2
A0(xxx, xxx0)

vvv+


√
vvv ·D−1vvv

ζζζ ·D−1ζζζ

ζζζ
exp[−Ψ0(xxx, xxx0)] (4.2.18)

where

Ψ0(xxx, xxx0) = S(ζζζ, t∗) and A0(xxx, xxx0) =

(
ζζζ ·D−1ζζζ

)( 1−d
4

) (
vvv ·D−1vvv

)( d−3
4

)

√
det(D) (4π)(d−1)

. (4.2.19)
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Directly downwindof the source the displacement vector isζζζ = xxx−xxx0= λvvv for someλ > 0 so

that Ψ0(xxx, xxx0) = 0,ρ0(xxx, xxx0) ∼σ0A0(xxx, xxx0) andJJJ0(xxx, xxx0) ∼σ0A0(xxx, xxx0)vvv. Therefore, directly

downwind of the source point, there is no exponential reduction of the steady state particle

density or the particle flux and the flux is directed along the drift vector. However, there is

an algebraic reduction in both as the distance|ζζζ | from the source increases. On any other ray

starting fromxxx0 then as|ζζζ | increasesΨ0 increases and the particle density and flux undergo

the same exponential reduction along the ray. The algebraiccoefficients in the particle

density and the flux are asymptotic to the same power law:|ζζζ | 1−d
2 .

In the two-dimensional case the magnitude of the flux onto theboundaryx1 = 0 is the

magnitude of first component ofJJJ0. At positionx2, this is

J0(x2) ≡ |[JJJ0(x2)]1| = A0(x2)exp[−Ψ0(x2)] (4.2.20)

whereΨ0(x2) ≡ Ψ0((0, x2), (x0,0)), and whereA0(x2) ∼ 1
√
|x2|

.

4.2.3 Rank-one diffusion tensor

The above expressions for the density and flux containD−1, the inverse of the diffusion

tensor. We might therefore expect the preceeding analysis to be valid only whenD is non-

singular. However we now show that the results continue to hold for the case whereD is a

rank one matrix.

In general, sinceD is symmetric it may be diagonalized by a suitable rotation ofthe axes.

Therefore, since we are dealing with the case of a completelypermeable boundary we can,

without any loss of generality, apply a rotation to diagonalizeD. We will therefore consider

the case whereD is diagonal, of the form

D =


D11 0

0 ε

 (4.2.21)

and take the limit asε→ 0. This limiting case corresponds to diffusive motion with drift in

thex1 direction, with a diffusion constantD11 and drift velocityv1, together with drift with

velocityv2 and almost no diffusion in thex2 direction.

With D given by (4.2.21) andε small but non-zero, then using equation (4.2.17) to calculate

the particle density far from the source we find that the termsin 1/ε cancel. Neglecting
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terms of orderε2 we find that the result is independent ofε. At (0, x2) the density is

ρ0(x2) ∼ σ0

2
√
πD11x2v2

exp

−
x2v2

1

4D11v2

 . (4.2.22)

Now this is in fact equal to the probability density for the case whereε = 0, because ifε = 0

the displacement fromx0 in the x1 direction is due toone-dimensional diffusion with drift,

with diffusion coefficientD11 and drift velocityv1. The propagator for thex1 component of

the motion is therefore

G0 (x1, x0, t) =
1

√
4πD11t

exp

[
− (x1− x0−v1t)2

4D11t

]
Θ(t) . (4.2.23)

Further, whenε = 0 there is no diffusion in thex2 direction and, at timet, thex2 coordinate

of the particle is therefore given byx2= v2 t. The propagator for the two dimensional motion

whenε = 0 is therefore

G((x1, x2) , (x0,0) , t) =G0 (x1, x0, t)δ (x2−v2t) . (4.2.24)

Hence, from (4.2.3), for a steady source of intensityσ(t) = σ0Θ(t) at xxx0 we have

ρ0(xxx, xxx0) =
σ0√

4πD11

∫ ∞

0

dt′
√

t′
exp

−
(x1− x0−v1t′)2

4D11t′

δ
(
x2−v2t′

)
.

This gives

ρ0(xxx, xxx0) =
σ0√

4πD11x2v2
exp

[
−v2 (x1− x0−v1x2/v2)2

4D11x2

]
(4.2.25)

and on the boundary far from the source, sincex1 = 0 andx2≫ x0, this reduces to (4.2.22).

4.3 Antiparticle method for an absorbing boundary

4.3.1 Integral equation for the absorption flux

It is straightforward to perform a Monte Carlo simulation of the advection diffusion process

with an absorbing boundary: the particles are simply removed from the simulation whenever

they cross the boundary. In contrast when solving a Fokker-Planck equation which contains
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an advective term2 for a particle density it is not possible to write down a localboundary

condition which implies that particles colliding with a boundary are absorbed [45, 56]. How-

ever, we can add an additional source term to the equation which, in principle, allows us to

describe an absorbing boundary by adding a suitable source of holes(i.e. negative mass

particles, orantiparticles), at the boundary. Since this approach does not rely on any ge-

ometrical symmetries of the system3 it is potentially more general than approaches which

use the method of images.

We consider the two dimensional case, which is illustrated in figure (4.2):

vvv

D

x2

x1

xxx
xxx′ xxx0

S

P

P′
nnn(s)

s

ΣΣΣ

Fig. 4.2 Particle and antiparticle fluxes at a boundary. Particles emitted from the source at S drift
and diffuse towards the boundaryΣΣΣ. On first arrival at the boundary each particle generates ahole
or antiparticle. The resultant particle density and flux at any field point, P, is the difference between-
contributions from the source and the boundary.

Particles are emitted from the sourceS, which is located atxxx0, and undergo advection with

diffusion until they reach the boundaryΣΣΣ at some pointP′ located atxxx′. An antiparticle is

created corresponding to thefirst arrival of each particle at the boundary. After emission

at the boundary the antiparticles propagate in the same way as particles do, but, to model

absorption, the antiparticle density issubtractedfrom the particle density. The resulting

particle density and flux at anyfield pointP is therefore the difference between contributions

from the particle source at S and the source of antiparticlesdistributed alongΣΣΣ.

2such as equation (4.1.1)
3The boundary considered in this work does, however, have reflection symmetry.
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Suppose that position on the boundaryΣΣΣ can be parameterised by the arc lengths, so that

xxx′ = xxx′(s) and let j(xxx′(s), t′) be the rate of antiparticle creationper unit lengthat pointxxx′(s)

and timet′. Then the element, ds of the boundary at pointxxx′(s) is a source of antiparti-

cles with intensityj(xxx′(s), t′)ds and the antiparticles created at the boundary contribute an

amount

−
∫

ΣΣΣ

ds
∫ t

−∞
dt′ j(xxx′(s), t′)G0(xxx, xxx′(s), t− t′) (4.3.1)

to the overall density at pointxxx at timet.

Since each antiparticle is created in response to the first arrival of a particle at the boundary

the intensity of the antiparticle source is, dropping the arguments for clarity,

j(xxx′, t′) = nnn
(
xxx′

) · JJJa(xxx
′, xxx0, t

′) (4.3.2)

whereJJJa(xxx′, xxx0, t′) is theabsorption fluxat xxx′ and t′ arising form the particle source at S

andn (xxx′) is the unit normal on the boundary atxxx′, pointing out of the regionof diffusion-

advection. The particle density in the presence of an absorbing boundaryρa(xxx, xxx0, t) is

therefore

ρa(xxx, xxx0, t) = ρ0(xxx, xxx0, t)−
∫

ΣΣΣ

ds
∫ t

−∞
dt′ n(xxx′) · JJJa(xxx′, xxx0, t

′) G0(xxx, xxx′, t− t′) . (4.3.3)

Equation (4.3.3) is an integral equation for the absorption flux.

4.3.2 Exact absorption flux in one dimension

We illustrate the solution of the integral equation (4.3.3) in one dimension and derive an

exact expression for the flux densityJJJa(0, x0, t) of particles absorbed at the origin,x = 0,

arising from a source of unit strength, so thatσ0 = 1, localised atx0, with x0 > 0.

Let D be the diffusion coefficient andvvv = −viii the drift velocity, so that the particles drift

towards the left, then the free propagator representing propagation without absorption is

K0(x, x0, t) =G0(x, x0, t)Θ(t) =
1

√
4πDt

exp

[
− (x− x0+vt)2

4Dt

]
Θ(t). (4.3.4)
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The corresponding free flux density isJJJ0(x, x0, t) ≡ −J0(x, x0, t)iii where the fluxonto the

boundary (i.e. to the left) is

J0(x, x0, t) = vG0(x, x0, t)+D
∂G0

∂x
(x, x0, t)

=
1

√
4πDt

(x0− x+vt
2t

)
exp

[
− (x− x0+vt)2

4Dt

]
. (4.3.5)

The one-dimensional form of (4.3.3), giving the particle density at pointx at time t for a

system with an absorbing boundary atx= 0, is

ρa(x, x0, t) = ρ0(x, x0, t)−
∫ t

0
dt′ Ja(0, x0, t

′)G0(x,0, t− t′) . (4.3.6)

The corresponding flux is

Ja(x, x0, t) = vρa(x, x0, t)+D
∂ρa

∂x
(x, x0, t) (4.3.7)

and using (4.3.6) in (4.3.7) gives

Ja(x, x0, t) = J0(x, x0, t)−
∫ t

0
dt′ Ja(0, x0, t

′) J0(x,0, t− t′) . (4.3.8)

This equation expresses the absorption flux at timet from an ejection of particles att = 0 as

the sum of a direct flux from the source and a term resulting from the creation of ‘antipar-

ticles’ due to the flux which reached the boundary at the earlier time t′. SinceJ0(x, x0, t)

is known from (4.3.5), equation (4.3.8) is a Volterra integral equation of the second kind

for Ja(x, x0, t), with kernelJ0(x,0, t). It may be solved forJa using the method of Laplace

transforms. Noting that the integral in the equation is a convolution, the Laplace transform

of (4.3.8), in the time variable, is

J̄a(x, x0, s) = J̄0(x, x0, s)− J̄a(0, x0, s)J̄0(x,0, s) (4.3.9)

whereJ̄a and J̄0 are the Laplace transforms ofJa andJ0, respectively.
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Sincex = 0 is an absorbing boundary we must haveJa(x, x0, t) = 0 for x < 0, therefore, to

determineJa(0, x0, t), we consider

J̄a(ε, x0, s) = J̄0(ε, x0, s)− J̄a(0, x0, s)J̄0(ε,0, s) (4.3.10)

in the limit asε→ 0+. The Laplace transform ofJ0(x, x0, t) is4

J̄0(x, x0, s) =

(
1∓α
2α

)
exp

[
−
(
ζv
2D

)
(1±α)

]
(4.3.11)

according asζ = x− x0 is ±ve and where

α ≡
√

1+
4Ds

v2
. (4.3.12)

So equation (4.3.9) becomes

J̄a(ε, x0, s)+ J̄a(0, x0, s)

(
1−α
2α

)
exp

[
− εv

2D
(1+α)

]
=

(
1+α
2α

)
exp

[
(ε− x0)v

2D
(α−1)

]
(4.3.13)

and in the limit asε→ 0+ this gives

J̄a(0, x0, s) = exp
[
−x0v

2D
(α−1)

]
= exp

−
x0v
2D



√
1+

4Ds

v2
−1



 . (4.3.14)

Note that, alternatively, we can consider the limit asε→ 0−. In this case there is no ab-

sorption flux atx= 0−, because particles reachingx= 0 have been absorbed, and (4.3.9) is

replaced by

0= J̄0(ε, x0, s)− J̄a(0, x0, s)J̄0(ε,0, s) . (4.3.15)

It is readily verified that using (4.3.15) instead of (4.3.10) leads to the same result.

Inverting the Laplace transform gives the exact expressionfor the rate of absorption onto

the boundary:

Ja(0, x0, t) =
1
√

4πD

x0

t3/2
exp

[
− (x0−vt)2

4Dt

]
. (4.3.16)

Distributions of this form are in a class which are sometimesreferred inverse Gaussian or

Wald distributions.
4The Laplace transforms and inverse transforms appearing inthis section were obtained using the Maple®

computer algebra system.
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4.4 Flux onto an absorbing boundary in two dimensions

4.4.1 The method of calculation

We now apply the results derived in sections (4.2) and (4.3) to the case of absorption on a

line in two dimensions. Absorption at the point (0, x2) requires that the particlefirst arrives

at the boundaryx1 = 0 at ordinatex2. We will consider the problem in terms of the first

arrival time at the boundary and the distribution of the absorption ordinateconditionalon

that arrival time.

The first arrival time is determined by thex1 component of the motion alone. This is a one-

dimensional advection-diffusion process, with diffusion constantD11, drift velocity v1 = −v

and starting from initial pointx0. The p.d.f. for the first arrival time,T is the flux obtained

above. In this context equation (4.3.16) becomes

PT(t) =
x0√

4πD11t3
exp

[
− (x0−v1t)2

4D11t

]
. (4.4.1)

The absorption ordinate is a random variable,X2, whose p.d.f. may be obtained from

PX2|T(x2, t), the probability density forX2 conditional upon the first arrival timeT:

PX2(x2) =
∫ ∞

0
dt PX2|T(x2, t) PT(t) . (4.4.2)

The conditional p.d.f. in this expression can be obtained from the propagatorG0(xxx, xxx0, t),

which is a joint probability density forX1 andX2 conditional uponT, by dividing by the

appropriate marginal density ofX1:

PX2|T(x2, t) =
G0 ((0, x2), (x0,0), t))∫ ∞

−∞dx2 G0 ((0, x2), (x0,0), t))
. (4.4.3)

Using equation (4.2.1), sincet ≥ 0, we can write this as

PX2|T(x2, t) =
exp

[−S(ζζζ, t)
]

I (x0, t)
(4.4.4)

whereζζζ = (−x0, x2) and

I (x0, t) ≡
∫ ∞

−∞
dx2 exp

[−S(ζζζ, t)
]
. (4.4.5)
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Then equation (4.4.2) becomes

PX2(x2) ∼ x0√
4πD11

∫ ∞

0

dt

t3/2

[
1

I (ζ1, t)
exp

(
−S (ζζζ, t)− (x0−v1t)2

4D11t

)]
. (4.4.6)

In the steady state thex1 component of the particle flux onto the boundary has magnitude

Ja(x2) = σ0PX2(x2).

4.4.2 Estimates using the method of Laplace

For large|ζζζ | (i.e. for large|x2|) both of the integrals in equation (4.4.6) can be approximated

by Laplace’s method. This allows us to determine the asymptotic form of the p.d.f. of the

ordinate of the absorption point,PX2(x2) and, thereby, the magnitude of the absorption flux

Ja(x2).

For any given values ofζ1 and t the dominant contribution toI (x0, t) arises from a neigh-

bourhood of the critical valueζ∗2, at whichS(ζζζ, t) has a minimum with respect tox2 and

I (x0, t) ∼ exp
[
−S

(
(ζ1, ζ

∗
2), t

)]∫ ∞

−∞
dζ2 exp

−

(
ζ2− ζ∗2

)2

2
∂2S

∂ζ2
2

((
ζ1, ζ

∗
2

)
, t
)
 . (4.4.7)

Writing ζζζ∗ =
(
ζ1, ζ

∗
2

)
, the critical valueζ∗2 satisfies

∂S
∂ζ2

(
ζζζ∗, t

)
=

D11ζ
∗
2−D12ζ1− (D11v2−D12v1) t

2 det(D) t
= 0

so that

ζ∗2 =
D12

D11
(ζ1−v1t)+v2t

and

ζζζ∗−vvvt= (ζ1−v1t)


1

D12
D11



giving

S
(
ζζζ∗, t

)
=

(ζ1−v1t)2

4D11t
and

∂2S

∂ζ2
2

(
ζζζ∗, t

)
=

D11

2 det(D) t
. (4.4.8)
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and Substituting these results into equation (4.4.6) gives

I (x0, t) ∼ exp

[
− (ζ1−v1t)2

4D11t

]∫ ∞

−∞
dζ2exp

−
D11

(
ζ2− ζ∗2

)2

4 det(D) t



and evaluating the Gaussian integral we have

I (x0, t) ∼
√

4π det(D) t
D11

exp

[
− (ζ1−v1t)2

4D11t

]
. (4.4.9)

Equation (4.4.6) now gives

PX2(x2) ∼ x0

4π
√

det(D)

∫ ∞

0

dt

t2

[
exp

(
−S (ζζζ, t)− (x0−v1t)2

4D11t
+

(ζ1−v1t)2

4D11t

)]
.

Sinceζ1 = −x0 on the boundary the last two terms in the exponent sum to a constant value

giving

PX2(x2) ∼ x0

4π
√

det(D)
exp

(
x0v1

D11

)∫ ∞

0

dt

t2
exp

[−S (ζζζ, t)
]
. (4.4.10)

The remaining integral may be estimated as in section (4.2.2) giving

[JJJa (x2)]1 = σ0PX2(x2) ∼ σ0Aa(x2)exp[−Ψ0 (xxx, xxx0)] (4.4.11)

whereΨ0 is as given by equation (4.2.19) and

Aa(x2) =

[
x0exp(x0v1/D11)

2
√
πdet(D)

] (
vvv ·D−1vvv

) 1
4

(
ζζζ ·D−1ζζζ

) 3
4

. (4.4.12)

Now, on thex2 axis far from the sourceAa(x2) ∼ |x2|−3/2 therefore, as|x2| increases the

coefficientAa and the flux onto an absorbing boundary,Ja(x2), decay more rapidly than the

corresponding flux onto a permeable boundary,J0. However the exponentΨ0 in Ja is the

same as that inJ0.
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4.5 Discussion of results

4.5.1 Comparison with Monte Carlo simulation

The results derived above depend on asymptotic estimates ofintegrals provided by Laplace’s

method. It is instructive to assess their accuracy and we maydo so by comparing them with

the results from Monte Carlo simulations. We can generate sample particle paths, and from

these simulate the particle density and boundary fluxes, using the Euler iterative scheme

rrrn=0 = rrr0, rrrn+1 = rrrn+vvvδt+
√

2 D δt ηηηn, n= 1,2,3, · · · (4.5.1)

whereδt is a small time increment and eachηηηn is a d-dimensional vector of independent

normally distributed random variables with zero mean and unit variance.

Figure (4.3) shows the results of four such simulations, correspondingto different combina-

tions of source position, drift velocity and diffusion tensor. The location of the sourcexxx0,

the drift velocityvvv and the diffusion tensorD are given in the first plot in each row, and in

each row we display the same data on linear and semi-logarithmic scales, side-by-side.

The plots show the magnitudes of the steady state particle density5 for a permeable boundary,

ρ0(x2), and the absorption flux for an absorbing boundary,Ja(x2). For both the density and

the absorption flux, the results obtained from the Monte Carlosimulations are compared to

those obtained from the asymptotic approximations derivedusing the Laplace method. In

addition, for the densityρ0(x2) the value computed from the exact propagator (4.2.3) by

numerical integration is also shown. Bothρ0(x2) and Ja(x2) are displayed as normalised

distributions; in the case ofJa(x2) this corresponds to the source intensityσ0 being equal to

unity.

In plots (a)-(f) vvv = [−1,2]T and sincev2 , 0 the distributions are skewed. Plots (g) and

(h) illustrate the conclusion from section (4.2.3) that our analysis remains valid even if

D has rank one. The curves in the log-linear plots become parallel at largex2 showing

that, asymptotically, the exponential decay is the same whether or not there is an absorbing

boundary.

5We have not plotted the flux,J0(x2), onto a permeable boundary; this can be obtained by multiplying
ρ0(x2) by an effective drift velocity, see equation (4.2.12).
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Fig. 4.3The absorption problem: particle fluxes onto a transparent and an absorbing boundary.
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In the case of the non-absorbing boundary, equation (4.2.25) is expected to serve as a precise

asymptotic estimate ofρ0(x2) as|x2| →∞, and the plots in the figure show that this formula

is indeed very accurate. In the case of the absorbing boundary, the status of equations

(4.4.11) and (4.4.12) is more complicated, because there are two Laplacian integrations

involved in their derivation. These equations are not precise asymptotes forJa(x2) as|x2| →
∞ because this limit does not play a role in the estimate for thenormalisation factor of the

integral in the denominator of equation (4.4.3), (i.e. equation (4.4.5)). Equations (4.4.11),

(4.4.12) are only precise asymptotic estimates when we takex0→∞ as well as|x2| → ∞.

Our numerical results illustrate this: in the case of an absorbing boundary a slight deviation

from the asymptotic expression (equations (4.4.11) and (4.4.12)) is visible in figure (4.3)

for the smallest value ofx0 (panel (b)), while there is almost perfect agreement in the other

cases.

4.5.2 Conclusion

We have investigated the flux,J (x2), onto a permeable and an absorbing boundary, as a

function of the coordinatex2 measuring the distance from the source. We found thatJ (x2)

has the formA(x2)exp[−Ψ(x2)] and that the decay exponent,Ψ (x2) = Ψ0 (x2) in both cases,

where, asymptotically,Ψ0 (x2) grows linearly asx2→∞. Consequently, as the distance from

the source increases, there is the same exponential decay inboth cases. We also showed that

in each case the coefficient,A(x2), has an algebraic decay, withA(x2) = Aa(x2) ∼ |x2|−3/2 for

the absorbing boundary, compared toA(x2) = A0(x2) ∼ |x2|−1/2 for the permeable boundary.

To check our approach we solved the one-dimensional case explicitly, showing that it gives

results which agree with those from the theory of first-passage time processes, as discussed

in [43, 47]. We also compared our results for two dimensions with thoseobtained from

Monte Carlo simulations, providing further confirmation of validity.

To obtain the absorption flux,Ja(x2), we used an approach involving antiparticles. This

involved the determination of the distribution,PT, of first contact times for the boundary and

the distribution,PX2|T, of the ordinate of first contact,X2, conditional upon the value of the

first contact time T. It is natural to ask whether theantiparticle methodcould lead to a more

direct evaluation ofJa(x2) in the case where the distance of the source from the boundary,

x0, is small. In this case most of the particles emitted from thesource atxxx0 = (x0,0) will be

absorbed by the boundary at a pointdownstreamof the source,xxxd = xxx0+vvvx0/v1. One might
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then expect that the flux atxxx would then be given by adipole approximation:

Ja(xxx, xxx0) ∼ [J0(xxx, xxx0)− J0(xxx, xxxd)] ∼ (xxx0− xxxd) · ∇∇∇xxx0
J0(xxx, xxx0)

however we were not able to produce a valid estimate ofJa(x2) using this type of dipolar

approximation.

The results obtained in this chapter are directly relevant to the study of the geometry of

constellations of points sampling fractal measures [65]. Also, we note that the absorption

problem is relevant to the modelling of fallout plumes, fromevents such as volcanic erup-

tions6. Our analysis is relevant to fallout when the diffusive dispersion is anisotropic.

6The study of dispersion of dust and smoke in the atmosphere has a long history, see [46, 55] and the recent
review by Stockie [53]. Ermak [5] appears to have been the first author to treat settling and deposition, i.e.
drift and absorption, as well as diffusive dispersion.





Chapter 5

A Matrix Contraction Process

Many strokes, though with a little axe, hew down and fell the

hardest-timber’d oak.

William Shakespeare

In this chapter we consider a stochastic process in which i.i.d. random matrices are multi-

plied, and where the Lyapunov exponent of the product is positive. Whilst the Frobenius

norm,E, of the product islessthan unity we continue to multiply the matrices, but when

the norm equals or exceeds unity we reset the process to a multiple of the identity and then

continue the multiplication. Our motivation for analysingthis matrix contraction process

is that it serves as a model for describing the fine-structureof strange attractors, where a

dense concentration of trajectories arises from the differential of the flow being contracting

in some region.

We address the problem of determining the p.d.f. of the norm,PE (ε), and conjecture that, in

the limit asε→ 0, this takes the form of amodifiedpower lawPE (ε) ∼ εγ/ [ln (1/ε)]µ where

γ andµ are two real parameters. Our objective is to justify this conjecture and to show how

γ andµ can be determined.

We apply our analysis to a matrix-product description of thedifferential of the random flow

in a compressible fluid. For this class of models we find that, whilst γ depends continuously

on the compressibility parameter of the model, there is a phase transition with the parameter

µ changing discontinously fromµ = 0 toµ = 3
2, as the compressibility parameter is varied.
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This chapter is based on [66], ’A matrix contraction process’, published in the journalof

Physics A (Mathematical and Theoretical).

5.1 Contraction processes

5.1.1 The scalar case

Let {Sn}n≥1 be a sequence ofscaling factors, real positive i.i.d. random variables each of

which has a finite probability of being less than unity and of being greater than unity, and

let 0< ε0 < 1 be some given real number. We define a second sequence of random variables,

{En}n≥0, such thatEn=0 = ε0 and, forn= 1,2,3, · · · ,

En =


Sn En−1 |Sn En−1| < 1

ε0 |Sn En−1| ≥ 1.
(5.1.1)

We can interpret the sequence{En}n≥0 as a sequence of values of a random variable,E, rep-

resenting the length of an interval which has initial lengthε0 and which is repeatedly scaled,

by random scaling factors, or re-set to its original length whenever some maximum length,

here unity, is reached. The sequence{En}n≥0 has one of two possible types of behaviour,

depending on the distribution of the multipliersSn, these are illustrated in figure (5.1).

En

ε0

n

Fig. 5.1The figure shows the two possible types of behaviour for a scalar contraction process, i.e. a
sequence defined recursively by equation (5.1.1). The process either converges to zero or it contains
a number of runs, or subsequences, each of which terminates when a term of the sequence reaches
or exceeds the upper limit, here unity.
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EitherEn→ 0 asn→∞ or the sequence is comprised of finite subquences, orruns, of values

which terminate when the scaling generates a length greaterthan unity. By re-labelling so

that the iterates are indexedwithin a run thenth iterate in any run can always be written as

En = SnSn−1 · · ·S1 ε0 =


n∏

i=1

Si

ε0 ≡ Mn ε0 (5.1.2)

so that the length of thenth interval is some multiple of the original length, with the multi-

plier being a product ofn random numbers.

We are interested in the second case, where the process is repeatedly re-set, which we shall

refer to as ascalar contraction process. This process has some similarity to anescape

problemwherin particles in an ensemble escape from an allowable region whenever they

first contact the boundary of the region.

A scalar contraction process generates a statistically stationary sequence of values ofE,

with some p.d.f.,PE (ε). This p.d.f. can be most easily understood in terms of the random

variable1, Z = − ln E, which involves asumof i.i.d. random variables,Zi = − lnSi, each of

which has apositivemean value.

As E→ 0 thenZ→∞. Hence, provided (as we shall assume) that the distributionof theZi

doesnothave heavy tails, we may expect a master equation forPZ(z) to become independent

of z. Therefore, since the exponential function is translationally invariant (up to a change

of normalization), thistranslational symmetrycan be respected by choosing a p.d.f. of the

form PZ (z) ∼ exp(−αz). To give a normalisable probability density the coefficientα must

be positive. From this result we may deduce the form of the p.d.f. PE (ε) by substituting

z= − lnε in right hand side of thechange of variable rule: PE (ε) = PZ(z)
∣∣∣∣∣
dz
dε

∣∣∣∣∣. We find that,

for smallε, PE (ε) is given by a power-law of the form2.

PE (ε) ∼ εγ (5.1.3)

whereγ = α−1.

Figure (5.2) shows log-log plots of the p.d.f.PE(ε) for two different distributions of the

scaling factors,Si , clearly illustrating this power law behaviour. In case (a)Si = exp(Zi)

1The minus sign simply ensures that the random variable is positive.
2The argument showing that the p.d.f.PE, has a power-law distribution forε is presented in [15].
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where theZi are standard normal variates and in case (b)Si = exp(Ui) where theUi are

uniformly distributed on the interval (−1,1).

(a) Si = exp(Zi) with Zi ∼ N(0,1) (b) Si = exp(Ui) with Ui ∼ U(−1,1)

Fig. 5.2The figures show the p.d.f.,PE(ε), for two different scalar contraction processes. In figure
(a) the scaling factors are the exponentials of standard normal variates whilst in figure (b) they are
the exponentials of variates that are uniformly distributed on (−1,1). In each casePE(ε) is a power
law.

The scalar contraction process arises naturally in dynamical systems theory, essentially as a

consequence of the chain rule which allows the differential of a dynamical map to be written

as a product of the differentials at each iteration. Therefore, for a system with a single degree

of freedom involving a chaotic map of one variable, it is reasonable to model this differential

as a product of independent random numbers, analogous to equation (5.1.2). The resetting

process addresses what happens when the separation of trajectories is no longer small and

the linearisation approximation fails. Since we are concerned with small separations, we

ignore the dynamics while the separation becomes large and reset the process when the

separation of trajectories becomes small again.

5.1.2 The matrix case

For a dynamical system with several degrees of freedom the differential of the dynamical

map is described by a product ofstability matrices, rather than a product of scalars [37]. We

therefore consider the generalization of the above processto a matrix contraction process

involving a product of square matrices of orderd.
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Let LLL0 be some given matrix, which may in general be random, and let{SSSn}n≥1 be a sequence

of real i.i.d. random matrices. We define a second sequence ofrandom matrices,{LLLn}n≥0

such thatLLLn=0 = LLL0 and, forn= 1,2,3, · · · ,

LLLn =


SSSn LLLn−1 if E (SSSn LLLn−1) < 1

LLL0 if E (SSSn LLLn−1) ≥ 1
(5.1.4)

whereE (AAA) is the Frobenius norm ofAAA:

E (AAA) =
√

tr
(
AAA TAAA

)
. (5.1.5)

As in the scalar case, by re-labelling so that the iterates are indexedwithin a run, thenth

iterate in any run can always be written as

LLLn = SSSnSSSn−1 · · ·SSS1LLL0 =


n∏

i=1

SSSn

LLL0 ≡ MMMnLLL0. (5.1.6)

Writing En =

√
tr
(
LLL T

n LLLn

)
, then the matrix contraction process,{LLLn}n≥0, generates a scalar

contraction process of matrix norms,{En}n≥0, which is characterized by a p.d.f.PE. By anal-

ogy with the scalar contraction process, we might expect that PE is a power-law, however in

section (5.2) we shall show that this is incorrect and that a more general expression, in the

form of a power law modified by a logarithmic correction, is required.

The matrix contraction process arises naturally in the study of the dynamics of an evolving

constellation of particles3. This can be seen by taking theLLLn to be values of theconfigu-

ration matrixof the constellation at timestn = nδt, n= 0,1,2, · · · . We define this to be the

matrix whose columns are the displacement vectors ofd of the vertices, or particles, relative

to a reference vertex, or particle. For example, for the two dimensional system considered

in subsection (3.3.1) we haveLLL (t) = [δrrr1, δrrr2] and, from equations (2.4.1) and (3.3.1),

LLL (t+δt) ≈ [III +δAAA(t)] LLL (t) ≡ SSS (t)LLL (t) .

where δAAA(t) ≡
√
δtAAA(t), with AAA(t) =

[
∂ jui

]
and where the velocity fielduuu is given by equa-

tion (2.4.1). Iterating this relation at timestn, n = 0,1,2, · · · generates a sequence of the

form (5.1.6). The conditionE (SSS (tn)LLL (tn−1)) < 1 corresponds to
√
δrrr2

1 (tn)+δrrr2
2 (tn) < 1 so

that the process is re-set toLLL0 at timet = tn if either , or both, ofδrrr1 (tn) or δrrr2 (tn) become

3More precisely, avariant of the process in which the initial value, and the values whenever the process is
reset, are random matrices. We shall consider the case whereLLL0 is random in the next chapter.
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too large. We note, in passing, that sinceδAAA(t) ≡
√
δtAAA(t) with δt small, the stability matrix

SSS (t) ≡ [III +δAAA] differs only slightly from the identity matrix.

In the remainder of this chapter we shall consider the two-dimensional case and we shall set

LLL0 to be a multiple of the 2×2 identity matrixLLL0 =
ε0√

2
III , with 0< ε0 < 1. Note that we

then haveE (LLL0) = ε0.

Figure (5.3) shows the evolution of a triangular constellation during ashort run of the pro-

cess{LLLn}.

(a) (b) (c) (d)

Fig. 5.3The matrix contraction process,LLLt represents the configuration of a triangular constellation
of particles which initially form a small right-angled equilateral triangle (figure(a)). As the system
evolves the triangle is distorted (figures (b), (c) and (d). If the sum of the squares of the lengths of
the sides exceeds some upper limit (here unity) then the process is re-set toits initial value.

Initially, at t= 0, the constellation has the form shown in (a): a right-angled isosceles triangle

with hypotenuseε0. At time t1 = δt the configuration matrix isLLL1 = SSS1LLL0 =
ε0√

2
SSS1III , and

at time t2 = 2δt it is LLL2 =
ε0√

2
SSS2S1III . At some later time, shown in figure (d), δrrr1 has has

grown sufficiently large that the process is re-set, to stateLLL0, shown in (a).

5.2 Evolution of the processLLL(t)

5.2.1 Stochastic differential equations for the singular values ofLLL(t)

To determine the p.d.f.PE we shall make a number of assumptions about the various terms

appearing in equation (5.1.6). We suppose that theLLLn are values ofLLL (t), a continuous

matrix function of time, at the timestn = nδt, whereδt a small increment of time. Similarly

we suppose that theMMMn are the values of some continous functionMMM (t). In the case where

the LLLn represent the configuration of a physical system these assumptions ensure that the

evolvution of the system is continuous. We shall also assumethat each of the random
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multiplicative factorSSSn, n= 1,2,3, · · · is close to the identity4 so that the equation can be

written as

LLLn =


n∏

i=1

(III +δAAAi)

LLL0 ≡ MMMnLLL0, (5.2.1)

for some matricesδAAAi. Finally, we suppose that the elements of theδAAAn have the following

statistics

〈(δAAAn)i j 〉 = 0 , 〈(δAAAn)i j (δAAAm)kl〉 = 2Di jkl δnmδt (5.2.2)

so that the evolution ofLLL(t) is characterized by a diffusive process, with diffusion coefficients

Di jkl . The initial (and re-set) state isLLL0 =
ε0√

2
III , where 0< ε0 < 1.

The analysis of the evolution of the norm,E(t) =
√

tr
[
LLLTLLL

]
, can be carried out using the

singular value decomposition of thedeformation matrix MMM(t). This is of the form (see [19])

MMM(t) = RRR1ΛΛΛRRR2 (5.2.3)

whereRRR1 ≡ RRR(θ1) andRRR2 ≡ RRR(θ2) are rotation matrices, of the form

RRR(θ) =


cosθ −sinθ

sinθ cosθ



and where

ΛΛΛ = diag[λ1,λ2] =


λ1 0

0 λ2

 .

Note that the rotation anglesθ1, θ2 and the singular valuesλ1,λ2 depend ont.

Then, from the definition of the normE(t), we have5

[E (t)]2 = tr
[
LLLT

0 MMMTMMMLLL0

]
=
ε2

0

2
tr
[
RRRT

2ΛΛΛ
2RRR2

]
=
ε2

0

2

[
λ2

1+λ
2
2

]
(5.2.4)

and by introducing thescaledsingular values,̃λi ≡
(
ε0√

2

)
λi , i = 1,2 we can write this result

as

[E (t)]2 =
[
λ̃2

1+ λ̃
2
2

]
. (5.2.5)

Note that, in terms of the scaled singular values, the re-setting condition for the matrix

contraction process, thatE ≤ 1, assures that̃λi ≤ 1, i = 1,2.

4Practically this can be assured by taking the time incrementδt sufficiently small.
5To aid clarity we suppress the time argument of the matrices and singular values.
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Equation (5.2.4) shows that, since the initial configuration,LLL0, is a multiple of the identity,

the value of the norm,E, at any time doesnot depend on the rotation angles,θ1 or θ2

but only onε0 and the singular values of the deformation matrix6. Or, equivalently, from

equation (5.2.5), we see that the value of the norm depends only on the scaled singular

values. Therefore, in principle, we can determine the p.d.f. of the norm,PE, from the p.d.f.

of the singular values,λ1 andλ2. We now consider the evolution of the singular values.

Consider the processLLL (t) at timesnδt and (n+1)δt. From equation (5.2.1) it follows that

MMMn+1 = [III +δAAAn+1] MMMn = SSSn+1MMMn

Suppose thatMMMn has the s.v.d.MMMn = RRR1ΛΛΛRRR2 and let the changes in the matricesRRR1, RRR2 and

ΛΛΛ during the time interval[nδt, (n+1)δt] beδRRR1, δRRR2, andδΛΛΛ, respectively. Then the s.v.d.

of MMMn+1 can be written as

MMMn+1 = (RRR1+δRRR1) (ΛΛΛ+δΛΛΛ) (RRR2+δRRR2) .

Expanding this equation and comparing the two expressions for MMMn+1 gives

δAAAn+1MMMn = RRR1ΛΛΛδRRR2+RRR1δΛΛΛRRR2+δRRR1ΛΛΛRRR2+RRR1δΛΛΛδRRR2+δRRR1ΛΛΛδRRR2

+δRRR1δΛΛΛRRR2+δRRR1δΛΛΛδRRR2.

Pre-multiplying this equation byRRR−1
1 and postmultiplying it byRRR−1

2 ΛΛΛ
−1 gives

δÃAAn+1 = ΛΛΛδRRR2RRR−1
2 ΛΛΛ

−1+δΛΛΛΛΛΛ−1+RRR−1
1 δRRR1+δΛΛΛδRRR2RRR−1

2 ΛΛΛ
−1

+RRR−1
1 δRRR1ΛΛΛδRRR2RRR−1

2 ΛΛΛ
−1+RRR−1

1 δRRR1δΛΛΛΛΛΛ
−1+RRR−1

1 δRRR1δΛΛΛδRRR2RRR−1
2 ΛΛΛ

−1
(5.2.6)

where

δÃAAn+1 ≡ RRR1
−1δAAAn+1RRR1 . (5.2.7)

Now, in terms of the increments in the singular valuesδλ1, δλ2, we have

δΛΛΛΛΛΛ−1 =


δλ1
λ1

0

0 δλ2
λ2

 = ΛΛΛ−1δΛΛΛ (5.2.8)

6In Chapter 6 we shall see that this is no longer true ifLLL0 is a random matrix; then the value of the norm
also depends on the rotation angleθ2 and the initial configuration.
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and, to second order inδθi

RRR−1
i δRRRi =


−δθ

2
i

2 −δθi

δθi −δθ
2
i

2

 = δRRRiRRR
−1
i , i = 1,2. (5.2.9)

Therefore, to the second order of increments, equation (5.2.6) gives

δÃAAn+1 =



δλ1
λ1
− 1

2

(
δθ2

1+δθ
2
2

)
−

(
λ2
λ1

)
δθ1δθ2 , −

(
1+ δλ2

λ2

)
δθ1−

(
λ1
λ2

) (
1+ δλ1

λ1

)
δθ2

(
1+ δλ1

λ1

)
δθ1+

(
λ2
λ1

) (
1+ δλ2

λ2

)
δθ2 ,

δλ2
λ2
− 1

2

(
δθ2

1+δθ
2
2

)
−

(
λ1
λ2

)
δθ1δθ2


(5.2.10)

In the limit asδt→ 0 equation (5.2.10) reduces to a system of coupled stochastic differential

equations for the singular values and rotation angles7:

dλ1

λ1
= dÃ11+

1
2

[
dθ2

1+2νdθ1dθ2+dθ2
2

]
(5.2.11a)

dλ2

λ2
= dÃ22+

1
2

[
dθ2

1+

(
2
ν

)
dθ1dθ2+dθ2

2

]
(5.2.11b)

dθ1 =
ν
(
1+ dλ2

λ2

)
dÃ12+

1
ν

(
1+ dλ1

λ1

)
dÃ21

1
ν

(
1+ dλ1

λ1

)2− ν
(
1+ dλ2

λ2

)2
(5.2.11c)

dθ2 = −

(
1+ dλ1

λ1

)
dÃ12+

(
1+ dλ2

λ2

)
dÃ21

1
ν

(
1+ dλ1

λ1

)2− ν
(
1+ dλ2

λ2

)2
(5.2.11d)

whereν ≡ λ2/λ1. Note that this system of equations is symmetric under the interchange

of λ1 andλ2 and involves therelative increments
dλ1
λ1

and
dλ2
λ2

which are unaffected by any

scalingof the singular values. We therefore introduce logarithmicvariables8

Zi = − lnλ̃i = − ln

(
ε0√

2
λi

)
, i = 1,2 (5.2.12)

then

dZi = −
dλ̃i

λ̃i
+

1
2


dλ̃i

λ̃i


2

= − dλi

λi
+

1
2

(
dλi

λi

)2

, i = 1,2. (5.2.13)

7For clarity we suppress the time index on the dÃi j ; the remaining subscripts denote the row and column
position of the matrix element.

8We will be dealing with scaled singular values smaller than unity; the negative sign simply ensures that
theZi are positive.
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Then, using equations (5.2.11a) - (5.2.11d) and retaining only terms upto the second order in

small increments, we obtain a system of stochastic differential equations for the increments

of theZi andθi in terms of the matrix elements dÃi j . Writing

α ≡ ν(
ν2−1

) (5.2.14)

we have

dZ1 = −dÃ11+
1
2

dÃ2
11+

α

2

[
νdÃ2

12+2νdÃ12dÃ21+

(
1
ν

)
dÃ2

21

]
(5.2.15a)

dZ2 = −dÃ22+
1
2

dÃ2
22−

α

2

[
νdÃ2

12+

(
2
ν

)
dÃ12dÃ21+

(
1
ν

)
dÃ2

21

]
(5.2.15b)

and

dθ1 = −α
[
νdÃ12+

(
1
ν

)
dÃ21

]
−α2dÃ11

[
2dÃ12+

(
ν2+1

ν2

)
dÃ21

]
(5.2.16a)

+α2dÃ22

[
2dÃ21+ (ν2+1)dÃ12

]

dθ2 = α
[
dÃ12+dÃ21

]
+

(
α2

ν

)
dÃ11

[
2dÃ12+ (ν2+1)dÃ21

]
(5.2.16b)

−α2dÃ22

[
2νdÃ12+

(
ν2+1
ν

)
dÃ21

]
.

5.2.2 The related advection-diffusion problem

Equations (5.2.15a) - (5.2.16b) can now be used to produce a F.P. equation for the joint

probability density of the variables,Z1,Z2, θ1 and θ2. Since the second order terms are

in fact deterministic they are necessarily equal to their expected values9; we can therefore

simplify the equations by replacing these terms with their expected values. Further, although

at this stage there is nothing to distinguish betweenλ1 andλ2, we do expect that bothλ1 and

λ2 have non-zero and distinct Lyapunov exponents. Hence, withprobability unity, either

ν→ 0 orν→∞ ast→∞ and whichever case occurs is random and equiprobable. We shall

assume that symmetry breaks so thatν→ 0 in the long time limit. In this limitα
ν
→ −1 as

9See section2.3.4
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ν→ 0, and we obtain the following system of Langevin equations:

dZ1 = −dÃ11+
1
2

[
〈dÃ2

11〉− 〈dÃ2
21〉

]
(5.2.17a)

dZ2 = −dÃ22+
1
2

[
〈dÃ2

22〉+2〈dÃ12dÃ21〉+ 〈dÃ2
21〉

]
(5.2.17b)

dθ1 = dÃ21−〈dÃ11dÃ21〉 (5.2.17c)

dθ2 = 0. (5.2.17d)

Note thatθ2 freezes ast→∞. This is to be expected because the direction along which the

norm is most rapidly increasing is expected to approach a limit ast→∞.

The right hand sides of equations (5.2.17a) - (5.2.17d) are independent of the variablesZ1

andZ2. Therefore at long times these quantities have a homogeneous diffusive evolution,

with advection. The components of the drift velocityvvv and the elements of the diffusion

tensorDDD are given by

vi =
〈dZi〉

dt
, Di j =

〈dZidZj〉
2dt

. (5.2.18)

The joint p.d.f. ofZ1 andZ2 at timet can therefore be determined using a Green’s function

G(zzz,zzz0, t) =
1

4π
√

det(DDD)t
exp

[−S(ζζζ, t)
]

(5.2.19)

where

S(ζζζ, t) =
1
4t

(ζζζ −vvvt) ·DDD−1(ζζζ −vvvt) (5.2.20)

andζζζ ≡ zzz−zzz0. Because we have assumed thatν→ 0, these equations are valid provided that

Z2−Z1 is sufficiently large10.

The diffusive evolution in theZ1Z2 plane is represented schematically in figure (5.4), as

the motion of anensemble of notionalparticles. Initially, at timet = 0, and whenever the

processLLL(t) is re-set the scaled singular values areλ̃1 = λ̃2 = ε0/
√

2. Therefore the particle

source,S, is the point
(
− ln

(
ε0/
√

2
)
,− ln

(
ε0/
√

2
))

. Also, since the singular values have

been ordered so thatZ2 ≥ Z1 the lineZ1 = Z2 is areflectingboundary.

The figure shows three representative particle trajectories. The blue path shows a particle

which is reflected at the boundaryZ1 = Z2; the black path shows is that of a particle which

10The treatment of the case whereZ2−Z1 is small is considered in section5.4.3, for the random flow model.
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is absorbed atA and the green path shows a particle representing a process whose norm has

become very small.

Z1

Z2

O

A

B

S

T

zzz0

Q (xε,0)

P

CECE0
C1

vvv

DDD

zzz

ζζζ

uuuη

1

Fig. 5.4 The stochastic processLLL(t) is represented by an ensemble of particles undergoing advec-
tion and diffusion in a region of theZ1Z2 plane, with with drift velocityvvv and diffusion tensorDDD.
Each particle trajectory originates at the sourceSSS which has position vectorzzz0 =

(
ε0/
√

2, ε0/
√

2
)
.

The line Z1 = Z2 is a reflectingboundary. The figure shows three contours of the matrix norm

E(LLL) =
√

tr
[
LLLTLLL

]
. OnC1 the norm of the matrix process is unity: when a particle reachesC1 at

some point, e.g.A, it is absorbed and re-introduced at the sourceSSS. ThereforeC1 is anabsorbing
boundary. Particles reaching the contourCε have normE(LLL) = ε. The pointPPP on Cε has position
vectorzzz; this can be written as a multiple of the direction vectoruuu = [1,η]T. If PPP is sufficiently far

from the reflecting boundary then the vector
−−→
SSS PPP≡ ζζζ is approximately equal tozzz.

The curvesCε ≡
{
(z1,z2) : exp(−2z1)+exp(−2z2) = ε2, z2 ≥ z1 > 0, ε > 0

}
are the contours

of the matrix norm. OnCε the matrix norm isE (LLL) = ε. ContourC1 is an absorbing

boundary: when a particle reachesC1 at some point, e.g.A, the norm reaches unity and the

process is reset to the valueLLL0. In effect, the particle is removed atA and re-introduced at
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the source,S. Since whenever a particle is absorbed a new particle is introduced atS we

may take the source to have a constant, unit, strength. Note that the vertical asymptote to the

contourCE intercepts theZZZ1 axis at pointQ (xε,0). This asymptote therefore has equation

Z1 = − lnε ≡ xε. In the physical region far from the reflecting boundary, i.e. for Z2≫ Z1,

the coordinates of any point,P, on the asymptote can be written in the form(Z1,Z2) ≈ xεuuu,

whereuuu is a direction vector of the formuuu=
[
1,η

]T, for some real parameterη > 1. We use

this form for the coordinates of a point on the asymptote in the next section.

We shall refer to the wedge-like domain of the (Z1,Z2) plane

{
(z1,z2) : exp(−2z1)+exp(−2z2) < 1, z2 > z1 > 0

}

as thephysically accessible, or physical, region. The processLLL (t) is therefore represented

by an ensemble of notional particles which diffuse and drift in the physical region, being

reflected at one edge, absorbed at the other and with the loss of particles by absorption on

C1 balanced by the injection of particles atSSS.

5.3 Calculation of the p.d.f. PE

5.3.1 The non-degenerate case

Our objective is to understandPE, the p.d.f. of the normE for the matrix contraction process

when the norm is very small. In terms of the scaled singular valuesλ̃1, λ̃2 and the logarithmic

variablesZ1,Z2 the norm of the matrixLLL(t) is

E =
√
λ̃2

1+ λ̃
2
2 =

√
e−2Z1+e−2Z2 . (5.3.1)

The p.d.f. ofE may therefore be obtained from the probability of the diffusing particle to

reach(z1,z2), i.e. from the joint p.d.f. ofZ1 andZ2, PZZZ (zzz) = P(Z1,Z2) (z1,z2).

To determine the p.d.f.PZZZ (zzz) let P(z1,z2, t, τ) be the probability density for the point to be

at (z1,z2) at timet after it is emitted from Sand to be absorbed on contourC1 at timet+ τ.

ThenPZZZ (zzz) is obtained by integrating over the times:

PZZZ (zzz) =
∫ ∞

0
dt

∫ ∞

0
dτ P(z1,z2, t, τ) . (5.3.2)



100 A Matrix Contraction Process

Because the diffusion process is Markovian we can writeP as a product of two func-

tions: P(z1,z2, t, τ)=G(z1,z2, t)PA(z1,z2, τ) whereG(z1,z2, t) is the Green’s function to reach

(z1,z2) at timet andPA(z1,z2, τ) is the probability density for a particle released at (z1,z2) to

be absorbed onC1 after a timeτ. From this definition ofPA we have

∫ ∞

0
dτ PA(z1,z2, τ) = 1 (5.3.3)

so that

PZZZ (zzz) = P(Z1,Z2) (z1,z2) =
∫ ∞

0
dt G(z1,z2, t) . (5.3.4)

Strictly speakingG(z1,z2, t) should be the Green’s function for reaching (z1,z2) after time

t by a path that does not cross the boundaryC1. However, since we are concerned with

the case whenE is very small and wherez2≫ z1 we requirePZZZ (zzz) for positions which are

far from both the absorbing and the reflecting boundaries. Wecan therefore use equation

(5.2.19) to approximate the Green’s functionG(z1,z2, t). Also, far from the boundariesζζζ =

zzz−zzz0 ≈ zzz so that we can simply replaceζζζ with zzz.

We can use Laplace’s method to approximate the value of the integral in equation (5.3.4).

Using the results from Chapter 4 we find that

PZZZ (zzz) ∼ exp[−Ψ(zzz)]
(
zzz·DDD−1zzz

) 1
4

(5.3.5)

where

Ψ(zzz) ≡ 1
2

[ √
vvv ·DDD−1vvv

√
zzz ·DDD−1zzz−zzz·DDD−1vvv

]
. (5.3.6)

The interpretation of this form of exponent, as the height ofa tilted cone, was discussed in

section (3.4).

Since the contourCε is asymptotic to the vertical lineZ1 = − lnε ≡ xε, then forZ2≫ Z1

the probability density for the norm to reach the valueε can be estimated fromPXE (xε), the

p.d.f. for the random variableXE =−ln E. This can be estimated using the expression (5.3.5)

on the segment of the asymptote lying in the physical region,i.e. above the linez1 = z2:

PXε (xε) ≈
∫ ∞

z2≈xε
dz2PZZZ (zzz) (5.3.7)
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Now, on the asymptote to the contourCε we havezzz= xεuuu whereuuu =
[
1,η

]T with η ≥ 1.

Therefore, on this asymptote

PZZZ (zzz) = PZZZ (xεuuu) ≈ exp[−xεΨ(uuu)]
[
x2
ε

(
uuu ·DDD−1uuu

)] 1
4

=
exp

[−xε f (η)
]

[
x2
εq(η)

] 1
4

(5.3.8)

where f (η) ≡
√

vvv ·DDD−1vvv
√

q(η)− ℓ(η), with q(η) ≡
(
uuu ·DDD−1uuu

)
andℓ(η) ≡ uuu ·DDD−1vvv. Note that

q(η) is a quadratic function ofη andℓ(η) is a linear functionη. Hence

PXε (xε) =
√

xε

∫ ∞

1
dη

exp(−xε f (η))
[
q(η)

] 1
4

. (5.3.9)

The p.d.f.PXε is obtained by applying Laplace’s principle again. Supposethat, on the

asymptote,Ψ(zzz) has a minimum at some pointzzz∗ lying in the physical regionz2 > z1. Then,

sinceΨ(zzz) increases linearly along any ray from the origin, this critical point lies on the ray

with direction vectoruuu∗ =
[
1,η∗

]
, where f ′(η∗) = 0, with η∗ > 1. Sincezzz∗ = xεuuu∗, the p.d.f.

of Xε is therefore of the form

PXε (xε) ∼
√

xε
[
q(η∗)

] 1
4

exp
[−xεΨ

(
uuu∗

)] ∫ ∞

−∞
dηexp

[
−1

2
xε f ′′

(
η∗

) (
η−η∗)2

]
. (5.3.10)

The Gaussian integral is equal to

√
2π

xε f ′′ (η∗)
, and therefore

PXε (xε) ∼ exp
[−xεΨ

(
uuu∗

)]
(5.3.11)

Sincexε ≡− lnε this is consistent withPE (ε) having a power-law distribution, with exponent

γ = [Ψ(uuu∗)−1] . (5.3.12)

In section (5.4) we shall estimate this exponent for the random flow model.

5.3.2 The degenerate case

In the discussion in section (5.3.1) we assumed that the critical point,zzz∗, lies in the physical

region, i.e. above the reflecting boundary linez1 = z2, so thatη∗ > 1. We shall refer to this

case as thenon-degenerate case. However, the minimum ofΨ(z1,z2) along a line of constant

z1 may occur at a point outside the physical region, i.e. one forwhichz2≤ z1 or, equivalently,
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η∗ ≤ 1. In this case, which we shall refer to as thedegeneratecase, we must consider what

happens in the neighbourhood of the boundary pointzzz= (xε, xε).

Coordinate transformation

It is advantageous to work in a coordinate system in which thereflecting boundary lies along

a coordinate axis. We therefore introduce thex1x2 coordinate system defined by

x1 = (z1+z2) and x2 = (z2−z1).

Note that the new system is rotated throughπ/4 with respect to the old system and is re-

scaled. This coordinate transformation is equivalent to describing the process in terms of

the random variablesX1 = Z1+Z2 andX2 = Z2−Z1.

From equations (5.2.2) it follows that the diffusion tensorDDD is represented by a symmetric

2×2 matrix. Thereforeprovidedthat the diagonal elements of the matrix are equal, i.e. pro-

vided that〈dA2
11〉 = 〈dA2

22〉, then in the new coordinate system the tensor will be represented

by a diagonalmatrix. This greatly simplifies the analysis and in the following arguments

we assume that this condition holds; in subsection (5.4) we will see it holds for the random

flow model11.

The representation of the advection-diffusion process in thex1x2 coordinate system, i.e. the

advection-diffusion process forX1 andX2, is shown in figure (5.5).

In the new coordinates the particle source is located at the point SSS
(
ln

(
2/ε2

0

)
,0)

)
. Thex1-axis

is the reflecting barrier and the contourCε and the asymptotez1 = − lnε have equations

x1 = ln

(
2coshx2

ε2

)
and x2 = x1+2lnε

respectively. ContourCε intercepts thex1 axis at the pointT
(
ln

(
2/ε2

)
,0

)
and its asymptote

intercepts thex1 and x2 axes at pointsQ′ (2 ln(1/ε) ,0) andR (0,2lnε), respectively. The

absorbing boundary, i.e. contourC1, has equationx1 = ln (2cosh(x2)) and intercepts thex1

axis at the pointB (ln2,0). The asymptote to the absorbing boundary is the linex2 = x1. A

particle is absorbed at pointAAA and the particle at pointPPP represents a matrix whose norm

has reached a very small value.

11However we do note that the condition does not hold in generaland, consequently, that the discussion in
this section is therefore specific to the class of models for which its true.
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x2

vvv DDD

C1 Cε0 Cε

P
A

B S Q′ T
x1

R

Fig. 5.5 In the x1x2 coordinates the stochastic processLLL(t) is represented by an ensemble of points
undergoing advection and diffusion, with drift velocityvvv and diffusion tensorDDD, whereDDD is diagonal.
The X1-axis is areflectingboundary and on theabsorbingboundary,C1, the norm of the matrix
process is unity.C1 is asymptotic to the linex2 = x1. [c.f. figure (5.4)]

The equations of motion, (5.2.17a), (5.2.17b) transform into

dX1 =−
(
dÃ11+dÃ22

)
+

1
2

(
〈dÃ2

11〉+2〈dÃ12dÃ21〉+ 〈dÃ2
22〉

)
(5.3.13a)

dX2 =
(
dÃ11−dÃ22

)
+

1
2

(
〈dÃ2

22〉− 〈dÃ2
11〉

)

+

(
1

1− ν2

) [
ν2〈dÃ2

12〉+
(
1+ ν2

)
〈dÃ12dÃ21〉+ 〈dÃ2

21〉
]

(5.3.13b)

From these it follows that the drift velocity in thex1 direction,v1, is a constant and the

drift velocity in thex2 direction,v2, is a function ofν = exp(−x2) and therefore ofx2. Also,

the diffusion tensor for the fluctuations ofX1 andX2 is diagonal, with diffusion coefficients

D11≡ D1, D22≡ D2, which are independent ofx1 andx2.
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Therefore the dynamics in thex1 direction is simple: diffusion with a constant drift velocity.

The dynamics in thex2 direction is more complex: diffusion with a drift velocity which is a

function ofx. We note that sinceν ≡ λ2
λ1
= exp(−x2) then asx2→∞, ν→ 0 and asx2→ 0

v2→
1
dt

[
1
2

(
〈dÃ2

22〉− 〈dÃ2
11〉

)
+ 〈dÃ12dÃ21〉+ 〈dÃ2

21〉
]
≡ v0

wherev0 is a constant. Also, for any given value ofx1 then asx2→ x1, λ2→ λ1 so that

ν→ 1 and, therefore,v2→∞, corresponding to the reflection of the particle at the boundary

x2 = x1.

To calculatePE for the degenerate case we require the propagator for the representative

particle to reach points on the contourCε, near the reflecting boundary12. Since the motions

in thex1 andx2 directions are independent this propagator can be written as the product:

G(xxx, t) =G(x1, x2, t) = PX1(x1, t)PX2(x2, t) . (5.3.14)

wherePX1(x1, t) is the p.d.f. for the motion in thex1 direction, i.e. for the random variable

X1 to have the valuex1 at timet, and similarly forPX2(x2, t).

Since the motion in thex1 direction is a simple advection-diffusion process, with drift ve-

locity v1 and diffusion coefficientD1 we have

PX1 (x1, t) =
1

√
4πD1t

exp

[
− (x1−v1t)2

4D1t

]

=
1

√
4πD1

(
1
√

t

)
exp

[
v1x1

2D1

]
exp

−
1

4D1


x2

1

t
+v2

1t



 . (5.3.15)

To calculate the probability densityPX2 (x2, t), we must take account of the fact thatx2 = 0

is a reflecting barrier. The approach is outlined in the following section.

One-dimensional diffusion with reflecting boundary

Suppose that at some time, which we shall take to bet = 0, the particle is at some position

x2 = x0, wherex0 very small. We wish to determine the distributionPX2 at later times;PX2

12That is, to reach points on the curvex1 = ln
(

2coshx2
ε2

)
in the neighbourhood of(xε, xε)
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satisfies
∂PX2

∂t
= D2

∂2PX2

∂x2
2

− ∂

∂x2

[
v2 (x2)PX2

]
. (5.3.16)

This equation can be transformed to a Hermitian form by writing

PX (x2) = ψ (x2, t)exp
[
χ (x2)

]
, (5.3.17)

where

χ (x2) =
1

2D2

∫ x2

dx′2 v2

(
x′2

)
. (5.3.18)

The functionψ (x2, t) satisfies a Schrödinger-like equation, with a Hermitian operatorĤ :

Ĥψ ≡ −D2
∂2ψ

∂x2
2

+V (x2)ψ = −∂ψ
∂t

(5.3.19)

where

V (x2) =
1
2

v′2 (x2)+
[v2 (x2)]2

4D2
. (5.3.20)

Now, by introducing a nominal absorbing barrier atx2 = L we can develop the solution to

equation (5.3.16) in the finite interval [0,L] as an infinite series of orthonormal eigenfunc-

tions of the Hermitian operator̂H ; we can then chooseL sufficiently large that its value may

be assumed to have no influence. The details of this approach may be found in section (7.1)

of [30], we merely quote the result:

PX2 (x2, t) =
2
L

exp


v0 (x2− x0)

2D1
−

v2
0t

4D2

×
∞∑

n=1

exp

(
−n2π2D2t

L2

)
sin

(nπx2

L

)
sin

(nπx0

L

)
.

Approximating the sum by an integral gives

PX2 (x2, t) =
1
L

exp


v0 (x2− x0)

2D2
−

v2
0t

4D2

×
∫ ∞

0
dn exp

[
n2π2D2t

L2

]
×

[
cos

(
nπ(x2− x0)

L

)
−cos

(
nπ(x2+ x0)

L

)]

and using the standard integral

∫ ∞

−∞
dx exp(−αx2)cos(kx) =

√
π

α
exp

(
−k2α

4

)
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we obtain the solution

PX2 (x2, t) =
1

√
4πD2t

exp


v0(x2− x0)

2D2
−

v2
0t

4D2


[
exp

(
− (x2− x0)2

4D2t

)
−exp

(
− (x2+ x0)2

4D2t

)]
.

For x0 very small this gives

PX2 (x2, t) ∼
x0√
4πD3

2

(
1

t3/2

)[
x2exp

(
v0x2

2D2

)]
exp

−


x2
2

4D2t
+

v2
0t

4D2



 . (5.3.21)

Implications for degenerate case

Substituting equations (5.3.15) and (5.3.21) into equation (5.3.14) gives, omitting factors

which are independent of position and time13

G(xxx, t) ∼ 1

t2
f (xxx) exp

[−g(xxx, t)
]

(5.3.22)

where

f (xxx) ≡ x2exp

[
1
2

xxx ·DDD−1vvv

]
(5.3.23)

and

g(xxx, t) ≡
[
a(vvv)t+

b(xxx)
t

]
(5.3.24)

with

a(vvv) ≡ vvv ·DDD−1vvv
4

=
1
4


v2

1

D1
+

v2
0

D2

 and b(xxx) ≡ xxx ·DDD−1xxx
4

=
1
4


x2

1

D1
+

x2
2

D2

 . (5.3.25)

Therefore

PXXX (xxx) =
∫ ∞

0
dt G(xxx, t) ∼ f (xxx)

∫ ∞

0
dt

1

t2
exp

[−g(xxx, t)
] ≡ f (xxx) I (xxx) . (5.3.26)

We wish to determine the behaviour ofPE (ε), for smallε, from that ofPXXX (xxx). Whenε is

small we are dealing with points far from the source and, therefore,|xxx| must be large. We

can therefore determine the leading order behaviour ofPXXX (xxx) by using Laplace’s method to

13These factors are unimportant to our argument and can, in effect, be absorbed into normalization coeffi-
cients.
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evaluate the integral. This givesI (xxx) ∼ (b(xxx))−3/4 exp
[
−2
√

a(vvv)
√

b(xxx)
]

so that

PXXX (xxx) ∼ f (xxx)

[b(xxx)]3/4
×exp

[
−2

√
a(vvv)

√
b(xxx)

]
=

x2exp[−Ψ (xxx)]

(xxx ·DDDxxx)3/4
(5.3.27)

whereΨ (xxx) is given by equation (5.3.6). Now, to determine the p.d.f.PE (ε) from PXXX (xxx) we

note that, at the pointxxx= (x1, x2), the normε is given by

− lnε =
1
2

[x1− ln (2coshx2)] ≡ h(x1, x2) . (5.3.28)

We therefore introduce the random variableXε ≡ h(XXX) = − lnE, whereXXX = (X1,X2) and use

the p.d.f. of this variable to computePE. To first obtainPXε we use the standard result that,

sinceXε ≡ h(XXX) and sinceXXX has p.d.f.PXXX (xxx), we have

PXε (xε) = 〈 δ (Xε−h(XXX)) 〉 =
∫ ∞

0
dx2

∫ ∞

0
dx1 δ (xε−h(xxx))PXXX (xxx) . (5.3.29)

Hence

PXε (xε) =
∫ ∞

0
dx2

∫ ∞

0
dx1 δ

(
xε−

1
2

[ x1− ln (2coshx2) ]

)
PXXX (xxx)

= 2
∫ ∞

0
dx2

∫ ∞

0
dx1 δ (2xε+ ln (2coshx2)− x1) PXXX (xxx) .

The sifting property of the delta function selects the valuex1 = 2xε+ ln (2coshx2) in the first

integral, giving

PXε (xε) = 2
∫ ∞

0
dx2 PXXX ( 2xε+ ln (2coshx2) , x2 ) (5.3.30)

and writing, for brevity,www = www(xε, x2) = (w1,w2) ≡ ( 2xε+ ln (2coshx2), x2 ), using equa-

tion (5.3.27) we have

PXε (xε) = 2
∫ ∞

0
dx2 PXXX (www) ∼

∫ ∞

0
dx2

f (www)

[b(www)]3/4
×exp

[
−2

√
a(vvv)

√
b(www)

]
(5.3.31)

Now,

f (www) = x2 exp

[
v1xε
D1

]
× exp

[(
v1

2D1

)
ln (2coshx2)+

(
v0

2D2

)
x2

]
(5.3.32)

and

b(www) =
x2
ε

D1

[
1+

ln (2coshx2)
xε

+O

(
1

x2
ε

)]
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so, to leading order asxε→∞, we have

PXε (xε) ∼
J

x3/2
ε

exp[−Kxε] (5.3.33)

where

K ≡

√√
v2

1

D2
1

+
v2

0

D1D2
− v1

D1
(5.3.34)

and where the integralJ is given by

J ≡
∫ ∞

0
dx2x2exp

[
−1

2

(
K ln (2coshx2)− v0x2

D2

)]
. (5.3.35)

Now, since ln(2coshx2) ≈ x2 whenx2 is large, the integralJ converges provided that

K − v0

D2
> 0. (5.3.36)

This convergence criterion is adegeneracycondition because, in the(x1, x2) coordinates,

Ψ (x1, x2) has the form

Ψ (x1, x2) =
1
2



√
v2

1

D1
+

v2
0

D2

√
x2

1

D1
+

x2
2

D2
−

(
v1x1

D1
+

v0x2

D2

) (5.3.37)

and requiring that the stationary point ofΨ (x1, x2) on the linex2 = x1+2lnε is degenerate,

and therefore lies at a negative value ofx2, gives (5.3.36).

Therefore in the degenerate case the asymptotic behaviour of PXε is

PXε (xε) ∼
1

x3/2
ε

exp[−Kxε] (5.3.38)

and, using the change of variable rule, we have

PE (ε) ∼ εγ[
ln

(
1
ε

)]µ (5.3.39)

with γ = K −1 andµ = 3/2.
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5.4 Application to the turbulent flow model

5.4.1 Description of the model

As a specific example we consider the matrix representing thedifferential of the random

flow, uuu, defined by equation (2.4.1). For this flow the elements of the matrixδAAA, in equations

(5.2.1), (5.2.2) and (3.3.3), are random variables constructed from the second derivatives of

the field potentials:

δAAA(t) =
[
Ai j

] √
δt =

[
∂ui

∂x j

] √
δt =


βφx1x1

+ψx2x1
, βφx1x2

+ψx2x2

βφx2x1
−ψx1x1

, βφx2x2
−ψx1x2


√
δt. (5.4.1)

The field derivatives have mean value zero and their non-zerocovariances are

〈
φ2

x1x1

〉
=

〈
φ2

x2x2

〉
= 3,

〈
φx1x1φx2x2

〉
=

〈
φ2

x1x2

〉
= 1, (5.4.2)

and similarly forψ. The non-zero components of the diffusion tensor in equation (5.2.2) are

D1111=D2222=
1
2

(
1+3β2

)
(5.4.3a)

D1212=D2121=
1
2

(
3+β2

)
(5.4.3b)

D1122=D1221=
1
2

(
β2−1

)
. (5.4.3c)

Since the model is rotationally invariant, and since the dÃAAn defined by equation (5.2.7) is

a rotational transformation of dAAAn the elements of d̃AAAn have the same statistics as those of

dAAAn.

Therefore, from equations (5.2.17a), (5.2.17b) and (5.2.18), it follows that, for this model

the drift velocity and diffusion tensor are, respectively:

vvv=


β2−1

1+3β2

 DDD =
1
2


1+3β2, β2−1

β2−1, 1+3β2

 . (5.4.4)

Introducing

a= 1+3β2, b= β2−1 and c=

√
a

a2−b2
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to simplify the algebra14, we find from equation (5.3.6) that the large deviation rate function

Ψ(z1,z2) is given by

Ψ(z1,z2) = c
√

a
(
z2
1+z2

2

)
−2bz1z2−z2 (5.4.5)

which written in full is

Ψ(z1,z2) =
1
2β

√
1+3β2

2(1+β2)

√
(1+3β2)(z2

1+z2
2)−2(β2−1)z1z2−z2 . (5.4.6)

5.4.2 The exponentγ for the turbulent flow model

In section (5.3.1) we showed that, in the nondegenerate case, the p.d.f.PE (ε) is given

by equation (5.3.12) with uuu∗ ≡ [
1,η∗

]T whereη∗ > 1 is a critical point of the function

f (η) ≡ Ψ (1,η).

For the turbulent flow model, from equation (5.4.5) we have

f (η) = c
√

a
(
1+η2)−2bη−η . (5.4.7)

then f ′ (η∗) = 0 gives the quadraticη∗2−2

(
b
a

)
η∗ +2−

(a
b

)2
= 0 and selecting the positive

root, gives

η∗ = 2

(
b
a

)
−

(a
b

)
=

7β4+10β2−1

(1+3β2)(1−β2)
. (5.4.8)

Then, noting that

(η∗−1)=
2(1+β2)(5β2−1)

(1+3β2)(1−β2)
(5.4.9)

we see that if 1> β > 1/
√

5 thenη∗ > 1 and the critical point is non-degenerate, but if

0≤ β < 1/
√

5 then 0< η∗ < 1 and the critical point is degenerate.

14Note that these are not the same variables as thea andb introduced in section (5.3.2).
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In the non-degenerate case, we find that15

Ψ(uuu∗) = f (η∗) = 2
(1−β2)

(1+3β2)

so that, from equation (5.3.12),

γ =
2(1−β2)

(1+3β2)
−1=

(
1−5β2

)

(
1+3β2) . (5.4.10)

In the degenerate case, settingη∗ = 1 gives

Ψ(uuu∗) = f (1)=
√

(1+3β2)/(2β2)−1

so that

γ =

√
1+3β2

2β2
−2 (5.4.11)

but this expression is suspect because the derivation of asymptotic expression forPE, and

therefore the exponent (5.4.6) depends on the assumption thatz1 > z2, which is not true at a

degenerate critical point.

5.4.3 Exact equations for evolution of singular values

To understand the degenerate case in more detail, we need a more refined treatment that

does not assumeZ1≫ Z2. Using the statistics for the increments dÃi j obtained from equa-

tions (5.4.1) and (5.4.2) the exact equations of motion in the the (x1, x2) coordinate system,

(5.3.13a) and (5.3.13b), become:

dX1 = −
(
dÃ11+dÃ22

)
+4β2dt (5.4.12a)

dX2 =
(
dÃ11−dÃ22

)
+2(1+β2)

1+ ν2

1− ν2
dt (5.4.12b)

15To derive this result it is useful to note thatf (η) can be written in the form

f (η) = c
√

a(η−1)2+2(a−b)η− (η−1)−1.
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and the second moments of the increments are therefore

〈dX2
1〉 = 8β2dt, 〈dX2

2〉 = 4(1+β2)dt, 〈dX1dX2〉 = 0 . (5.4.13)

Sinceν = λ2/λ1 = exp(−x2), from these equations we conclude thatX1 andX2 make inde-

pendent diffusive motions, with the following drift velocity and diffusion tensor:

vvv=


4β2

2
(
1+β2

)
cothx2

 DDD =


4β2 0

0 2(1+β2)

 . (5.4.14)

This is consistent with the remarks made regardingv1 andv2 in the discussion of the coor-

dinate transformation:v1 is constant and, sincev2 (x2) = 2
(
1+β2

)
cothx2, then v2→∞ as

x2→ 0 and v2→ v0 ≡ 2(1+β2) asx2→∞. We use equations (5.4.12a) and (5.4.12a) in the

numerical simulations for the degenerate case, in section (5.5.2).

5.4.4 Ratio of singular values

Thus far we have consideredPE(ε), the p.d.f. of the norm,E, of the matrix product, in the

limit as ε→ 0, showing that it is a power-law with an additional logarithmic correction in

the degenerate case. We now consider how the ratio of the singular values,ν = λ2/λ1, is dis-

tributed for a given value of the norm,E. Specifically, we consider the p.d.f. of the random

variable∆Z ≡ Z2−Z1 = − ln(ν), conditional on a given value ofXε = − ln E. Note that∆Z is

in fact the random variableX2; we shall therefore denote any particular value of∆Z by x2

and we shall denote the conditional p.d.f. byP∆Z|Xε (x2; xε). To simplify our discussion we

consider only the case where
∣∣∣∣∆Z

Xε

∣∣∣∣ =
∣∣∣∣ x2
xε

∣∣∣∣≪ 1, where certain simplifying assumptions can be

made.

In the non-degenerate case, withZ2≫ Z1, then the ratioν approaches zero asε→ 0. How-

ever in the degenerate case we expect the values ofZ1 andZ2 to be comparable and, conse-

quently, that the distribution of∆Z is non-trivial. We therefore concentrate on the degenerate

case. Our approach is to postulate that the p.d.f.P∆Z|Xε (x2; xε) for the degenerate case is a

modified form of that for the non-degenerate case.

If Z2≫ Z1 then if the normE of the matrix contraction process has the valueε the diffusing

particle almost lies on the asymptote to the contourCε. HenceZ1 ≈ Xε ≡ − lnE. Therefore,

if Z1 = xε and∆Z = x2 then, sinceZ2 = Z1+∆Z, we haveZ2 = xε+ x2. Therefore, the p.d.f.
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that we are interest in can be written in terms ofPZZZ (zzz) as follows:

P∆Z|Xε =
PZZZ (xε, xε+ x2)∫ ∞

0 dx ′2 PZZZ

(
xε, xε+ x ′2

) . (5.4.15)

Also, in the non degenerate case, from equation (5.3.6) we have

PZZZ(zzz) ∼ (zzz·DDD−1zzz)−1/4exp[−Ψ(zzz)]

and provided that we can neglect the dependence of the pre-exponential factor on the value

of ∆Z, i.e. onx2, we have

P∆Z|Xε (x2; xε) ∼ exp[Ψ(xε, xε)−Ψ(xε, xε+ x2)]. (5.4.16)

We expect the result given in equation (5.4.16) to hold in the region where theZi undergo

diffusion with a constant drift velocity, i.e. far from the reflecting boundary, so thatx2 =

z2− z1≫ 0. But it may not hold close to the reflecting boundary where thevalues ofZ1

andZ2 are comparable, and where the drift velocity is given by (5.4.14). For this case we

shallpostulate that the distribution is some modified formof (5.4.16). To find this form we

consider the p.d.f.PX2 for the degenerate case.

Close to the reflecting boundary,x2 = 0, the governing Fokker-Planck equation for the p.d.f.

PX2 (x2) is
∂PX2

∂t
=
∂2PX2

∂x2
2

− ∂

∂x2

(
v2 (x2)PX2

)
(5.4.17)

wherev2 (x2) = v0cothx2, with v0 = D2 = 2(1+ β2). We are interested in finding a so-

lution which matches (5.3.21) when x2 ≫ 1. To eliminate the term involving the first

derivative with respect tox2 and transform the equation to a Hermitian form16 we set

PX2 = ψ (x2, t) exp(x2), this gives:

∂ψ

∂t
= D2

∂2ψ

∂x2
2

−V (x2)ψ (5.4.18)

where

V (x2) =
D2

4

(
1− 1

sinh2 x2

)
.

16See page 105.
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Then, to find a solution which matches (5.3.21), we set

ψ (x2, t) = φ (x2) exp


−v2

0t

4D2



and find thatφ (x2) satisfies
d2φ

dx2
2

=
−φ

4 sinh2 (x2)
.

We require a solutionφ (x2) which approaches a constant asx2→∞ and which approaches

zero asx2→ 0. Close tox2 = 0 the differential equation is approximated by

d2φ

dx2
2

= − φ

4x2
2

which has general solution

φ (x2) =
√

x2 [c1+c2 ln (x2)]

wherec1 andc2 are arbitrary constants. Sinceφ (x2)→ 0 asx2→ 0 we conclude that

φ (x2) ∼ √x2 as x2→ 0.

From equation (5.3.18) with v2 =D2coth(x2) we haveχ (x2) = ln(
√

sinh(x2)) and, therefore,

exp(χ (x2))→ √x2 asx2→ 0. Hence, from equations (5.3.17) and (5.4.16) we postulate that

P∆Z|Xε is of the form

P∆Z|Xε (x2; xε) ∼ F (x2)exp[Ψ (xε, xε)−Ψ (xε, xε+ x2)] (5.4.19)

whereF (x2) ∼ x2 for x2 ≪ 1, but whereF (x2) approaches a constant asx2→ ∞. We

examine these predictions in the next section.

5.5 Numerical investigations

Our analysis of the matrix contraction process has led us to consider a diffusive model

for the evolution of the singular values of the matrix. The predictions of this model are a

consequence of the fact that the diffusion process has an unusual combination of reflecting

and absorbing boundary conditions. The problem is too complex for a rigorous analysis to

be practicable and we have therefore used numerical simulations to test the predictions.
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5.5.1 A note on the numerical algorithms

To generate an ensemble of the random matrices, dÃAA, it is not actually necessary to compute

the velocity field. Instead, we note that the vectorsppp≡ (
φ11,φ22,φ12

)T andsss≡ (
ψ11,ψ22,ψ12

)T

havecovariance matrix

CCC = 〈pi p j〉 = 〈si sj〉 =



3 1 0

1 3 0

0 0 1


.

Therefore, ifξξξ =
(
ξ1, ξ2, ξ2

)T andηηη =
(
η1,η2,η2

)T are vectors whose elements are i.i.d. Gaus-

sian random variables with zero mean and unit variance andKKK is the square root of the

covariance matrix:

CCC1/2 =
1
√

2



√
2+1

√
2−1 0√

2−1
√

2+1 0

0 0
√

2



then the components of the random vectorsp̃pp≡CCC1/2ξξξ ands̃ss≡CCC1/2ηηη have the same statistics

as the field derivativesφi j andψi j .

We may therefore reproduce the required statistical behaviour of the stability matrices, d̃AAA,

simply by generating a pair of Gaussian random vectors (ξξξ,ηηη) at each timestep and, from

them, generating the vectorsp̃pp ands̃ss. This approach was used for the simulations in the non

degenerate case.

In the degenerate case trajectories of the notional particles were computed using the discrete

version of equations (5.4.12a) and (5.4.12b) :

rrrn+1 = rrrn+vvvnδt+
√

2DDDδt ηηηn (5.5.1)

whereDDD is as given in (5.4.14) and

rrrn =


x1 (tn)

x2 (tn)

 , vvvn =


4β2

2
(
1+β2

)
coth(x2 (tn))

 and ηηηn =


η1

η2

 (5.5.2)

with tn = nδt, whereδt a small time step, and where thenoiseterm,ηηηn, is a random vector

whose two components are independent Gaussian random variables, with mean zero and

unit variance.
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5.5.2 The p.d.f.PE

The results from simulations of the matrix contraction process, discussed in section (5.4),

are shown in figure (5.6). The numerically determined p.d.f.s are shown in red and the

theoretical distributions, given by equations (5.3.39), (5.4.10) and (5.4.11), are shown in

blue.
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Fig. 5.6 The p.d.f. of the matrix norm,PE for different values of the compressibility parameterβ.
Each plot shows a comparison between the theoretical p.d.f. of the matrix norm (shown in blue) and
the numerically determined p.d.f. of the matrix norm (shown in red). For 1> β > 1√

5
the predicted

form of the p.d.f. is a power law whilst for1√
5
> β > 0 the predicted form is a modified power law,

with logarithmic correction factors. In each case the numerical simulations give results which are in
excellent agreement with the theoretical predictions.

Plots (a) and (b) show results for the non-degenerate case, withβ = 0.8, andβ = 0.6, re-

spectively. In both cases the distribution is a simple power-law. Equation (5.4.10) predicts

the correct values ofγ: γ = −0.753 andγ = −0.385 respectively. Plots (c) and (d) show

results for the degenerate case, withβ = 0.35 andβ = 0.25 respectively. Equation (5.4.11)

correctly predicts thatγ = 0.363 andγ = 1.082 respectively. In each case, the p.d.f. ofE has

a factor[ln(1/ε)]−3/2. These results demonstrate the validity of our predictionsfor the form
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of PE and for the value ofγ, for both the non-degenerate case with 1/
√

5< β < 1, and the

degenerate case with 0< β < 1/
√

5.

5.5.3 The p.d.f. P∆Z|XE

Figure (5.7) shows the p.d.f.P∆Z|Xε (x2; xε), where∆Z = X2 = Z2−Z1 andXε = − lnE, for

a simulation of the degenerate case whereβ = 0.3, ε0 = 0.01 andXε = −10. Note that the

distribution peaks at∆Z ≈ 1.5 for whichν = λ2/λ1 ≈ exp(−1.5)≈ 0.2.

The plot also shows segments of two fitted curves: the straight line P∆Z|Xε (x2; xε) = c1x2

and the exponential tailP∆Z|X (x2; xε) = c2exp[Ψ (xε, xε)−Ψ(xε, xε− x2)], wherec1 and,c2

are constants. These are shown in black and blue respectively.

The results demonstrate that the form ofP∆Z|Xε (x2; xε) is consistent with equation (5.4.19):

for |x2/xε| ≪ 1 we haveP∆Z|Xε (x2; xε) ∼ x2 and for|x2/xε| ≫ 1 the p.d.f. has an exponential

tail.
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Fig. 5.7 The plot shows the numerically determined conditional p.d..f.P∆Z|Xε for β = 0.3, together
with the theoretically predicted forms for the density at small and large values of ∆Z. Since∆Z =
− lnν = − ln λ2

λ1
the plot illustrates the distribution of the ratio of singular values for a given value

of the norm,E. The p.d.f. has an exponential tail and when∆Z is small the p.d.f. is approximately
linear, consistent with the predictions made in section5.4.4.
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5.6 Conclusion

In this chapter we have investigated a stochastic process whose state is given by the prod-

uct of random matrices. Each factor in the matrix product is close to the identity and the

factors have diffusive fluctuations. Such processes occur naturally when examining the

evolving configuration of small constellations of particles in a chaotic dynamical system, or

constellations of points in the phase space of the system. The linear approximation to the

differential of the dynamical flow can be written as a product of stability matrices which, in

the case of a chaotic dynamical system, are random. The (Frobenius) norm,E, of the matrix

product is a measure of the size of a constellation, and our objective here was to understand

the distribution of this norm, when the constellations are small.

For the scalar version of this problem the distribution of the norm,E, is always a power-law.

However for the matrix version of the process we showed that the distribution is a modified

power law of the form

PE (ε) ∼ εγ[
ln

(
1
ε

)]µ as ε→ 0 (5.6.1)

whereµ is either 0 or32. The value ofµ that applies depends on the location of the stationary

point of a large deviation rate function,Ψ, with µ changing discontinuously as the stationary

point passes from the interior to the exterior of a physically accessible region. For the

random advective flow model we were able to derive an expression for γ in terms of the

compressibility parameter of the flow,β, and we showed that the discontinuous transition in

the exponentµ occurs at the critical valueβc =
1√
5
.

During the evolution of a chaotic dynamical system the particles, or phase points, repeatedly

separate and accumulate. As the particles separate the linear approximations to the dynamics

eventually break down and when they accumulate they do so in amanner unrelated to any

earlier configuration. To reflect this behaviour the stochastic process studied here includes

a resetting mechanism, in which the state of the process is re-set to a multiple of the identity

whenever the norm exceeds an upper limit.

In a more realistic model of the dynamics of a chaotic system we would re-initialize the

matrix contraction process to arandommatrix value. This is considered in the next chapter,

where, for a particular dynamical system, we relate the distribution of the norm to a fractal

dimension of the attractor of the dynamical system.



Chapter 6

The Rényi dimension D3 and PE

.... the true logic for this world is the calculus of probabilities.

James Clerk Maxwell

The structure of a strange attractor of a chaotic dynamical system can be understood as the

result of the stretching, squeezing and folding of volume elements of phase space during the

evolution of the system [37]. These dynamical processes can bring trajectories into close

proximity and can give an attractor a Cantor-set-like structure. We expect the size and shape

statistics of triangular constellations to be related to the resultant clustering of trajectories.

In particular, recalling from section (2.2.3) that D3, the Rényi dimension of order 3, can

be expressed in terms of the 3-point correlation sum,C3(N, ε), it follows thatD3 is related

to the clustering oftriples of points or, equivalently, to the probability of finding pairs of

points in anε-ball centred on a reference point. We therefore expectD3 to be related to

the distribution of thesize, ε, of triangular constellations. In this chapter we examine this

relationship. We use a modified version of the matrix contraction process, considered in

Chapter 5, to model the dynamical processes giving rise to an attractor. This chapter is

based on the manuscript [67].
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6.1 A random matrix model for constellation dynamics

6.1.1 Squeezing, stretching and folding

Figure (6.1) shows plots of a small area of the fractal shown in the introduction, in figure

(1.1), at some timest0, t1 = t0+δt, t2 = t0+2δt, · · · t5, whereδt is a small time interval. As

the particles, shown in red, are advected along their individual trajectories by the random

flow, the lines and filaments, formed by clusters of particles, are squeezed, stretched and

folded. Each plot also shows the same reference particle,P0, and the same two, randomly

chosen, companion particles,P1 andP2, in black green and blue respectively. The three

particles can be considered to be at the vertices of a small triangular constellation, and as

the system evolves the triangle is deformed.

(a) (b) (c)

(d) (e) (f)

Fig. 6.1The plots in this figure show a small region of the fractal distribution of particlesin figure
(1.1) of chapter 1, at successive timest0, t0+ δt, t0+2δt, · · · , whereδt is a small time increment. The
filaments formed by the particles are stretched, squeezed and folded as thesystem evolves. The
plots also show the evolution of a small triangular constellation of particles. Theparticle shown in
black is thereferenceparticle for the triangle and the circle centred on it shows the region within
which we may treat the dynamics of the constellation by using a linearized approximation to the
flow. In plot (c) the linear approximation breaks down. In plot (f) the particles return to proximity,
in a configuation which is uncorrelated with that in plot (c).

At any time t the size and shape of the constellation is defined by aconfiguration matrix,

LLL ≡ [δrrr1, δrrr2], whose columns are the relative displacements of the vertices P1 and P2,
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with respect to the reference particle,P0. Whilst the two companion particles lie within

a small disk centred onP0 their relative displacements, with respect toP0, can be described

adequately by a linearized equation of motion, but this linear approximation does not hold

for particles lying outside the small disk. Therefore, if the vertices remain inside the disk

between timest andt+ δt we haveLLL (t+δt) ≈ SSS(t)LLL (t) whereSSS(t) is somestability matrix

for the system. Hence, if the three particles were inside thedisk at some initial time,t = 0

say, andremainedin the disk until some later timet, then iterating this relation at the times

tr = rδt, r = 1,2,3, · · · ,n wheren= int (t/δt), we have

LLL (t) ≈


n∏

r=1

SSS (tr )

LLL0 ≡ MMM (t)LLL0 (6.1.1)

whereLLL0 is the initial configuration, att = 0. Note that the matrixMMM(t), which is a product

of stability matrices, corresponds to thedeformationmatrix, introduced in section (2.1.3)

In the case of a chaotic dynamical system the separations of particles eventually grows

exponentially fast and, after a finite time, the linearization approximation breaks down. This

occurs in plot (c) of the figure, and persists for the two following timesteps.At a later time

the dynamics brings the particles into proximity again (seeplot (f) ), and when this occurs

the configuration of the constellation is uncorrelated withthat at the time the linearization

approximation failed.

6.1.2 The matrix model of the dynamics

We are interested in the structure of dense accumulations ofphase points, for which equation

(6.1.1) provides an adequate description of the dynamics. To understand these we shall

adopt a random matrix model of the dynamics, proceeding as follows. We choose an initial

configuration matrixLLL0 from some ensemble and then calculate the configuration matrix,

LLL (t), by multiplyingLLL0 by a deformation matrixMMM (t). The deformation matrix is generated

from a product of random stability matrices whose statistics are specific to the dynamical

system at hand. We then evaluate the Frobenius norm ofLLL(t)

E [LLL(t)] =
√

tr
[
LLLT (t)LLL (t)

]
=

√
δrrr2

1+δrrr
2
2. (6.1.2)



122 The Rényi dimensionD3 and PE

If this norm exceeds some predetermined value,εmax, we interpret this as the breakdown

of the linear approximation and reset the iteration by replacing LLL(t) with a new, randomly

chosen,LLL0.

This model is variant of the matrix contraction process, examined in Chapter 5. In this

case the initial configuration, and the configuration when reset, is arandommatrix instead

of a multiple of the identity (see section (5.1.2) ). This randomness is important for two

reasons. First, it is a more accurate model of the dynamics. It reflects the fact that, for a

randomly chosen pair of points in anε-ball centred on a reference point, the initial configu-

ration matrix is random. Also whenever the process is re-setthe configuration matrix, being

uncorrelated with its value prior to re-setting, is again random. Second, this randomness

can generate triangular constellations which are very nearly degenerateand whose axis is

aligned with a direction along which contraction is taking place. We will see that, under

certain circumstances, this mechanism, i.e. alignment of nearly degenerate triangles along

a direction of contraction, is an important mechanism for generating very small triangular

constellations. The randomness of the initial and configuration and the configuration when

re-set is an essential feature of any reasonable model of a random dynamical system. It will

soon be apparent that it creates considerable complications.

6.2 Deformation of triangular constellations

6.2.1 The geometry of constellations

Figure (6.2), repeated here from Chapter 3 for convenience, shows the configuration of a

typical constellation at some timet:
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x1

x2

P0

φ
χ

P1P2

Qxℓ

yℓ

eee1 (χ)
eee2 (χ)eee1 (χ+φ)

eee2 (χ+φ)

Fig. 6.2The configuration of a triangular constellation can be specified using the lengths, angles and
unit basis vectors shown in the figure (c.f. figure (3.3)).

The corresponding 2×2 configuration matrix is :

L = [δrrr1, δrrr2] =


δx1 δx2

δy1 δy2

 . (6.2.1)

This can be factored into a form which emphasizes the size, orientation and shape of the

triangle:

L = ℓ RRR(χ)


1 x

0 y

 ≡ ℓ RRR(χ)HHH (6.2.2)

whereℓ is the length of the base,P0P1, and wherex andy are, respectively, theratiosof the

lengthsP0Q andQP2 to that of the base. We shall refer tox as thebase ratioand toy as the

altitude ratio and since the matrixHHH essentially defines the shape of the triangle we shall

refer to it as theshape matrixof the constellation.RRR(χ) is the rotation matrix

RRR(χ) =


cosχ −sinχ

sinχ cosχ

 . (6.2.3)

Note that in a chaotic dynamical systemℓ, x andy andχ are time-dependent random vari-

ables and, therefore,HHH andRRR are time-dependent random matrices.

The size and shape of the triangle are independent of the orientation angle,χ, and they are

invariant under rotation. Therefore, any size and shapeparameterswhich we use to describe

the triangle must depend only on the rotational invariants of the configuration matrix. These

are the determinant, det[LLL], the scalar product of the displacement vectors,δrrr1 ·δrrr2 and the

trace of the the symmetric matrixLLLTLLL. The size of a constellation is given by the Frobenius
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norm ofLLL:

E (LLL) =
√

tr(LLL
T
LLL) (6.2.4)

In terms of the length of the baseℓ, and the ratiosx andy, then at timet the size parameter,

E, is

E = ℓ
√

1+ x2+y2. (6.2.5)

Initially, and whenever re-set, the configuration of the constellation is given by a configura-

tion matrix of the form

L0 = ℓ0 RRR
(
χ0

)
1 x0

0 y0

 ≡ ℓ0 RRR
(
χ0

)
HHH0 (6.2.6)

for some random rotation angle,χ0, and random variables,ℓ0, x0 andy0. The values ofχ0,

ℓ0, x0 andy0 are different each time the process is re-set and, each time, the corresponding

initial values of the size parameter is1

ε0 = ℓ0

√
1+ x2

0+y2
0. (6.2.7)

Note that the matrix contraction process considered in Chapter 5 is reproduced by setting

ℓ0 = ε0/
√

2, χ0 = 0, so thatRRR
(
χ0

)
= III 2×2, and x0 = 0, y0 = 1, so thatHHH

(
χ0

)
= III 2×2 and

by setting the maximum permissible value of the norm,εmax, to unity. Henceforth in this

chapter we shall assume thatℓ0 = ε0/
√

2 and thatεmax= 1, butχ0, x0 andy0 will remain

random.

Our objective is to understand the p.d.f. of the parameterE and, for constellations in the

strange attractor of a dynamical system, to relate this to the fractal dimension,D3, of the

attractor.

6.2.2 Singular value decomposition of linearised map

To determine the distribution ofE we must consider how it is transformed by the dynamics

of the system.

The linearised approximation given by equation (6.1.1) is valid only when the separation of

trajectories is sufficiently small. Whilst it holds the configuration of the systemis given in

1Note that here we have an unfortunate abuse of standard notation. The length ratiosx andy and their
initial valuesx0 andy0 arerandomvariables, as is the size parameterE and its initial value,E0.
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terms of an initial state and a deformation matrix,MMM (t), which captures the dynamics of the

system. Following the approach taken in earlier chapters, we shall express these dynamics

using the s.v.d. of the deformation matrix. This is

M (t) = R(θ1)ΛΛΛR(θ2) ≡ R1ΛΛΛR2 (6.2.8)

whereΛΛΛ = diag(λ1,λ2) andRRR1 andRRR2 are rotation matrices, with rotation anglesθ1, θ2 re-

spectively. For a chaotic dynamical system, the singular valuesλ1,λ2 and the rotation angles

θ1, θ2 are real, time-dependent random variables.

Whenever the displacement matrix is re-set to a random value the dynamics resumes, ac-

cording to thesameequations of motion. We therefore regard the deformation matrices,

M (t), as being drawn from astationaryensemble.

6.2.3 Transformation of the size parameter

The initial configuration, or state, of the constellation isdefined by the length,ε0, an orien-

tation angle,χ0, and a shape matrix,HHH0. The angle and the matrix are each chosen from

statistical ensembles. In effect, the deformation matrixMMM(t) transformsthis initial state into

a current state, given by equation (6.2.2). Using the s.v.d. ofMMM (t) the current state,LLL (t),

can be written as

LLL (t) =
ε0√

2
RRR1ΛΛΛRRRHHH0 (6.2.9)

where the rotation matrix,RRR, with no subscript, is

RRR≡


cos
(
θ2+χ0

)
−sin

(
θ2+χ0

)

sin
(
θ2+χ0

)
cos

(
θ2+χ0

)
 ≡


c −s

s c



with c≡ cos
(
θ2+χ0

)
ands≡ sin

(
θ2+χ0

)
. Note that, via the anglesθ2 andχ0 respectively,

RRRdepends on both the dynamics and the initial state of the system.

Introducing scaledsingular values2 λ̃i =
(
ε0/
√

2
)
λi , i = 1,2, and the random variables

c1 ≡ cos(θ1), s1 ≡ sin(θ1), p ≡ x0c− y0s and q ≡ x0s+ y0c, then equation (6.2.9) can be

written as

LLL (t) ≡

λ̃1c1c− λ̃2s1s λ̃1c1p− λ̃2s1q

λ̃1s1c+ λ̃2s1s λ̃1s1p+ λ̃2c1q

 . (6.2.10)

2c.f. Section (5.2)



126 The Rényi dimensionD3 and PE

Therefore, det[LLL] = λ̃1λ̃2 (cp− sq) = λ̃1λ̃2y0, and the relative displacements of particlesP1

andP2 from the reference particleP0 are, respectively,

δrrr1 (t) =


λ̃1c1c− λ̃2s1s

λ̃1s1c+ λ̃2s1s

 and δrrr2 (t) =


λ̃1c1p− λ̃2s1q

λ̃1s1p+ λ̃2c1q

 .

Hence, from equation (6.2.4), the norm is

E (t) =
√
λ̃2

1

[
c2+ p2]+ λ̃2

2

[
s2+q2], (6.2.11)

Introducing the random variables U2
1 ≡ c2+ p2 and U2

2 ≡ s2+q2 then the expression for the

norm can be written as

E (t) =
√
λ̃2

1U2
1+ λ̃

2
2U2

2. (6.2.12)

TheUi depend on the initial conditions and the rotation angleθ2, but are independent of the

singular values. We also note that if the initial shape matrix, HHH0, is the identity matrix then

x0 = 0 andy0 = 1 and

U2
1 = c2+ p2 = cos2 (θ2+χ0)+

[
x0cos(θ2+χ0)−y0sin(θ2+χ0)

]2
= 1

and, similarly,U2 = 1, so that theUi are not random, in this case.

From equation (6.2.12) we can see that in contrast to the situation in Chapter 5, now,via the

random variablesU1 andU2, the norm depends on the initial shape and orientation of the

constellation, and on the rotation angleθ2. The initial shape and orientation parameters are

fixed during any particularrun or cycle of the process, butθ2 varies with time. Therefore,

to achieve our objective of determining the p.d.f. ofE, we shall need some knowledge of

the joint p.d.f. of theUi and theλi. Fortunately, in section (6.3), we shall see that some

simplification is possible.

6.2.4 Making small triangles

We are interested in the form of the p.d.f. of the norm,E, when the norm is very small.

It is therefore informative to consider the mechanisms which can give rise to very small

triangles.
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During the evolution of the system we expect thatν ≡ λ2/λ1 = λ̃2/λ̃1≪ 1 therefore, from

equation (6.2.12), we see that if̃λ1≪ 1 (andλ̃2≪ 1) then the norm is small3. This case

arises when the differential of the dynamical map is contracting in the region ofthe phase

space containing the triangle. The triangle is then squeezed in two directions, given by

the eigenvectors of the deformation matrix; this is theusualmechanism for creating small

triangles.

From equation (6.2.12) we can also see that even ifλ1 is not particularly small thenE can

be smallprovided that U1 is small. This requires the coincidence of two special circum-

stances. First, thatinitially the triangle is nearlydegenerate, so that the vertices are nearly

aligned along some axis. In this casey0 is very small andU1 ≈ x0cos(θ2+χ0). The sec-

ond condition is that the triangle remains very flat until a time whenθ2 takes a value for

which cos(θ2+χ0) ≈ 0. The interpretation of this condition is that the triangleremains near-

degenerate and becomes aligned with the principal direction of contraction. This direction

is orthogonal to the left eigenvector associated with the largest singular value,λ1. Although

this double coincidence is a rare event it allows the production of a small triangle even when

largest singular value,̃λ1 is not very small. In some cases this mechanism, of squeezinga

nearly degenerate triangle along its axis, may be the most probable route to making a very

small triangle.

We expect the properties of the configuration matrix,LLL(t), to be largely determined by the

dynamics of the system, and therefore insensitive to most aspects of the ensemble from

which the initial state,LLL0, is drawn. However, because the second mechanism for making

small triangles depends upon starting with a flat triangle, with a very small value ofy0,

the distribution of thealtitude ratio, y0, is likely to be important. A reasonable model for

probability density ofy0 is that it is uniform in the vicinity ofy0 = 0.

6.3 Application to the random flow model

It is not possible to examine the relationship betweenD3, the Rényi dimension of order

3, and the p.d.f.,PE, of the norm of the matrix processLLL(t) (i.e. the size of triangular

constellations) for a general random dynamical system. We will therefore examine this

relationship for the random flow model introduced in section(2.4).

3Note that since we are assuming that the base of the triangle is the longest side, we have
√

x2
0+y2

0 ≤ 1

thereforeU2
1 andU2

2 are bounded above by 1+
√

x2
0+y2

0 ≤ 2, and thereforeUi ≤
√

2
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6.3.1 The p.d.f. PZZZ

From equation (6.2.12) we see that the norm,E(t), depends on the singular values,λi, of the

deformation matrix,MMM(t), and the random variablesU1,U2 (which depend on the variables

x0,y0 andχ0 in the shape matrixHHH0). Therefore, to determinePE, the p.d.f. of the norm, we

will require the p.d.f.s of these variables.

From sections (5.2.1) and (5.2.2) of Chapter 5 we know that the logarithmic variables

Z1 = − ln λ̃1 and Z2 = − ln λ̃2 (6.3.1)

undergo an advection-diffusion process, with drift velocity and diffusion tensor given, re-

spectively, by

vvv=


β2−1

(1+3β2)

 , DDD =
1
2


(1+3β2), (β2−1)

(β2−1), (1+3β2)

 . (6.3.2)

The joint p.d.f.4, PZZZ (zzz), for reaching the pointzzz≡ (z1,z2) can be expressed in the large-

deviation form:

PZZZ (zzz) ∼ g(zzz)exp[−Ψ (zzz)] (6.3.3)

where the rate function, or entropy function,Ψ (zzz), is given by

ΨZZZ(zzz) =
1
2

[√
zzz ·DDD−1zzz

√
vvv ·DDD−1vvv−zzz·D−1vvv

]
(6.3.4)

and the pre-exponential factor is

g(zzz) =
1

[
zzz·DDD−1zzz

]1/4 . (6.3.5)

For the drift velocity and diffusion tensor given in equation (6.3.2) we have

Ψ(z1,z2) = c
√

a
(
z2
1+z2

2

)
−2bz1z2−z2 (6.3.6)

where

a= 1+3β2, b= β2−1 and c=

√
a

a2−b2
.

4Note that this isnot the p.d.f. of the flatness parameter, which is denoted byPZ
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In principle we can use the p.d.f.PZZZ (zzz) to determine the p.d.f.PE for the random flow model.

However the randomness of the initial configuration must also be taken into account. We

consider this in the next section.

6.3.2 The p.d.f. PE

As in section (5.3.1) of Chapter 5, we shall use the p.d.f. of the random variableXε ≡ − lnE
to calculate the p.d.f. ofE. In terms of the logarithmic variables,Zi, from equation (6.2.12),

we have

E2 (t) = e−2Z1U2
1+e−2Z2U2

2. (6.3.7)

Now, letWWW= (W1,W2), whereW1 ≡ − lnU1 andW2 ≡ − lnU1, then

E2 (t) = e− 2(Z1+W1)
[
1+e− 2(Z2−Z1)×e− 2(W2−W1)

]

so that the random variableXε is given by

Xε ≡ h(ZZZ,WWW) = Z1+W1−
1
2
× ln

[
1+e−2(Z2−Z1) e−2(W2−W1)

]
. (6.3.8)

The p.d.f. ofXε can be defined by

PXε (xε) = 〈δ [Xε−h(ZZZ,WWW)]〉 .

To calculate this expectation value we require the joint p.d.f. of ZZZ andWWW. Since theλi and

theUi are independent random variables,ZZZ andWWW are also independent random variables

and their joint p.d.f. factorizes. We therefore have

PXε (xε) =
∫ ∞

z2=z1

∫ ∞

z1=0

∫ ∞

w2=ω

∫ ∞

w1=ω

dz2dz1dw2dw1 δ [xε−h(zzz,www)] PZZZ (zzz) PWWW (www) .

Note that since the maximum value ofU1 andU2 is
√

2 the lower limit on the integrals with

respect tow1 andw2 isω ≡ − ln
√

2.

Now, sinceZ2 ≥ Z1, we expect the last term in equation (6.3.8) to be small, and if we have

exp[−2(Z2−Z1)] ×exp[−2(W2−W1)] ≪ 1 then we can neglect this term, giving

PXε (xε) ≈
∫ ∞

z2=z1

∫ ∞

z1=0

∫ ∞

w2=ω

∫ ∞

w1=ω

dz2dz1dw2dw1 δ [xε−w1−z1] PZZZ (zzz) PWWW (www) .
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The sifting property of the delta function selects the valuez1 = xε −w1 in the integral with

respect toz1. Also, sincew2 appears in the integrand only in the joint p.d.f.PWWW (w1,w2), we

may integrate out thew2 dependence leaving the marginal densityPW1 (w1). Hence

PXε (xε) ≈
∫ ∞

ω

∫ ∞

z2=xε−w1

dw1dz2 PZZZ (xε−w1,z2) PW1 (w1) (6.3.9)

Since we havePZZZ (zzz) in the large deviation form given in equation (6.3.3) then, in principle,

if we can determinePW1 (w1) in an exponential form we may apply Laplace’s method to

give an approximate asymptotic expression forPXε (xε).

The p.d.f. of W1, PW1

We know that the form of a p.d.f. determined by Laplace’s method depends on the location

of the stationary point of the exponent in the integrand. From equation (6.3.9), we can see

that if the integrand has a maximum atw1 = 0 and we can approximate the p.d.f. ofW1

by a delta function,PW1 (w1) = δ (w1), thenPXε reduces, precisely, to the form considered

in Chapter 5. Such an approximation is plausible because the distribution of the singular

values can be expected to be much broader than that of the other random variables and,

for the matrix contraction process considered in Chapter 5,W1 is not random, but vanishes

identically. However in the more general case, where the integrand in (6.3.9) has a maximum

for a non-zero value ofw1, we need to determine the form ofPW1 (w1) in order to produce

an approximation forPXε. We can do this using the following geometrical argument which

is illustrated in figure (6.3).

By definitionU2
1 = c2+ p2, wherep=

[
x0c−y0s

]
with c= cos

(
θ2+χ0

)
ands= sin

(
θ2+χ0

)
.

We can writep= ksin
(
θ2+χ0−α

)
, wherek≡

√
x2

0+y2
0 and tanα = x0/y0, and since we

havex2
0+ y2

0 ≤ 1 it follows thatk ≤ 1. We can therefore interpretU1 as being the distance

from the origin to a point on an ellipse, with Cartesian coordinates(c, p) (see for example

plots (b), (c) or (d) ). The ellipse lies in the squareS ≡ {(c, p) : −1≤ c≤ 1, −1≤ p≤ 1} in

the(c, p) plane.

During any particular run of the advection-diffusion process, the variablesx0, y0 andχ0

are fixed by the shape matrix, i.e. by the initial shape and orientation of the triangular con-

stellation. These, in turn, fix the orientation and eccentricity of the ellipse and the starting

position of the point (c, p), for that run of the process. The point then moves on the ellipse
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as the angleθ2 varies in time. Consequently the value of the length of the radius vector, i.e.

the distanceU1, fluctuates with time, due to the fluctuations in the angleθ2.

This situation is illustrated in plots (a)-(e); these show the ellipseU2
1 = c2+ p2, for five

different runs of the process. In each case the ellipse lies in thesquareS in the(c, p) plane,

Plot (f) shows the ensemble of ellipses superimposed.

(a) (b) (c)

(d) (e) (f)

Fig. 6.3The random variableU1 can be interpreted as the length of the position vector of a variable
point which lies on an ellipse, which sits inside the square [−1,1]× [−1,1]. The orientation and
eccentricity of the ellipse are determined by the initial configuration of the triangular constellation.
The variable point moves at random on the ellipse as the system evolves. The initial position of the
variable point is determined by the initial orientation of the constellation and subsequent positions
depend on the value of the second singular value decomposition rotation angle, θ2. In a large number
of runs of the process an ensemble of ellipses cover the unit disc uniformly, so that for any disc
of radiusu < 1, such as that shown in blue, the probability that the representative pointlies in the
interior of this disk is proportional to the area of the disc, i.e. tou2. Hence, foru< 1 the cumulative
distribution functionFU1(u) ∼ u2 from which we deduce that, foru< 1, the p.d.f.PU1(u) ∼ u.

In plot (a) x0 = 0 andy0 = 1, corresponding to the inital shape matrixHHH0 = III . In this case

U1 = 1 for all θ2, and the ellipse is a circle. In plot (b) x0 = 0.25 andy0 = 0.75, in plot (c)

x0 = 0.5 andy0 = 0.5 and in plot (d) x0 = 0.75 andy0 = 0.25. In plot (e) x0 = 1.0 andy0 = 0.0

and the ellipse is degenerate, i.e. a straight line.

Each radius vector in plots (a) - (e) shows the position of the point(c, p) at some arbitrary

time during the particular run of the process; the length of this vector is equal toU1. The

(blue) disk shown in each plot has some radiusu1 < 1. Where points on an ellipse lie in the

interior of the disk we haveU1 < u1. Plot (f) shows the ensemble of ellipses, corresponding
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to all five runs of the process; note that a number of ellipses contain points interior to the

disk. In a large number of runs of the process the ensemble of ellipses will cover the unit

disk uniformly, because of the randomness of the initial conditions. Therefore, for any given

u1 < 1 we expect that the probability that a point(c, p) lies inside a disk of radiusu1 to be

proportional to the area of the disk, i.e. tou2
1. Hence, the cumulative probability distribution

of U1 is of the formFU1 (u1) ∼ u2
1, for u1 < 1. We therefore conclude that, foru1 < 1, the

p.d.f. ofU1 is given by

PU1 (u1) = F′U1
(u1) ∼ u1 (6.3.10)

and, from the change of variable rule, the p.d.f. ofW1 = − lnU1 is given by

PW1

(
w1

)
=

[
PU1

(
u1

)
∣∣∣∣∣∣
du1

dw1

∣∣∣∣∣∣

]

u1=e−w1

∼ e−2w1 . (6.3.11)

When 1< U1 ≤
√

2 the point(c, p) lies outside the unit disk (i.e. the point lies outside

the red circle in plot (f), but inside the square). In this case there is no simple geometrical

argument that we can use to determine the form of the p.d.f. ofU1. However, from the above

discussion, it seems plausible to assume that the behaviourof the system is dominated by

cases for whichU1 ≤ 1. We shall therefore make this assumption and, correspondingly, in

equation (6.3.9) we shall setω = 0 .

Continuing with the calculation ofPXε, substituting (6.3.3) and (6.3.11) into (6.3.9) gives

PXε (xε) ∼
∫ ∞

w1=0

∫ ∞

z2=xε−w1

dw1dz2 g(xε−w1,z2)×exp[− Φ (xε−w1,z2,w1)] (6.3.12)

where

Φ (z1,z2,w1) ≡ Ψ (z1,z2)+2w1 (6.3.13)

and the pre-exponential factor is given by equation (6.3.5). Now applying Laplace’s method

to estimate the integral gives an estimate forPXε (xε) of the form

PXε (xε) ∼ Γ (xε)g∗ (xε)×exp
[− Φ∗ (xε)

]
(6.3.14)

whereΓ (xε) is a Gaussian integral and the exponent,Φ∗ (xε), is the solution of thecon-

strainedminimization problem:

Φ∗ (xε) ≡min{Φ (z1,z2,w1) : w1 ≥ 0, z1 ≥ 0, z2 ≥ z1, z1+w1 = xε} . (6.3.15)
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The pre-exponential factorg∗ (xε) is the value of the functiong, defined by equation (6.3.5),

at the constrained stationary point ofΦ. To leading order inxε, we can write

Γ (xε)g∗ (xε) ∼ x− µε (6.3.16)

for some parameterµ whose value depends on the position of the stationary point.

The minima Φ∗ (xε)

Typically, the critical points of a constrained optimization problem occur on the boundary

defined by the constraints, and we shall assume that is the case here5. On inspection of the

constraints we see that a stationary point on the boundary satisfies either:(i) w1 > 0, z2 = xε,

z1 = xε −w1 or (ii) w1 = 0, z2 = xε, z1 = xε −w1, or (iii) w1 = 0, z2 > xε, z1 = xε −w1. We

shall discuss each case in turn and, for each, we shall consider the corresponding form of

the pre-exponential factor and the p.d.f.PXε (ε).

In case (i)the functionΦ (z1,z2.w1) can be written as

Φ (z1,z2,w1) = Ψ (z1, xε)+2(xε−z1) = xε
[
f (ζ)− ζ +1

] ≡ xεℓ (ζ) (6.3.17)

whereζ ≡ z1/xε and f (ζ) = c
√

a
(
1+ ζ2)−2bζ−ζ with a, b andc as given in section (6.3.1).

Therefore

Φ∗ (xε) = ℓ
(
ζ∗

)
xε (6.3.18)

whereℓ ′ (ζ∗) = 0, whereζ∗ is the positive root of the quadratic equation

(
ζ∗

)2−2

(
b
a

)
ζ∗−


a
(
4a2−5b2

)

4b2−3a2

 = 0.

We find ζ∗ = b/a+ 2
(
a2−b2

)
/(ar) wherer ≡

√
4b2−3a2 =

√
1−26β2−23β4, provided

the square root is real, and writingζ∗ = p+q, wherep = b/a andq = 2
(
a2−b2

)
/(ar) we

find

ℓ
(
ζ∗

)
= c

√
a
(
1+ p2+q2)+2q(ap−b)−2bp−2(p+q)+1=

a−2b+ r
a

which, in terms ofβ is

ℓ
(
ζ∗

)
=

3+β2+
√

1−26β2−23β4

1+3β2
. (6.3.19)

5This assumption is indeed confirmed by a simple linear searchcomputer program.
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The pre-exponential factor,g∗ (xε), has the asymptotic form 1/
√

xε asxε→∞ and, on the

boundaryz1 = xε, we find∂2Φ/∂w2
1 ∼ (xε)−1, so that the Gaussian integral with respect to

w1 gives a factor asymptotic to
√

xε. The asymptoticxε-dependence of these factors cancel,

so thatµ = 0.

So, when the minimum ofΦ (z1,z2,w1) occurs at a point(z1,z2,w1) =
(
xε−w∗1, xε,w

∗
1

)
, with

w∗1 > 0, thenΦ∗ = xεℓ (ζ∗), with ℓ (ζ∗) given by equation (6.3.17) and sincez2 > z1 at the

stationary point,PE is a simple power law:

PE (ε) ∼ εℓ(ζ∗)−1. (6.3.20)

This case applies if 0< β < 1/
√

29.

In cases (ii) and (iii), at the minimumw1 = 0, so that these are in fact the cases treated in

Chapter 5. In both cases we have

Φ (z1,z2,w1) = Φ (xε,z2,0) = Ψ (xε,z2) = xεΨ (1,η) ≡ xε f (η)

whereη ≡ z2/xε and the functionf is as given above in case (i). Therefore in each case we

have

Φ∗ (xε) = f
(
η∗

)
xε (6.3.21)

whereη∗ is the value ofη at which f has a minimum. Equations (6.3.14) and (6.3.16) shows

that the p.d.f. ofXε is of the form

PXE (xε) ∼ x− µε ×exp
[− f (η∗)xε

]
,

so that the p.d.f. ofE is of the form

PE (ε) ∼ εγ

[ln (1/ε)]µ
(6.3.22)

for some parametersγ andµ. The exponentγ is given byγ ≡ f (η∗)−1 and the exponent of

the logarithmic term,µ, depends on the nature of the minimum. In anon-degeneratecase,

wherez2 > z1 at the minimum, thenµ = 0 and in adegeneratecase, wherez2 = z1 at the

minimum,µ = 3/2. These values apply here since the minimum ofΦ (z1,z2,w1) occurs at a

point where the fluctuations ofW1 can be neglected, that is atW1 = 0.6

6Note that this corresponds to the conditionU1 = 1, which holds if the initial shape matrix of the triangle
is HHH0 = III .
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In case (ii) z2 = z1 = xε at the minimum, so that this case is degenerate. We find

f
(
η∗

)
=

√
1+3β2

2β2
−1 (6.3.23)

andPE is a modified power law of the form (6.3.22) with γ = f (η∗)−1 andµ = 3/2. This

degenerate case applies for 1/
√

29< β < 1/
√

5.

In case (iii)z2 > z1 at the minimum, so that this case is non degenerate. We find

f
(
η∗

)
=

2(1−β2)

1+3β2
(6.3.24)

and PE is a simple power law, of the form (6.3.22) with γ = f (η∗)− 1 andµ = 0. This

non-degenerate case applies for 1/
√

5< β < 1.

6.3.3 The Rényi dimensionD3

The distribution of small triangles is related toD3, the Rényi dimension of order 3. This

fractal dimension can be defined in terms of the mean square number of particles〈N2(ε)〉
in anε disc, centred on a reference particle. From equation (2.2.8) we have

2D3 = lim
ε→0

[
ln〈N2(ε)〉

lnε

]
(6.3.25)

Now, 〈N2(ε)〉 is proportional to the cumulative probability forthree points to be found

inside anε disc, and is therefore proportional to thecumulative distribution functionof E.

Therefore in non-degenerate cases, whereµ = 0 and the leading asymptotic behaviour ofPE
is a simple power-law, equations (6.3.22) and (6.3.25) imply that 2D3 = f (η∗) = γ+1 so that

PE (ε) ∼ ε2D3−1 (6.3.26)
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In the degenerate case, wherePE (ε) ∼ εγ

[ln (1/ε)]3/2
, we have7

〈N2(ε)〉 ∼
∫ ε

0
dr PE (r)

∼ 2
√

ln (1/ε)

[
εγ+1−

√
π (γ+1) ln(1/ε)

{
1−erf

( √
(γ+1) ln(1/ε)

)}]

→ εγ+1

(γ+1) [ln(1/ε)]3/2
, as ε→ 0, (6.3.27)

which is the same result as would be obtained simply by treating the logarithmic factor

as a constant. Therefore in the degenerate case from (6.3.25) and (6.3.27) it follows that

2D3 = f (η∗) = γ+1. Hence, for the turbulent flow model we find that the third Renyi di-

mension,D3, as a function of the compressibility parameter,β, is

D3 =



3+β2+
√

1−26β2−23β4

2(1+3β2)
0≤ β ≤ 1

√
29

1
2



√
1+3β2

2β2
−1


1
√

29
≤ β ≤ 1

√
5

1−β2

1+3β2

1
√

5
≤ β ≤ 1

(6.3.28)

These results are equivalent to those given in [2].

6.3.4 Numerical investigation of PE

Figure (6.4) shows log-log plots of the numerically determined p.d.f.,PE, for the three

different non-trivial asymptotic regimes discussed in section(6.3), together with the corre-

sponding theoretical distributions. The numerical results have been determined using the

random matrix model of section (6.1.2).

7The integral and the limiting value given in equation (6.3.27) were obtained using the Maple® computer
algebra system.
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Fig. 6.4The plot shows the theoretical and numerically determined p.d.f.s of the matrix norm, PE,
for β = 1

8, 1
3 and 2

3. In each case the numerical simulations give results which are in good agreement
with the theoretical predictions. Note that, in contrast to the corresponding results shown in figure
(5.6), here the plots obtained from the numerical simulations do not have a cusp,because of the
variability in the initial conditions.

Note that, in contrast to the plots ofPE given in Chapter 5, the curves here do not have

a cusp because here the process is reset to a random matrix. For β = 1/8 the predicted

asymptotic form ofPE is a simple power-law, shown by the solid red straight line. The

exponent, predicted by (6.3.20), is f (η∗)−1= 2.613 (to 3 dec. pl.). Forβ= 1/3 the predicted

asymptotic form ofPE contains a logarithmic correction to a power-law, and is shown by

the solid green curve. The exponent, predicted by (6.3.23) is f (η∗)−1 = 0.449 (to 3 dec.

pl.). Forβ = 2
3 the predicted fom ofPE is once again a simple power-law, shown by a solid

blue line. Equation (6.3.24) gives the exponentf (η∗)−1 = −0.524 (to 3 dec. pl.). These

results are clearly in excellent agreement with the analysis carried out in section (6.3).





Chapter 7

Conclusions

“No book can ever be finished. While working on it we learn just enough

to find it immature the moment we turn away from it.

Karl Popper

7.1 Review and critique of the main results

The broad aim of the research undertaken for this thesis has been to examine the possibility

of characterizing the local structure of fractal sets by using ‘statistical geometry’ - the statis-

tics of the size and shape of small constellations of points sampling the fractal. A second

aim was to develop the techniques that such an approach, if feasible, would entail. We have

focused on the two-dimensional case and have characterizedthe geometry of triangular con-

stellations using the scaled radius of gyration,R, and a flatness parameter,Z ∼A/R2, where

A is the area of the triangle. We have given an interpretation of Z in terms of ashape space,

the Kendall sphere.

In our early numerical simulations ofPZ (z), the p.d.f. of the flatness parameterZ (defined

in equation (3.1.5) ), for constellations in fractal sets arising from a compressible chaotic

flow, we found thatPZ(z) undergoes a phase transition as the compressibility parameter of

the flow is varied through a critical valueβc. This result is, to our knowledge, the first

significant finding in this field. We found that belowβc the p.d.f. ofZ is approximately

independent of the compressibility and aboveβc the p.d.f. ofZ has the power-law form
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PZ(z) ∼ zα, with an exponent which takes one of two different values,α1 or α2, depending

upon how smallz is. By modelling the evolution of the geometry of a constellation using an

advection-diffusion process, we determinedβc analytically for the model flow and we gave

a qualitative explanation of the existence of the two valuesof the exponent.

In the random flow we found that the logarithms of the angles and lengths defining a trian-

gular constellation satisfy stochastic equations of motion. Correspondingly, their joint prob-

ability density satisfies an advection-diffusion equation. In principle these observations are

generalizable to other chaotic dynamical systems and to higher dimensional fractal clusters.

This led us to consider the homogeneous advection-diffusion equation, with an absorbing

boundary. For the two dimensional case we investigated the flux of particles onto thex2-

axis due to a steady point source. To model the absorption we treated the boundary as a

source of ‘antiparticles’. We showed that, far from the source, the flux onto the boundary

has the formJ (x2) ∼ A(x2)exp[−Ψ(x2)], where asx2→∞, A(x2) ∼ x−p
2 , with p = 1

2 for a

completely transparent ‘boundary’ , andp = 3
2 for an absorbing boundary. We also found

that the exponentΨ(x2) is the same for both non-absorbing and absorbing boundaries and

grows linearly asx2→∞. Our numerical investigations demonstrate the validity and quality

of these asymptotic approximations.

The configuration of a constellation can be described naturally by a matrix of relative dis-

placement vectors. The size of the constellation is then given by the Frobenius norm,E, of

the matrix. Consequently, to model the evolution of a constellations in a random flow we

introduced a stochastic matrix process whose state is givenby the product of random matri-

ces. The factors in the matrix product are stability matrices which are close to the identity

matrix and which have diffusive fluctuations.

We showed that the p.d.f. ofE takes the formPE (ε) = εγ/ [ln (1/ε)]µ. The value ofµ depends

on the location of the stationary point of a large deviation rate function,Ψ, andµ changes

discontinuously from 0 to 3/2 as the stationary point passes from the interior to the exterior

of a physically accessible region. Consequently under certain conditionsPE has the form

of a modified power law. For the random advective flow model we derived an expression

for γ in terms of ,β, the compressibility parameter of the flow and we showed thatthe

discontinuous transition in the exponentµ occurs at the critical valueβc =
1√
5
.

By generalizing the original matrix contraction process, sothat the initial configuration of

a constellation is random, we applied the techniques from our earlier work to derive an

expression for the Renyi dimension,D3, in terms of the exponent in the probability density
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PE (ε). This was found to be in agreement with the results obtained by other authors, using

different methods, thereby demonstrating the general validityof the our approach.

7.2 Conclusion and next steps

We have certainly shown that it is possible to characterize the local structure of fractal sets

using the shape statistics of small constellations, at least in the case of triangular constella-

tions in two-dimensional fractals generated by a random flow. However the approach needs

further development, and further validation. In particular, it needs to be applied to other

models of chaotic dynamics in two dimensions, for example inertial particles in a random

flow, and extended to three dimensional systems. Also, whilst the techniques applied here

can be applied, quite naturally, to more complicated dynamics, and to three dimensional

fractals, the resulting mathematics quickly becomes extremely, and perhaps prohibitively,

complex. It would therefore be of interest to study a range ofdifferent dynamical systems

with the objective of developing more general analytical techniques and, possibly, identify-

ing more ‘universal’ results.

There are a number of immediate opportunities for continuedresearch. For example in the

p.d.f. of the flatness parameter,PZ(z), a quantitative treatment of the exponentsα1, α2, when

β > βc, will require a more sophisticated model for the propagatorof the advection diffusion

process, taking account the behaviour near and on the non-absorbing boundaryx2 = 0. Also,

it would be of interest to know the form of the p.d.f. ofE for higher dimensional models

and for other dynamical systems, for example inertial particles in a random flow. Similarly,

it would be of interest to understand the distribution of thenorm of more general stochastic

matrix processes.

More ambitiously, it would be very interesting to examine ifand how statistical geometry

can offer insight into the physical implications of local geometrical structures in fractal clus-

ters of real particles. For example, how do these structuresaffect the scattering of light, or

sound, or electrical conductivity, and can the characteristics of these phenomena be related

to the p.d.f.s of the shape statistics? This avenue of research would offer opportunities for

very interesting theoretical and experimental work.
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