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ABSTRACT

This thesis aims to introduce ideas and methods from the emerging
field of digital humanities into the study of history of mathematics,
through case studies relating to the role of correspondence, commu
nication, and collaboration in Leonhard Euler's mathematical practice.
Euler's known correspondence numbers almost three thousand letters,
exchanged with hundreds of correspondents from across Europe. The
correspondence is a vital source for understanding Euler's mathem
atics, but it has not yet been examined in great detail; this thesis is a
contribution towards such a study.
The thesis is motivated by a case study which highlights the cent
ral role of correspondence and personal contact in Euler's work on
continued fractions. A desire for better understanding of the corres
pondence leads to the use of methods from the digital humanities, a
relatively young field which has been evolving rapidly since the begin
ning of the 21st century. The thesis considers the particular challenges
encountered when using such methods in the study of eighteenthcentury mathematical texts. A database is used to facilitate the explor
ation and comprehension of Euler's correspondence. This enables the
identification of a corpus of letters, all connected with the same math
ematical topic, which would be suitable for further study. A prototype
digital edition of one of these letters is presented, featuring a tran
scription, editorial annotations, and digital facsimiles of the original
manuscript. Finally, it is shown how existing digital tools that were
designed for use in other fields, such as mathematics and cartography,
may be appropriated to aid understanding of primary sources in the
history of mathematics.
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INTRODUCTION

If we wish to understand the mathematical and scientific world of
eighteenth-century Europe, we could do worse than heed an exhorta
tion famously attributed to one of its leading thinkers, Pierre-Simon
Laplace (1749-1827), and read the works of Leonhard Euler.1 In a career
that spanned most of the eighteenth century, Euler's numerous works
made vital contributions to all areas of mathematics and mathemat
ical physics, and his reputation among his peers and his successors is
beyond doubt.
Bom in Basel in 1707, Euler studied mathematics under Johann Ber
noulli while a student at the University of Basel. During his long and
fruitful career he was a resident member of the St Petersburg Academy
of Sciences (1727-1741 and 1766-1783) and of the Berlin Academy of
Sciences (1741-1766), and a corresponding member of several other in
stitutions.2 He was, and is, known for virtuoso calculatory ability and
insight, coupled with a remarkable clarity of exposition; this last is
evident in his legacy of almost nine hundred published works, among
them several large textbooks and monographs containing the latest
results of his research.
For historians of Enlightenment-era mathematics, then, Euler's writ
ings are undeniably vital sources, and for over a hundred years now
an effort has been under way to make them all available in print. But
in that time, and more particularly over the last few decades, methods

1 The line 'Lisez Euler, lisez Euler: c'est notre maitre k tous', usually translated as 'Read
Euler, read Euler: he is the master of us all', was attributed to Laplace by Libri (1846)
in his review for the Journal des savants of (Fuss 1843).
2 For full details of Euler's life, see any of the biographies discussed in Section 1.1.2.
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of historical scholarship have changed fundamentally. Computers and
digital technology are ever-present in historical work, be it for writing
research papers, or for finding primary or secondary sources through
electronic means, or (more recently, via electronic journals and digit
ised primary sources) for reading those sources. Modes of publication
have also evolved: we are no longer tied to the print medium and its
intrinsic limitations of linearity and permanence, and instead, techno
logy is enabling new and exciting modes of dissemination of scholarly
work. Indeed, the publication of Euler's manuscripts and notebooks,
originally planned as a series of printed volumes, is now to be released
in the form of a web-based database.
The theory and practice of such digitally-based historical research
and new modes of publication is part of the emergent field of digital
humanities. This thesis attempts to explore some of the ways in which
these new methods and tools may be used to further our understanding
of Euler and his mathematics.

1.1

1.1.1

S O U R C E S F O R S T U D Y I N G E U L E R A ND H I S M A T H E M A T I C S

Primary sources

Though Euler's legacy of published work is enormous, it is relatively
easy to navigate thanks to an extremely thorough cataloguing exercise
by Gustav Enestrom in 1910-1913 (Enestrom 1913). Enestrom listed
866 of Euler's published works, along with reprints and translations
where he was aware of them, and arranged them by year of publication.
He also gave an index by topic. Since Enestrom's time, new reprints
and translations of many of Euler's works have been published, but
relatively few unknown Euler works have been rediscovered in the
same time period, and so the Enestrom index has become a standard
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reference for Euler scholars. In the remainder of this thesis, when
referring to Euler's published works I will follow a widely accepted
convention by writing 'Exyz' to denote the item numbered xyz in the
Enestrom index.
Since 1907, a project has been under way by the Euler Commission of
the Swiss Academy of Sciences to publish Euler's collected works, or
Opera omnia. The first volume was published in 1911, and 75 volumes
have appeared so far, divided into four series:3
• Series I: Opera mathematica (29 volumes, 30 volume-parts);
• Series II: Opera mechanica et astronómica (projected 31 volumes, 32
volume-parts);
• Series III: Opera physica et miscellanea (12 volumes);
• Series IV.A: Commercium epistolicum (projected 10 volumes).
All of the announced volumes of Series 1 and 3 have been published;
two volumes from Series 2 remain in preparation. The publication of
Series IV.A is still under way, and has so far produced five volumes in
six parts: I will discuss these in further detail in Chapter 3. The original
intention of the Euler Commission to publish Euler's manuscripts and
notebooks as Series IV.B; this idea has now been superseded by a
plan to digitise them and make them available in an online database,
provisionally named the Euler Heritage Project.
The Opera omnia volumes bring with them the advantage of clean
modem typesetting where the original publications often suffered from
crude typesetting, particularly those containing lots of complicated
mathematical notation. For an example, see Figure 1.1, and note the
broken lines in the second continued fraction. A reader of the Opera
omnia editions may also benefit from editorial annotations, translations,
3 Three of the volumes—Series 1 volume 16, Series II volume 11, and Series IV.A volume
4—are split into two parts each.
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Figure 1.1: Facsim ile from (Euler 1744b, p. 125)

and commentary to provide clarification where necessary. However, as
with any modern edition of a historical mathematical text, the historian
must beware of potential editorial deviation from the text, the notation,
or the layout.
Before the rise of the internet and online sources, the published Op
era omnia volumes were the only option for a reader who wished to
consult Euler's works without having to track down a rare copy of
the eighteenth-century original. Happily, in 2002 the Euler Archive
website was established by Dominic Klyve, Lee Stemkoski, and Erik
Tou (Klyve et al. 2002-). One of the most useful resources for Euler
scholarship of any kind, it aims to make all of Euler's works freely
and readily available to the public by hosting scanned copies of them,
with references to relevant secondary literature, and English and other
modern-language translations where they exist. More than 95% of
the publications listed in the Enestrom index are currently available
through the Euler Archive. Though for copyright reasons most pub
lished copies of Euler's letters cannot be digitised and made freely
available, the correspondence section of the website does at least in
clude scans of the relevant sections of older editions, such as those by
Fuss (1843) and Lagrange (1867).

1.1

1.1.2

SOURCES FOR STUDYING EULER AND HIS MATHEMATICS

Major biographical sources

Until 2015, biographical scholarship on Euler was remarkably deficient
given his stature within mathematics and its history. In the twentieth
century several short biographies were written for a general audi
ence, including those by du Pasquier (1927), Spiess (1929), and Thiele
(1982). The first biography in English, and until recently the closest to
a full-length scholarly biography of Euler in any language, was Emil
Fellmann's 1995 biography, which was translated into English by Erika
and Walter Gautschi as part of the celebrations of Euler's tercentenary
year (2007). However, Fellmann's biography was written for a general
audience, and so is 'entirely free of formulae' (Fellmann 2007, p. xi).
This unwillingness to delve into the details of the work for which Euler
was best known immediately reduces the extent to which Fellmann's
biography is useful in studying Euler's scientific thought and its con
text. Though it is otherwise a useful and reliable account of his life, it
is and was not written at the scale or depth that the subject merits.
The recent publication of a full-length biography by Calinger (2015),
then, is a major landmark in Euler scholarship. This work is sure to
become the standard reference on the life and work of Euler. Further
more, though not a biography of Euler himself, the recent biography
by St6n (2014) of Euler's St Petersburg Academy colleague, the Finnish
astronomer Anders Johan Lexell (1740-1784), also provides a wealth
of information that is relevant to the final part of Euler's life and career.

1.1.3

Other major secondary sources

Though Euler's life has been relatively little studied, there is a wealth of
historical literature concerning his work. Over the last century, much
Euler scholarship has focused on the editing and publication of the
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Opera omnia volumes. In addition to the scholarly input of the editing
itself, these volumes contain substantial commentary, which in some
cases even fills entire volumes of its own as in the case of the treatise
by Truesdell (1960) on the mechanics of elastic bodies between 1638
and 1788, the introduction to volumes 10 and 11 of the second series
of the Opera omnia.
There are also numerous edited volumes and published conference
proceedings volumes on the life and work of Euler, usually published
to mark major anniversaries. These include (Schroder 1959), on the
250th anniversary of Euler's birth, and (Burckhardt et al. 1983), on the
bicentenary of his death. The celebrations in 2007 of the tercentenary
of Euler's birth were particularly fruitful with regard to publications,
which included not only the translation of Emil Fellmann's Euler bio
graphy as discussed above, but also numerous edited volumes and
even a graphic novel by Heyne et al. (2007). The surge of Euler-related
scholarly activity around 2007 has continued to some extent, with the
publication of works such as that of Verdian (2015) on Euler's celestial
mechanics.
Among the commemorative volumes released in 2007 is a fivevolume set published by the Mathematical Association of America.
These include numerous different perspectives on Euler's life and
work, and are of varying usefulness for Euler scholarship. The first
volume, The early mathematics of Leonhard Euler by C. Edward Sandifer,
is a collection of detailed commentaries on all of Euler's mathematical
papers from 1727-1741, his first stint in St Petersburg (Sandifer 2007b).
Though this excludes the works Euler produced in other fields such as
mechanics and physical sciences, it gives an excellent overview of his
early work in its historical context.
The third of the MAA volumes, by the same author, is titled How
Euler did it, and is a collection of forty instalments of his column of the

1.1

SO U RC ES FOR ST U D Y I N G E U L E R AND HI S M A T H EM A T I C S

same name on the MAA website, dating from 2003 to 2007 (Sandifer
2007a). In each chapter, Sandifer deals with one of Euler's discover
ies, tracing its context, content, and significance. The research is not
always as thorough as it could be. For example, in the chapter 'Who
proved e is irrational?', Sandifer fails to follow up on a link to the
early Euler-Goldbach correspondence, thus missing valuable contex
tual information which sheds new light on Euler's thinking regarding
continued fractions: for more on this link, see Chapter 2. Nonethe
less, the chapters provide good starting points for studying Euler's
research on particular topics. As a sequel to this volume, in 2014 the
MAA released a further volume of Sandifer's columns (Sandifer 2014).
The second, fourth, and fifth of the MAA volumes are curated collec
tions of articles dealing with various aspects of Euler's life and career.
Volume 2, The genius of Euler: Reflections on his life and work, edited by
William Dunham, gathers together previously published articles dat
ing from between 1897 and 2006 (Dunham 2007). The most substantial
of these deal with Euler's published work on particular areas of math
ematics. In Volume 4, Euler and modem science, Robert Burns provides
a useful English translation of a collection of articles previously only
available in Russian, which were presented at a conference in Moscow
and St Petersburg in 1983 marking the bicentenary of Euler's death
(Bogolyubov, Mikhailov and Jugkevif 2007). Finally, in Volume 5, Euler
at 300: An appreciation, editors Robert E. Bradley, Lawrence D'Antonio,
and C. Edward Sandifer curate an excellent collection of papers on a
range of different aspects of Euler's life and work, originally presented
at some of the many commemorative Euler events that were held in
2007 (Bradley, D'Antonio et al. 2007).
Overall, though Euler certainly has not been neglected by historians
of mathematics and there are many short books or collections of art
icles on his work, outside the commentaries accompanying volumes
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of the Opera omnia there have been surprisingly few long-form studies
focused on Euler. It is perhaps partly due to this internalist bias in
the existing literature that he is paid little attention by historians of
science and of the eighteenth century in general. The recent biography
by Calinger is a work of great significance which fills a major gap in
the literature, and it is to be hoped that with the Opera omnia now
nearing completion after being the focus of Euler scholarship for over
a century, we will begin to see more such exciting works.

1.2

THE R I S E OF D I G I T A L H U M A N I T I E S

It is difficult to find a single definition of the term 'digital humanities'
upon which all its practitioners would agree: indeed, an entire genre
of publications has arisen with the express aim of defining the term:
see, for example, (Terras et al. 2013), and the various essays in (Gold
2012, Part I). But, with or without a settled definition, the field cer
tainly exists and has a distinct disciplinary identity. The term 'digital
humanities' began to be used in printed books from the mid-1990s on
ward, and from 2000 onwards its usage increased rapidly (Figure 1.2).
There exists an international umbrella organisation for digital human
ities organisations, the Alliance of Digital Humanities Organizations
(ADHO), whose centerNet website lists 191 institutional centres for
digital humanities across the globe (Alliance of Digital Humanities
Organizations 2015a). There also exist several journals devoted to the
field, such as Digital Scholarship in the Humanities, Digital Humanities
Quarterly, and DH Commons (Alliance of Digital Humanities Organiz
ations 2015b).
Taken in its broadest sense, digital humanities is the intersection of
humanities with the use of computers, computational methods, and
digital media; in the past it has been referred to as humanities comput-

Google books Ngram Viewer
Graph these comma-separated phrases
between

1990

and

2008

digital humanities
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a An «-gram is a phrase of length n words; a 1-gram is referred to as a unigram, a 2-gram as a bigram, and so on. Thus, for example, the bigrams occurring in the phrase 'the
work of Leonhard Euler' are 'the work', 'work of', 'of Leonhard', and 'Leonhard Euler'.
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Figure 1.2: Graph from Google Ngram Viewer (http://books.google.com/ngrams), showing frequency of occurrences of the term 'digital humanities' in
the Google Books corpus over the time period 1990-2008.fl The vertical axis gives the frequency of occurrences of the term as a percentage of
all bigrams in the corpus for the time period in question. However, this graph only takes into account printed books, and so does not include
occurrences of either term in journal articles or web-based texts.
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ing, humanist informatics, literary and linguistic computing, digital
resources in the humanities, and eHumanities (Terras et al. 2013, p. 2).
Digital humanities includes the use of computational technology to
find new ways of accessing and interpreting sources, and of communic
ating the results of research; it can also include the humanistic study of
new technologies and new forms of media such as software, websites,
and social media platforms, and reflection upon their effect on modem
scholarship and teaching. While the latter is not without application
in the history and sociology of mathematics in the twenty-first century,
in this thesis I will restrict my attention to the application of compu
tational methods and tools in the historical study of the mathematics
of the eighteenth century, and more specifically the mathematics of
Leonhard Euler.4
The scope of even this restricted definition is enormous. There are
many subfields of digital humanities which could successfully be
brought to bear upon the history of early modem mathematics; these
include, but are in no way restricted to:
• 'Big data': the use of computers to analyse larger amounts of data
than humans could reasonably cope with, and to perform dataintensive tasks quickly where unaided humans would take years.
On both the 'big data' level and when using smaller datasets, this
can include the use of statistical and other quantitative methods,
and data visualisation techniques.
• Digital editions: the theory and practice of producing editions of
historical texts designed for viewing on a screen, rather than on
paper.

4 See, for example, the preliminary studies by Martin and Pease (2013a,b) of online
mathematical communities and 'social machines' in mathematics, and the reflections
on one of the 'massively collaborative' online Polymath projects by some of its parti
cipants (Polymath 2014).
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• Textual analysis and 'text mining': the computational analysis of
texts, especially of a whole corpus of texts.
• Spatial history: the prioritisation of the role of space in historical
developments, often making use of Geographical Information
Systems (GIS) software packages and other digital tools.
Clearly, the wide availability of computational and web technology
over the last fifteen to twenty years has major implications for methodo
logy in research and scholarship in history, and history of mathematics
is no exception. Many rare primary sources in the history of mathem
atics, which were previously accessible only via suitably well-stocked
libraries, have been scanned and made available online through pro
jects such as Gallica MathDoc and the Euler Archive (Bibliothèque Na
tionale de France n.d.; Klyve et al. 2002-). Online secondary sources,
too, such as the MacTutor History of Mathematics archive, a database
of biographies of mathematicians and other articles on topics in the
history of mathematics, have become commonplace (O'Connor and
Robertson 1995—). But in terms of functionality and navigation, these
are essentially equivalent to print editions that have been placed online
in order to make them more accessible; they do not take full advantage
of the possibilities of cutting-edge digital technology. Indeed, scholar
ship that is designed to do this is somewhat rarer, and the ideas of
digital humanities have not fully permeated the history of mathem
atics. This thesis aims to consciously unite the two fields for the first
time.
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In Chapter 2 I present a motivating example for the rest of the thesis.
Beginning with a question of the stimulus that prompted Euler to write
his first paper on continued fractions, I uncover connections between
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this paper and Euler's correspondence, and highlight a forgotten con
nection between Euler's work and that of Daniel Bernoulli. This leads
me to a wish to further explore the roles of other mathematicians,
through correspondence and collaboration, in Euler's mathematical
work. Given the size of Euler's extant correspondence, it is difficult
to analyse it effectively using only print sources and pen-and-paper
methods. I therefore turn to digital methods with a view to exploring
the correspondence in ways that were not previously possible.
In Chapter 3 , 1 begin the task of exploring Euler's correspondence
by building a database of letter metadata. By examining three existing
database projects with applications in the history of mathematics, I de
velop a simple relational database structure that will allow me to sift
and sort the letters according to various criteria such as date, corres
pondent, and most usefully, topic. This database enables me to identify
a corpus of eighty letters to and from Euler and ten publications by
him, all on topics relating to ship theory, that constitute a manageable
corpus for further investigation of the role of his correspondence in his
mathematical work.
In Chapter 4 , 1 further explore the uses of digital methods and tools
in the history of mathematics, and ask whether the texts themselves,
rather than just their metadata, may be made into a database of sorts.
With this in mind, I examine the form and function of three existing
digital editions of early modem mathematics, with emphasis on the
encoding and display of mathematics. Using the knowledge of best
practice gained by looking at these existing digital editions, I use TEI
XML to create a 'toy model' digital edition of a letter of Euler with
some simple annotation in the form of automatic links to an index of
names.
In Chapter 5 ,1 consider the appropriation, by historians of mathemat
ics, of digital tools and software that were designed for non-historical
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purposes. I return to the role of collaboration and outside influence
in Euler's mathematical work, and ask whether there is any truth in
claims in the secondary literature that Johann Heinrich Lambert was
an influence on Euler's work on map projections. These claims come
in spite of any correspondence or other documentary evidence to link
Lambert's work with Euler's. In the course of answering the question
of influence (and finding that there probably was none) I make use of
several pieces of software, none of them designed for use by historians,
which enhance my understanding of Lambert's and Euler's works on
map projections.
The original contributions to knowledge that are made in this thesis
are of two kinds. First, and most importantly, I highlight and strengthen
links between the history of mathematics and the digital humanities
that have not yet been fully considered by existing literature. I make
use, that is novel within history of mathematics, of a relational database
to identify a manageable subset of an otherwise unwieldy collection
of sources. I also make the first proper consideration of the encoding
of mathematics within digital editions of historical texts.
Second, Chapters 2 and 5 present new insights into influences (or
the lack thereof) on Euler's mathematical works. In Chapter 2 I trace
the motivation for Euler's first paper on continued fractions back, via
his correspondence with Christian Goldbach in 1731, to a 1724 work
by Daniel Bernoulli. In Chapter 5 I investigate a different facet of the
question of who influenced Euler: namely, how to find evidence for
or against an influence which is suspected but on which the primary
sources are seemingly silent. I make a detailed comparison of Euler's
work on map projections with that of Johann Heinrich Lambert which
supposedly influenced him. I thus conclude that in fact the two are so
different that any influence can only have been in a very broad sense.

A M O T IV A T IN G E X A M P L E : E U L E R 'S E A R L Y W O R K
ON C O N T IN U E D FR A C T IO N S

We begin the thesis proper with a motivating example to demonstrate
the potential power of digital methods to simplify the tracing of bibli
ographical links. Though the research in this chapter could be carried
out with little recourse to digital methods, the questions it raises for
further research would be daunting if not impossible to answer us
ing only analogue (printed and manuscript) sources. Moreover, even
in writing this mostly 'analogue' chapter, I made copious use of on
line resources such as (Klyve et al. 2002-). Though such sources are
effectively electronic duplicates of physical resources such as books
and printed journal articles,1 they still mark the beginning of a shift
in research practices towards the digital, and a marked increase in his
torians' ability to refer quickly to sources (especially primary sources)
that were difficult if not impossible to access.
With the exception of a few isolated results which appeared in the
sixteenth and seventeenth centuries, most of the elementary theory of
continued fractions was developed in a single paper written in 1737
by Leonhard Euler. In this paper, 'De fractionibus continuis dissertatio' ('Essay on continued fractions' (E071),2 Euler presented continued
fractions as an alternative to infinite series or products for representing

1 for more on the distinction between digital editions that are electronic incarnations of
print sources and those that could not be entirely reproduced in print, see Chapter 4.
2 The paper, as with almost all of Euler's published works, is available in electronic
form from the Euler Archive (Klyve et al. 2002-). There also exists a complete English
translation of E071 by Bostwick F. Wyman and Myra F. Wyman (Euler 1985). However,
the translation given there contains a few inaccuracies and so all translations from
Latin or French in the present thesis are my own.
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irrational and transcendental quantities.3 He established most of the
basic properties of continued fractions, briefly examined certain spe
cial cases, and then used the properties of continued fractions to arrive
at the result for which the paper is arguably best known: namely, the
first known proof that the regular continued fraction expansion of e
continues infinitely. Though Euler did not explicitly say so, it follows
immediately from this fact that e is irrational.4
It is not immediately clear why Euler wrote E071, and existing com
mentaries on the paper have not fully explored this puzzle (Baltus
2007; Sandifer 2007a,b). It is known that Euler was well-acquainted
with John Wallis's 1656 book Arithmetica infinitorum (Knobloch 1989,
p. 279; Calinger 1996, p. 124). The Arithmetica contains some of the
earliest results in the theory of continued fractions, obtained by Wil
liam Brouncker and published by Wallis as part of their efforts to find
exact expressions for 4/71. At first glance it might, therefore, be tempt
ing to look to the Arithmetica as the source of Euler's interest in the
subject of continued fractions. However, though Euler clearly had the
Arithmetica infinitorum in mind when writing E071, the focus of his
own paper is completely different. Apart from a brief mention of Wal
lis and Brouncker at the beginning of the paper, along with a note
that Brouncker's derivation of his continued fraction representation of
4/71 remained lost, there are seemingly no connections between the
Arithmetica infinitorum and E071. Euler did eventually make several at
tempts to recover Brouncker's missing proof, but the first of these did
3 The notion of an 'irrational' quantity as used by Euler is equivalent to the modem
notion: an irrational quantity is one which cannot be written as a quotient of two whole
numbers (Euler 1771c, pp. 54-55). However, his notion of 'transcendental' quantities
was somewhat different from the modem sense of the word. In modem usage, a
quantity is said to be transcendental if it is not the root of any polynomial equation over
the rational numbers; on the other hand, Euler understood a transcendental quantity
to be a quantity that inherited the property of transcendence from transcendental
functions or operations. On Euler's understanding of transcendence, see (Petrie 2012).
4 As will be discussed below, the denominators of the regular continued fraction ex
pansion of e form an interpolated arithmetic progression. This was known to Roger
Cotes in 1714; however, he only observed that the progression seemed to continue
indefinitely, and did not prove that it actually did so (Cotes 1714, p. 11). For more
details, see Fowler (1999, Chapter 9).
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not occur until 1739, in 'De fractionibus continuis observationes' ('Ob
servations on continued fractions', Euler 1750a, E123), Euler's second
paper on continued fractions.
For this reason, we must look elsewhere for the stimulus or stimuli
that drove Euler to write E071. In this chapter, I will propose that this
stimulus came not from the work of Wallis and Brouncker, but from
some early work of Daniel Bernoulli on ordinary differential equations,
via some of the letters Euler exchanged with Christian Goldbach in the
early 1730s. To do this, I will first outline some seventeenth century
results in the basic theory of continued fractions, including work by
Rafael Bombelli, Pietro Antonio Cataldi, Daniel Schwenter, John Pell,
John Wallis, and William Brouncker. Then, I will briefly explain the
content of E071, showing that it has little in common with any of these
earlier works. Finally, I will discuss some of the contents of Daniel
Bernoulli's 1724 book Exercitationes quaedam mathematicae, and a letter
which Euler wrote to Christian Goldbach on 25 November 1731, and
argue that in fact it was these writings which prompted the main result
of E071.

2.1

2.1.1

E A R L IE R W O RKS ON C O N T IN U E D FR A C T IO N S

Approximations to square roots via continued fractions in the xvorks
of Bombelli (1572) and Cataldi (1613)

One of the earliest instances of a continued fraction-related method in
western mathematics is in the work of Rafael Bombelli. Elis L'algebra
parte maggiore dell'aritmetica was published in Bologna in 1572; a second
edition followed in 1579. The text is best known now for its treat
ment of complex numbers. However, it also includes an approxima
tion method for square roots which produces what we now interpret

17

18

e u l e r

' s early w o rk on co n tin u ed fra ction s

as a continued fraction.5 It consists of finding an integer approxima
tion to the square root, and then finding values which alternately overand under-approximate the non-integer part, which when written out
in full form a continued fraction. Though Bombelli did not explicitly
write out the continued fraction (and, indeed, he used no symbolic
notation at all) it is clear that his method does produce convergents of
a periodic continued fraction, and that he was aware that these could
be used to approximate the root as closely as was desired.
This method later appeared in Pietro Antonio Cataldi's Trattato del
modo brevissimo di trovare la radice quadra delli numeri (Treatise on the very
short way of finding the square root of numbers), published in 1613,
also in Bologna.6 It is not known whether Cataldi had read Bombelli's
work, but one important way in which the two differ is that Cataldi's
work contained the first hint of modem continued fraction notation.
Having found an approximation to Vl8 as a continued fraction (which
he called rotti di rotti, fractions of fractions), Cataldi exhibited it using
the natural 'diagonal' notation. However, as this was (and, indeed, still
is) difficult to typeset, from that point onward on he wrote

2
8

4.& -.

8

2
8

2

This is strikingly similar to the shorthand
_2__2__2_

+ 8 + 8 + 8+
which is still used in many modem texts. However, since his aim
here was to approximate square roots, Cataldi was more interested in
finding the convergents of the expansion than in the continued fraction

5 Bombelli's exposition of this method is reproduced in (Smith 1959, pp. 80-82).
6 Cataldi's continued fraction method from the Trattato del modo brevissimo has been
reproduced in English translation in (Smith 1959, pp. 82-84); there is a partial facsimile
of the relevant page of the Trattato in (Fowler 1994, pp. 734-735).
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itself, and so he did not dwell on the new mathematical object he had
created.

2.1.2

Brouncker's continuedfraction for the quadrature of the circle (1655)

Continued fractions first became an object of study in their own right
in work which was completed in 1655 by Viscount William Brouncker
and published by his friend John Wallis in his Arithmetica infinitorum
(1656). Wallis had set out to find an exact expression for the ratio of
the area of a square to that of its inscribed circle. After a long process
of interpolating between the rows and columns of a table of figurate
numbers, he eventually arrived (Wallis 1656, p. 179) at the infinite
product
4 _ 1 x 3 x 3 x 5 x 5 x 7 x •••
n ~~ 2 x 2 x 4 x 4 x 6 x 6 x - - and when Brouncker saw this, he somehow converted it to the form

2

+ ----------25
2 + ------49

2

+ ----

2 + ’ ■•
Unfortunately, Brouncker did not give the method by which he had
obtained this result. Wallis was unable to reconstruct it, although his
efforts to do so can be found in a Scholium following Proposition
191 of the Arithmetica infinitorum.7 The discussion there concluded
with a method for approximating 4 / n using the convergents of the
7 Brouncker's method certainly proved elusive; see (Euler 1750a) for Euler's early at
tempts to recover it, and (Stedall 2000) for a modem treatment of the problem using
17th-century methods.
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continued fraction. Notably, this discussion contained the first example
of a general algebraic continued fraction, and showed that Brouncker
and Wallis were aware of several of its basic properties, including the
recursion method for finding successive convergents.

2.1.3

Approximation methods: Schwenter, Pell, Huygens, and Wallis

A best rational approximation to a real number x is a rational num
ber p /q , with q > 0, such that \x —p/q\ < |x - a/b\ for any rational
number a/b such that 0 < b < q. It is well known that one may find
the best possible rational approximations to x by applying a method
derived from the Euclidean algorithm, which produces continued frac
tions (Fowler 1999, pp. 304-310). This method was known to several
mathematicians in the seventeenth century, and in E071 Euler attrib
uted it to John Wallis. Such a method can indeed be found in Chapters
10 and 11 of Wallis's Treatise of algebra of 1685, which Euler probably
knew in the Latin edition of 1693; here, Wallis showed how to find ap
proximations to a rational quantity, and then applied the same method
to approximate n using rational numbers.8 However, he was by no
means the first to develop such a method.
Stedall (2002, pp. 143-156) argues that it is highly likely that Wallis
learned of this method from John Pell, who used it to approximate
n as early as 1636, in an unpublished manuscript whose treatment
of the problem bears striking similarities to Wallis's.9 Furthermore, a
very similar method had been used almost twenty years earlier by
Daniel Schwenter, a professor of mathematics and Oriental languages
at the University of Altdorf. In his Geometria practica nova, Tractatus II,
a text on surveying published in Nuremberg in 1617, Schwenter found
rational approximations in small terms to 177/233, using the same
8 For a detailed account of Wallis's exposition of the method, see (Fowler 1991).
9 See (Pell [1617-1681], Add. Ms. 4416, f. 31).
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method that was later taken up by Pell and Wallis (Schwenter 1617,
pp. II, 69).10 It is not known whether Pell was aware of Schwenter's
work. A collection of books which belonged to Pell has survived and
is now held at the Busby Library of Westminster School, London, and
among these there is indeed a copy of the 1623 edition of Schwenter's
Tractatus II.11 However, there is no evidence that Pell read the book
or recognised Schwenter's approximation method as his own: unlike
most of Pell's books, the copy is entirely free of annotations.12
What appears to have gone unnoticed by most of the authors who
took up this method is that the method naturally gives rise to a contin
ued fraction, and, moreover, none but Wallis realised that the trunca
tions of that continued fraction are the best possible rational approxim
ations to the value of the original quantity without using larger terms.
As an example of this, we follow Pell in finding rational approxima
tions to 7i by taking x — 3.141592653589793. This gives13
1
x = 3 + ------------------------------1
7 + ------------------------1
1 5 + -----------------1

1 + -----

292+•••
and, if we take the first and third convergents, we obtain the approx
imations 2 2 /7 and 355/113, which are the approximations to n found
by Archimedes (c. 250 BCE) and Zu Chongzhi (c. 5th century CE)

10 The first edition of Geometria pratfica nova was published in three parts: Tractatus II
is dated 1617, and Tractatus I and III followed in 1618. Later editions also include
a fourth treatise, which is a German translation of Curzio Casati's 'Geometricum
problema' (1602).
11 Busby Library, Westminster School: pressmark IB 31.
12 For a detailed discussion of Pell's mathematics, see Malcolm and Stedall (2005, Part
H ).

13 Since we are taking x to be rational, the continued fraction expansion must terminate.
Its full sequence of denominators is: 3; 7 , 1 5 , 1 , 2 9 2 , 1 , 1 , 1 , 2 , 1 , 3 , 1 , 1 4 , 4 , 2 , 3 , 1 , 5,1,

5, 20, 1, 11, 1, 1, 1, 2.
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respectively. Neither can be improved upon without increasing the
denominator.
The first to explicitly relate this method to continued fractions was
Christiaan Huygens when, in 1680, he used it to calculate gear ratios
for a planetarium (Huygens 1888, pp. XXI, 587-652). Indeed, when
Huygens read Wallis's Algebra a few years later, he recognised the
method given there as a more clumsy version of his own (Huygens
1888, pp. XX, 392-394).
We might wonder why Huygens was not driven to make any study
of continued fractions, as he certainly did spot those that arose from
his own approximations. I suspect that this was for the same reason
that Cataldi neglected to study the properties of his continued fraction
for Vl8. Huygens was interested in the practical problem of best ra
tional approximations. Like Cataldi, his aim was to find the truncated
fractions, and the continued fractions themselves were of little or no
interest, since they were merely a byproduct of the solution he sought.

2.2

e u l e r

's 'de fra c tio n ibu s c o n tin u is d isser ta tio '

(1737)

Euler's essay 'De fractionibus continuis dissertatio' was first presented
to the St Petersburg Academy of Sciences on 7 March 1737. He read
the first half of it to the Academy on 1 April, before submitting it for
publication in the journal Commentarii academiae scientiarum imperialis
Petropolitanae, where it filled 40 pages of the volume for 1737 (which
was not published until 1744). Euler's motivation for writing the paper
is at first unclear; here, I will analyse it with a view to uncovering why
he might have come to approach the topic of continued fractions.
Euler opened the paper by stating that there are various ways by
which irrational and transcendental quantities could be represented.
He began by noting the two most commonly used types of repres-
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entation by infinite series: those in which the terms were related by
addition and subtraction, and those in which the terms were related
by multiplication. When searching for such series, he continued, it was
preferable that they should converge quickly and require as few terms
as possible to yield a good approximation to the quantity. Then, he
suggested a third kind of series for representing irrational and tran
scendental quantities, in which the terms would be related by divisio
continual continuing division. He called such series fractiones continuae,
perhaps echoing the use of the similar term fractiones continuae fractae
(continually broken fractions) by John Wallis in the Arithmetica infinitorum (Wallis 1656, p. 182). Though fractiones continuae (continued
fractions) were less often used than the other two types of series, Euler
noted that they were very well suited for finding approximations, and
lamented the fact that apart from a few special cases, no theory or
methods had been established for dealing with them. This, he said,
was what he intended to achieve in this paper.
This introduction is the natural place to seek Euler's reasons for
writing the paper: in particular, it is tempting to assume that the suit
ability of continued fractions for finding approximations was the main
reason. However, such an assumption does not explain why Euler
came to consider them in the first place. In Wallis's exposition of the
approximation algorithm, the continued fractions produced are not
made explicit, and there is no direct evidence that Euler read any other
works in which continued fractions were made explicit. Thus, I do not
believe that the use of continued fractions for producing approxima
tions was the a priori motivation for the paper; rather, it was a useful
byproduct found in the course of investigating a different problem.
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After these introductory remarks, Euler began his investigation by
writing out a general continued fraction:

a
a-\----------------------------------P
b + ---------------------------

y

c+ -----------6
d + ---------------e

where a ,b ,c ,...,a ,fS ,y ,... are all non-negative.14 Here, we begin to see
the influence of Wallis's Arithmetica infinitorum: Euler's use of Roman
letters for denominators and Greek letters for numerators is identical
to the notation used for the general continued fraction presented there.
Indeed, Euler immediately went on to say that to the best of his know
ledge, Brouncker's work in Wallis's Arithmetica was the first present
ation of a continued fraction in this way. It is unclear whether Euler
meant he knew of no earlier continued fraction at all than Brouncker's,
or simply of no earlier general continued fraction.
After a brief summary of Wallis's attempt to reconstruct Brouncker's
proof, Euler moved on to the question of how to approximate the quant
ity represented by a continued fraction. Continuing to assume that all
of the numerators and denominators of the general continued frac
tion were positive, he pointed out that an approximate value for the
continued fraction could be obtained by truncation, and that the suc
cessive truncations formed a sequence which alternated between overand under-estimates and approached the true value of the continued
fraction as closely as desired.

14 Recall that a regular continued fraction has all of its numerators, here represented by
Greek letters, equal to 1.
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Next, Euler calculated the values of the first few convergents as
simple fractions, and noted the recursion formula for calculating their
numerators and denominators, as first stated in Wallis's Arithmetica
infinitorum. By taking differences between successive convergents, he
converted the continued fraction into an infinite series, stating that this
converged quickly and was of great use for approximating the value of
the continued fraction. Indeed, by studying the series representation of
the continued fraction, Euler noted that the general continued fraction
given above converges fastest when its numerators <x,f>,y,.., are small
and its denominators a ,b ,c ,... are large. Since he had already found a
way to replace fractional numerators or denominators with integers,15
he was able to assume without loss of generality that all numerators
and denominators are non-negative integers. This allowed him to de
duce that the fastest rate of convergence was to be obtained by setting
all of the numerators equal to 1 and making the denominators as large
as possible. After ensuring that the denominators could be required to
be whole numbers while the numerators were equal to 1, Euler noted
that doing this created an easy way to distinguish between rational
and irrational numbers:
Moreover, every finite fraction whose numerator and de
nominator are finite whole numbers is transformed in this
way into a continued fraction which is somewhere broken
off; on the other hand, any fraction whose numerator and
denominator are infinitely large numbers, such as those
given for irrational and transcendental numbers, will go
over to a truly continued fraction that extends to infinity.16

15 See (Euler 1744b, p. 107).
16 'Omnis autem fractio finita, cuius numerator et denominator sunt numeri integri finiti
in huiusmodi fractionem continuam transformatur, quae alicubi abrumpitur; fractio
autem cuius numerator et denominator sunt numeri infinite magni, cuiusmodi dan tur
pro quantitatibus irrationalibus et transcendentibus, in fractionem vere continuam et
in infinitum excurrentem transibit.' (Euler 1744b, p. 108)
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In other words, a quantity is rational if and only if its continued fraction
has finite length. As we shall see, this result became crucial later on in
the paper.
Euler then gave a brief exposition of the now standard algorithm for
converting a simple fraction into a continued fraction, noting that it
arose as a corollary of the Euclidean algorithm for finding the greatest
common divisor of the numerator and denominator. For converting ir
rational quantities into continued fractions, he recommended approx
imating them by rational numbers: for example, by taking a finite
decimal fraction. Then, he combined this algorithm with his earlier
observation that truncating a continued fraction gives an approxima
tion to its true value, and pointed out that this provided a convenient
solution to a problem which had been worked on, and solved, albeit
in a laborious way, by John Wallis.17 He illustrated this result with two
examples: first, he applied it to the quantity 355/113, and second, he
applied it to the problem of determining how often leap years should
occur in order to make the calendar stay aligned with the movements
of the planets.
Having determined that 97 years out of every 400 should be de
clared leap years (as is indeed the case in the Gregorian calendar),
Euler changed the subject slightly. He calculated a continued fraction
expansion of V2, and showed that all of the denominators except the
first had the value 2. Upon further investigation, it became apparent to
him that similar patterns could be found for other integer square roots,
and so he began an investigation of (in modem terminology) periodic
continued fractions. He gave a simple method for calculating the exact
17 As mentioned above, Wallis's treatment of the problem can be found in Chapters X
and XI of his Treatise of algebra, in which the problem is stated as follows: 'A Fraction
(or Proportion) being assigned, to find one as near as may be equal to it, in Numbers
not exceeding a Number given, and in the smallest Terms' (Wallis 1685, p. 37). Euler
is likely to have worked from the Latin edition of 1693, in which the corresponding
passage is translated as 'Data Fractione (seu Ratione) quavis, ei quam potest proxime
aequalem exhibere, in numeris dato non majoribus, & in minimis terminis' (Wallis
1693, p. 40).
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value of any periodic continued fraction, and proved that every such
continued fraction is the root of a quadratic equation.
Euler then took the natural step of looking at continued fractions
whose denominators displayed other types of patterns. He opened
this investigation by observing that the quantity e has a continued
fraction expansion beginning

<? = 2 +
1+
2 +
1+
1+
4+ •
! + ■
1+ '

6+

1 + etc.

He noted that the denominators in every third place formed an arith
metic progression which appears to continue infinitely; the infinitude
of this progression, he promised, would be proved later on in the pa
per. For the time being, by investigating other powers of e, he found
that their continued fraction representations exhibited similar patterns.
With the possible exception of the first few denominators of each con
tinued fraction, their denominators formed arithmetic progressions;
for some fractions these progressions were 'interrupted' by constant
quantities (as in the expansion of e given above), and for others they
were uninterrupted. Through some straightforward algebraic manipu
lations, Euler found that he could transform interrupted progressions
into uninterrupted progressions, and vice versa.
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Here we come to what is now considered the most important result
of the paper: Euler's derivation of the continued fraction expansions
of e and its powers, from which we now deduce the irrationality of
those quantities. He did this by starting with an ordinary differential
equation in x and y, and reducing it to a separable equation in p and
q via a substitution which, he claimed, takes the form of a continued
fraction. He used this substitution to write the solution of the separable
differential equation as a continued fraction in terms of p, x, and y.
When this fraction is allowed to continue infinitely, the terms in x and
y vanish, and so he obtained a continued fraction for

e% + 1
e2i - l
which, after a little rearrangement, could be rearranged to give a con
tinued fraction for e2P/fl. Euler proceeded as follows.
Acknowledging the 'peculiar' nature of the proof, he opened by
stating that it hinged on the reduction of the equation

ady + y2 dx =

dx

to the separable equation

adq + q2dp = dp.

Euler claimed that this could be done by setting

p = (2 n + 1)x s +t
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and then, he said, he had found that taking
1
9 = 2 + -----------------------1
3a |
_____
P
i

52 + ---------P

1
Z2 + _

P

.

1
(2n-l)a
P

X^y

would reduce the equation to the separable case as desired. This state
ment is not at all trivial, but Eider made no attempt to justify it. We
will revisit this omission later in the present chapter.
Next, Euler allowed n to become infinite, and hence obtained an in
finite continued fraction with denominators in arithmetic progression:

a
q= - +
V
3a |
P

52 + ----------p ~ y + etc.
Moreover, he claimed, this continued fraction satisfies the equation
adq + q2 dp = dp. But Euler could easily find the general solution of
this equation by separating variables and integrating, deducing that
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where C is a constant of integration which Euler found to be zero
by requiring q to become infinite when p = 0, as is the case for the
continued fraction form of q. Hence, he obtained

e%+ 1

and so

a
e « = 1 + -----7 = 1 +
q- 1
£IE + .
p T
—+ •
P

5a I
P "r"

Z2 + ----------p
a + etc.
By setting a/ 2p = s and applying the results he had obtained earlier
in the paper when considering interrupted and uninterrupted progres
sions of denominators, Euler concluded that

e> = 1 +
s-1

+1
1

11 11

1
1 + --------3s -1-11
1 I
1 I
1
1 + —

1
5 s -1+

1 + etc.

Letting s = 1 in this expression, the first denominator becomes zero
and so the outermost two division operations of the continued frac-

2.2

e u l er

's ' de fra ctio n ibu s c o n tin u is d isserta tio '

tion cancel each other out. This gives us a regular continued fraction
expression for e:

e= l+ l+
1+
2+
! + ■
1+
4+ ■
1+

1+

6 + etc.

As Euler conjectured earlier in the paper, this expression continues
infinitely, and though Euler did not say so, by immediate corollary of
this fact, we may deduce that e is irrational. Indeed, as we have seen
(page 25), Euler had already noted earlier in E071 that a quantity is
irrational if and only if it has an infinite continued fraction expansion.
It is somewhat strange that Euler did not explicitly point this out; it
is possible that he thought the result obvious or unimportant and did
not wish to labour the point.
Euler ended the paper by using an. intricate sequence of substitu
tions to give a method for finding the value of any infinite continued
fraction whose denominators form an arithmetic progression. It has
been suggested by Sandifer (2007a, p. 190) that this final section, con
tained in paragraphs 31-35 of Euler's paper, was meant to constitute
the promised proof that the continued fraction for e continues infin
itely. Sandifer suggested that since Euler did not prove the reduction
of the differential equation ady + ifd x —

dx, he did not intend

paragraphs 28-30 to be a proof that the expansion for el/s continues
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infinitely. However, I find this extremely unlikely. The last few words
of paragraph 30 seem unambiguous (Euler 1744b, p. 133):
From these formulae all those found above, by which we
have expressed some powers of e by continued fractions,
result; therefore the progression, which was earlier merely
observed, is understood to be necessarily true.18
In contradiction to Sandifer, I believe that Euler thought the gap in
the proof an 'easy exercise' for the reader. In the following section, we
shall see that this could indeed have been an easy exercise for a reader
familiar with the mathematical literature of the decades preceding the
writing of E071.

2.3

DANIEL

BERNOULLI

W ITH GOLDBACH

(1724),

AND

EU LER 'S

CORRESPONDENCE

(1731)

None of the theorems Euler proved on continued fractions in E071
seems to have been the spark that made him write the paper, and
none of them seems to relate strongly to earlier work on continued
fractions; though Wallis's publications are mentioned in passing, one
would think that if Wallis's work was the stimulus for E071, then the
latter would surely have featured Brouncker's continued fraction more
prominently. We must, therefore, look elsewhere for Euler's reason for
studying continued fractions. The major achievement of the paper is
the derivation of the infinite continued fraction for e; it is natural,
therefore, to wonder where this came from, especially in light of the
'peculiar way' in which Euler came to it, via differential equations.
Hence, we must examine work done in the 1720s and 1730s on or
dinary differential equations: in particular, we will look at the Riccati
18 'Ex his vero formulis fluunt omnes supra inventae, quibus potestates quasdam ipsius
e per Jtactiones continuas expressimus; ex quo nécessitas progressionis ante tantum
observatae intelligitur/
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equation, of which both of the equations Euler uses in E071 are partic
ular cases.19 As one of the major areas of research arising from the new
calculus, differential equations were an area of great interest for much
of the mathematical community in the early eighteenth century. Until
around 1730, no systematic methods of solution were known other
than separation of variables, and so nearly all studies on differential
equations until that time focused on the search for transformations to
make equations separable.
In the years before he wrote E071, Euler wrote several papers on
the solution of differential equations: 'Nova methodus innumerabiles
aequationes differentiales secundi gradus reducendi ad aequationes
differentiates primi gradus' ('A new method for reducing innumerable
second order differential equations to first order differential equations',
Euler 1733b, E010), presented to the Academy in 1728, was the first of
these. It was followed in 1733 by three papers on the construction
of particular differential equations:20 'Constructio aequationum quarundam differentialium, quae indeterminatarum separationem non admittunt' ('Construction of certain differential equations which do not
admit a separation of variables', E011); 'Specimen de constructione
aequationum differentialium sine indeterminatarum separatione' ('Ex
ample of the construction of differential equations without a separation
of variables', Euler 1738b, E028); and 'Constructio aequationis differ
e n tia l axndx = dy + y2dx' (Construction of the equation axndx =
dy + y2dx, Euler 1738a, E031).
Though these papers contain considerable detail on the Riccati equa
tion, they contain Euler's work on the impossibility of separation of
variables in the general case, rather than a treatment of a specific sep
19 For detailed accounts of the early history of various forms of the Riccati equation, see
(Bittanti 1989) and (Bottazzini 1996).
20 A full discussion of the meaning of 'construction' here is outside the scope of the
present thesis. Euler uses the word to mean the reduction of the differential equation
to a problem of quadrature or rectification (Euler 1733a, p. 369). For some more
information on the early history of differential equations, see (Archibald 2003).
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arable case as in E071. Thus, it is unlikely that the result from E071 has
much to do with the contents of E010, E011, E028, and E031. The Riccati
equation also appeared in two more of the papers Euler wrote prior to
E071: 'De constructione aequationum ope motus tractorii aliisque ad
methodum tangentium inversam pertinentibus' ('On the construction
of equations using tractory motion, and of other things pertinent to the
inverse tangent method', Euler 1741b, E051), written in 1735, and 'De
constructione aequationum' ('On the construction of equations', Euler
1744a, E070), written in 1737. Again, there is no hint of continued frac
tions in either of these; the latter is perhaps notable in the present
context because it was presented to the St Petersburg Academy on
7 February 1737, only a month before E071, but it mentions the Riccati
equation only very briefly, at its very end.
Instead, following a suggestion by Carl Boehm in the Opera omnia
volume that contains E071, we can find a more likely origin for the
result on the continued fraction for e by turning to Euler's correspond
ence: in particular, to some of the earliest of a long sequence of letters
he exchanged with Christian Goldbach (Boehm and Faber 1925, p. 209).
Euler and Goldbach had met during the late 1720s when Euler arrived
at the St Petersburg Academy as an adjunct in physiology. He became
friends with Goldbach, then the recording secretary of the Academy,
and they remained friends until Goldbach's death in 1764. The EulerGoldbach correspondence, which dates from 1729 until shortly before
Goldbach's death, comprises 196 extant letters, is rich in mathematical
problems, and is notable particularly for its enthusiastic discussion
of number-theoretic problems in a period when number theory was
regarded by most as trivial and unimportant. It has been lauded as
'a jewel in the history of science of the eighteenth century' (Fellmann
2007, p. 36); indeed, the editors of Euler's Opera omnia deemed it signi
ficant enough to merit translation into English in its entirety, an honour
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not afforded to any other part of Euler's correspondence (Kleinert and
Mattmüller 2007).
One of the earliest letters written by Euler to Goldbach is dated 25
November 1731, and contains the statement, without proof, of a res
ult which undoubtedly influenced the writing of E071 six years later.
In what follows, I will refer to this letter as R.729, after the reference
number it was allocated by the editors of the Euler correspondence
index (JuSkevic, Smirnov et al. 1975). The text of R.729 can be found in
the 1965 edition of the correspondence by A.P. JuSkeviC and E. Winter,
or in RH. Fuss's Correspondance mathématique et physique de quelques
célèbres géomètres du XVIIIème siècle, of which the Euler-Goldbach cor
respondence occupies the whole of the first of two volumes (JuSkevii
and Winter 1965, pp. 50-53; Fuss 1843,1, pp. 56-60). Most recently, the
letter has been republished in Volume IV.A.4 of Euler's Opera omnia,
devoted to the Euler-Goldbach correspondence (Lemmermeyer and
Mattmüller 2015,1, pp. 131—134; II, pp. 632-636).
In R.729, Euler discussed a number of different and mostly unrelated
subjects: integrals; composite numbers of the form 2" - 1 ; and the
separable Riccati differential equation adq = q2d p - dp. I shall focus
here on the few paragraphs dealing with the Riccati equation, which
are particularly noteworthy.21 Here, Euler stated:22
Recently, considering separable cases of the Riccati equa
tion, I have uncovered the following universal substitution,
by which the equation adq = q2 dp —dp may be restored to
the form ady = y2 d x - x ^ dx.

21 In general, a Riccati equation is a first order ordinary differential equation that is
quadratic in the unknown function: in other words, it is an equation that can be written
in the form y' (x) = p(x) + q(x)y{x) + r{x)y2{x), where p, q, r are known functions and
y an unknown function of x.
22 'Casus nuper formulae Riccatianae separabiles considerans, sequentem universalem
detexi substitutionem, qua aequatio adq = q2 d p - dp ad hanc formam a dy = y2 dx X®rr dx reduci potest' (Fuss 1843,1, p. 58; JuSkeviC and Winter 1965, p. 52).
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This remark came seemingly unprompted; there is no hint of the
Riccati equation earlier in this letter or in those that immediately pre
cede it. Euler continued by claiming that if one makes the substitution
p = {In + l)x*k r, then it is easy to determine that the substitution

1
1
1
1

1
-t
-(2w -l)a
P

+

2n

x ^ + Ty

will give the desired form of the equation.
Reciprocally, he noted, one may transform the equation

ady = yzd x - x ^ dx

back into the equation

adq = q2 d p - dp

by simply reversing these transformations.
This is a non-trivial result: it is far from obvious that q is the correct
substitution. In his editorial comments to E071 in Euler's Opera omnia,
Georg Faber notes that the equation
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which is the form used in E071, can be transformed to
2na

2

= 1 + --- Z - 7 T

V

by letting p = (2n + l ) * ^ (as given by Euler) and taking z to be the
expression in the last partial denominator of the continued fraction, so
z=

y (Faber 1935, p. IC). Faber then notes that if one writes z* for

a solution of the same equation but with n replaced by n —1, then one
will have
.
(2 n -l)a , 1
z ----------------- 1— .
p
z
Composing substitutions of this form will give Euler's continued frac
tion. However, this is still not at all clear unless one has already seen
the continued fraction; Faber's argument does not explain how Euler
came to find the continued fraction in the first place.
In the letter R.729, it is also curious that Euler was beginning with
an easily manageable separable equation and 'restoring' or 'reducing'
it to a more complicated form. Yet even though Euler gave neither a
proof nor any further explanation of the claim, Goldbach seemed to
understand immediately, and even extended the result a little in his
reply (Opera omnia number R.730), giving another type of equation that
can easily be transformed into either of the forms given by Euler (Fuss
1843,1, p. 61; JuSkevii and Winter 1965, p. 54). One might wonder if
Goldbach was simply reluctant to admit that he did not understand
Euler. But this is unlikely: in the same letter, Goldbach willingly con
fessed that he did not understand another claim that Euler had made
later on in the letter, and asked for clarification. Yet, he did not question
this one.
I therefore contend that Goldbach did understand why Euler's claim
was true, and that his immediate understanding was based on a shared
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experience: some mutual prior knowledge, a previous discussion of
this equation that Euler knew Goldbach would recall. The correspond
ence between Euler and Goldbach prior to R.729 yields no evidence
that the two had ever discussed this problem before. So, the shared
knowledge that tacitly drove this conversation must have come from
another source.
There are at least two people with whom Goldbach had discussed
the Riccati equation prior to 1731: Nicolaus Bernoulli (1695-1726), and
his younger brother Daniel (1700-1782), the sons of Euler's former
tutor Johann Bernoulli (1667-1748). Goldbach corresponded with Nic
olaus Bernoulli during the early 1720s, and the two discussed various
forms of the Riccati equation. However, during this correspondence
Goldbach's primary concern was to find cases of the equation which
admitted an algebraic solution. While Nicolaus Bernoulli did make
some investigations into separable cases,23 notably in his letter to Gold
bach of 14 March 1722, the equation he studied has a slightly different
form from the one studied by Euler in 1731, and so the expressions
he obtained for exponents in separable cases are also different and the
connection to Euler's work is not clear (Fuss 1843, II, pp. 140-144).
What I find more plausible as a source of Goldbach's prior knowledge
is Daniel Bernoulli's 1724 book Exercitationes quaedam mathematicae: this
contains a treatment of the Riccati equation which is very clearly con
nected to Euler's treatment from 1731.
Daniel Bernoulli published his first work on the Riccati equation in
the Actorum eruditorum supplementa of 1724. In this paper, titled 'Notata
in praecedens schediasma 111. Co. Jacobi Riccati' ('Note on the preced
ing sketch by the illustrious Count Jacopo Riccati'), Bernoulli took up
the challenge issued by Jacopo Riccati in the paper printed immedi
ately before his own: to find infinitely many n for which the equation
23 Nicolaus Bernoulli studied the equation axmdx -f by^x? dx = dy, and found that if it
is separable in the case m = p then it is also separable when m = - 3 p - 4 and when
m = (-p —4)/3.
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ax" dx + uudx = b du is separable (Bernoulli 1724b). He succeeded, but
in the 'Notata' he gave the solution only in the form of an obscure ana
gram, saying he wanted to stake a priority claim for the first solution
while still leaving the problem open for others. It was not until he wrote
Exercitationes quaedam mathematicae, his first major mathematical book,
later in the same year, that he revealed his method. The book consists
of six chapters on various topics: recurrent series and their application
to the card game 'Pharaon'; the behaviour of a fluid flowing from a
container; the Riccati equation; and the quadrature of lunes.24 Several
of these topics appear in Bernoulli's correspondence with Goldbach in
the two years prior to the publication of the Exercitationes.25
In the chapter on the Riccati equation, titled 'Auctoris explanatio
notationum suarum . . . una cum ejusdem solutione problematis Riccatiani' ('Explanation by the author of his 'Notata'. . . together with a
solution of the problem of Riccati'), Bernoulli gave a way of finding
infinitely many n for which the equation

ax" dx + uudx = b du

(1)

is separable. This method relies upon two lemmas. In the first of these
(Lemma primum, (Bernoulli 1724a, p. 78)) he noted that if one begins
with Equation (1) and applies the substitutions u = y-1 and x = S^hT,
then the resulting equation in y and s is
1 -« ,
, ,
-b (n + 1)
- s ^ r ds + trds = ------------ - dv.
a
3
a
3
This has the same form as the original Equation (1), but with new con
stant coefficients, and with the exponent n replaced by

Therefore,

24 For a detailed commentary on Exercitationes quaedam mathematicae, see (Bottazzini
1996).
25 See the correspondence between Daniel Bernoulli and Christian Goldbach in the
second volume of (Fuss 1843), and commentary on its links with the Exercitationes in
(Bottazzini 1996).
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if Equation (1) is separable in the case n — m, it is also separable in the
case n =

The second lemma (Lemma secundum, (Bernoulli 1724a,

p. 78)) gives a similar result: once again beginning with Equation (1),
one can apply the substitutions u = —for-1 + x~2y and x = s-1 to obtain

as- ”-4 ds + y^ds = - b dy.

This equation in y and s has the same form as the original equation (1),
with different constant coefficients; this time, the exponent n is replaced
by —n —4. Hence, if Equation (1) is separable in the case n — m, then it
is also separable in the case n — -m - 4.
The two lemmas mean that if the differential equation (1) is separable
in the case n — m, then it is also separable in the cases n =

and

n = -m - 4. But since the equation is clearly separable when n = 0,
Bernoulli could apply the two lemmas alternately to obtain infinitely
many more separable cases.26 Indeed, doing this gives the sequence

0,
-0-4 = -4,
-(-4 )
4 + 1

4
3

|+ 1

5

Both of the maps f :mt~* -m - 4 and g :mt->
are self-inverse, so two consecutive
applications of either / or g will give a value of m already obtained. In order to produce
a new value of m each time, we must apply / and g alternately.
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or n =

where m may be any non-negative integer. These cases are

almost exactly those considered by Euler and Goldbach seven years
later.
It remains to show how this result is linked to the continued frac
tion Euler found in R.729. The mathematics underlying this is simple,
though the process is somewhat cumbersome. Here, we use subscript
notation for added clarity, though this was not yet in common use in the
1720s and 1730s. We begin with the separable equation adq = q2dp-dp.
This is the form used by Euler in R.729; it is a particular case of Equa
tion (1), with n = 0. As suggested by Bernoulli, we apply the Lemma
prim u m and Lemma secundum alternately. Applying Lemma primum, the

substitutions are q = y-1 and p = s; these give the same equation, but
with y instead of q. Applying Lemma secundum to the original equation,
the relevant substitutions are q = -ap_1 + p~2q\ and p = p j1, and we
obtain the equation

-adqi = (q l-P i4)dpi.

If we now apply Lemma primum starting with this equation, then the
substitutions are q\ = q^1 and pi — p2K and the new equation is

3adq2 = (q22 -p ^ )d p 2.

Starting from this equation, the substitutions from Lemma secundum
are q2 = - 3ap2l + P22q3 and p2 = p“1, and the new equation is

- 3 adq3 = (q j-p lh d p s -

If we once again apply Lemma primum, the substitutions are q2 = q^1
_3

and p3 = p4 5, and we obtain the equation

5adq4 = ( q l ~ p J ) d p 4.

41
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Applying Lemma secundum again, the necessary substitutions are <74 =
- 5ap“1 + p^2q5 and p4 = pj:1; this gives the equation

-5a d q s

= (qi-P ^)dps-

We could continue in this vein. But instead, we merely note that by
composing the substitutions we have produced so far, we obtain

p = p il = p\ = v ) =

pI

=

p7

and

q = -ap~l + p '2qx
= -ap-1 +p~ 2q l1
1
°P

+ P2(-3apJ1 + J S 2?3)

1
= - a p '1 + -■■■ ■...-........ , , ■
“ 3«P2P 2 + P 2P2 i 4
1
= - a p '1 + ----------------------------------------------- .
3aP Pz + p-2pl(-5ap-l + p - 2q5)
Rewriting each of the terms in pi and p4 in terms of the original variable
p, we obtain

1
q = - a p '1 H-------------------1
- 3 ap'1 +

-5flp_1 + p '6q5

and if we continue in this way, clearly we will obtain the same contin
ued fraction that Euler found in R.729.
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If we now re-examine the continued fraction in R.729 in the light of
its possible connection to Daniel Bernoulli's Exercitationes, it becomes
less surprising that Euler was 'restoring' or 'reducing' a separable
equation to one that is more difficult to deal with: he was not trying
to reduce one equation to another simpler one, but rather, he was re
writing Bernoulli's result on separable forms of the Riccati equation,
by composing the substitutions given in the Lemma primum and Lemma
secundum. What is more, there is strong circumstantial evidence that
the Exercitationes was indeed in the minds of both Euler and Goldbach
in 1731. Euler would certainly have known the book, given his close
connection with the Bernoulli family: indeed, at the time he wrote the
letter he and Daniel Bernoulli were living in accommodation provided
by the St Petersburg Academy for its younger, unmarried members,
and the two often worked closely together on mathematical problems
(Calinger 2015, p. 66). Goldbach had been in regular correspondence
with Daniel Bernoulli since 1723, initially at the suggestion of Ber
noulli's elder brother Nicolaus. The Daniel Bemoulli-Goldbach cor
respondence was active during the time when Exercitationes quaedam
mathematicae was published, and it is clear from these letters that Gold
bach was well aware of the book's existence and familiar with its
contents. Indeed, some of the topics treated in the Exercitationes, such
as the questions concerning probability and recurrent series from the
first chapter, had been discussed by Bernoulli in his correspondence
with Goldbach prior to their appearance in the Exercitationes.27 It is,
therefore, undoubtable that both Euler and Goldbach would have been
intimately familiar with the contents of the Exercitationes.
Thus, I suggest that in R.729, Euler was tacitly applying the method
used by Bernoulli, secure in the knowledge that Goldbach would un
27 See, for example, the mentions of the Exercitationes in various letters exchanged
between Daniel Bernoulli and Goldbach during 1724 and 1725 (Fuss 1843, II, pp. 211239). The extant 72 letters between Bernoulli and Goldbach are dated between 1723
and 1731.
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derstand the implicit reference to the Exercitationes even though Ber
noulli had not written down the composition of the substitutions. It
is this result that he returned to in 1737, when he saw that it could be
extended to prove that the regular continued fraction for e does indeed
continue infinitely. It was this realisation, I suggest, and not any pre
vious writings on continued fractions, that provided the stimulus for
Euler to write E071.

2.4

CONCLUSIONS

As we have seen, there are several 17th-century appearances of con
tinued fractions which, given the right circumstances, could have led
Euler directly to the study of continued fractions. Instead, it transpires
that he came to study continued fractions by an altogether more sur
prising route: he started from Daniel Bernoulli's work on differential
equations, and returned to the topic later via a letter to Goldbach.
This is an excellent example both of the startling connections that
can be unveiled within mathematics, and of Euler's rare talent for
spotting them. Moreover, the connection of E071 to Euler's corres
pondence was discovered only by the fortuitous knowledge of Carl
Boehm, editor of the Opera omnia volume containing E071. This raises
the question of whether this instance is typical of the role of corres
pondence in Euler's working practices, as well as questions about the
ways in which other mathematicians influenced Euler to take up cer
tain topics. For example, it is curious that there was a gap of six years
between the first appearance of the continued fraction in R.729, and its
reappearance in E071. Several other papers written around the same
time as E071 also treat topics that Euler discussed in correspondence
with Goldbach in the early 1730s: for example, as mentioned above,
'De constructione aequationum' (E070), presented to the Academy a
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month before E071, touches upon the Riccati equation, and 'Solutio
problematis geometrici circa lunulas a circulis formatas' ('Solution to
a geometrical problem about lunes formed from circles', E073) was
presented a few months after E071 and deals with geometrical prob
lems similar to some which Euler discussed with Goldbach in 1730.
There is, therefore, a small cluster of papers written in 1737 whose top
ics all appear to have Euler's correspondence with Goldbach as their
common origin. Further work is needed to determine whether any of
Euler's contact with Goldbach prompted Euler to extend the contents
of these letters into full-length papers. Goldbach returned to St Peters
burg when the Russian court moved there from Moscow in 1732, and
resumed his duties as secretary to the St Petersburg Academy, so it
is possible that such a discussion could have occurred face-to-face. It
would also be worthwhile to investigate how other correspondence
influenced Euler's publishing activities.
I also observe that though this investigation of a paper by Euler on
continued fractions, and its antecedents, could be carried out using
only printed resources, it is made far easier by the advent of digital
sources. For example, though we are fortunate in that Euler (1985,
p. 327) included a bibliography of Euler's works on continued frac
tions, to check all of these in paper form would require us to have
access to all of volumes 1.14,1.15,1.16.1,1.16.2,1.18,1.22, and 1.23 of the
Leonhardi Euleri opera omnia,28 or to all of the original publications, or
to some combination thereof. To check all of the original publications
in paper form would require either an excellent local research library
with plentiful antiquarian holdings, or a very generous travel budget.
Instead, though, with the advent of the Internet and the Euler Archive,
one is able to access all of Euler's publications, mostly in their first
28 The Opera omnia references given by the translator-editors of (Euler 1985), are incorrect
in the cases of E011, E031, and E751. E011 and E031 are contained in volume 1.22 (given
as 1.15 in (Euler 1985)), and E751 is to be found in volume 1.23 (given as 1.12 in (Euler
1985)).
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editions, in digitised form, at no cost, without leaving one's desk. This
allows one to check and compare sources far more quickly and easily
than would previously have been possible.
However: we can go further than simply making it easier to check
facts and references. The investigation reported in this chapter capital
ises on Boehm's observation of the link between E071 and R.729; this
suggests that it would be worthwhile to explore Euler's correspond
ence in order to find more new insights into his work. However, if
Euler's 866 printed works form a corpus of daunting size, then his
correspondence of almost three thousand extant letters, not all yet
available in published form (either print or digital), is even more inac
cessible. This raises the question of whether digital tools may be of use
in helping to manage and make sense of the large volume of writings,
both in letters and in published works, that Euler left behind. In the
next chapter, I will discuss the use of database technology for exactly
this purpose.
Finally, I note that while E071 was not itself motivated by questions
relating to the theory of continued fractions, it did open the door for
Euler, and others later, to ask more questions concerning continued
fractions. He returned to the subject several times during his career: in
1738, a year after he wrote E071, he wrote a paper titled 'De fractionibus
continuis observationes' ('Observations on continued fractions', Euler
1750a, E123) in which he returned to Brouncker's continued fraction for
n, which he had mentioned in passing in E071. Much later, in the late
1750s, he explored the connection between continued fractions and the
Pell equation in 'De specimen algorithmi singularis' ('On an example
of a singular algorithm', Euler 1764, E281) and 'De usu novi algorithmi
in problemate Pelliano solvendo' ('On the use of a new algorithm in
solving Pell's problem', Euler 1767, E323). This work was later taken
up by Lagrange in his work on the solution of numerical equations
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in the late 1760s. Thus, by developing the basic theory of continued
fractions in E071 and demonstrating their usefulness, Euler allowed
them to be put to more significant uses than simply as approximations
or as curious representations of irrational numbers, and turned them
into a useful tool in analysis.

M A K IN G A D A T A B A S E O F E U L E R 'S
CO RRESPO N D EN CE

In the light of Chapter 2 and its motivating example of Euler's work on
continued fractions, it becomes clear that in order to study his works
in detail, one cannot look only at his published works. We must also
look to other writings, such as his correspondence, in order to gain a
more comprehensive understanding of his mathematical thought, his
influences, and the dissemination of his ideas.
Previous authors have used traditional methods of scholarship to
deal with the correspondence of Euler and of other early modem
mathematicians. In particular, a project is under way to publish all
of Euler's known correspondence, as Series IV.A of the Opera omnia.
This has so far yielded an index volume (Opera omnia volume IV.A.1,
JuSkevié, Smirnov et al. 1975) and four volumes of correspondence:
• Adolf P. Juâkevié and René Taton (eds.) (1980), Correspondance de
Leonhard Euler avec A. C. Clairaut, J. d'Alembert et ]. L. Lagrange,
Leonhardi Euleri opera omnia IV.A.5, Birkhâuser
• Pierre Costabel et al. (eds.) (1986), Correspondance de Leonhard
Euler avec P.-L M. de Maupertuis et Frederic II, Leonhardi Euleri
opera omnia IV.A.6, Birkhâuser
• Emil A. Fellmann and Gleb K. Mikhajlov (eds.) (1998), Briefwechsel von Leonhard Euler mit Johann I Bernoulli und Niklaus I Bernoulli,
Leonhardi Euleri opera omnia IV.A.2, Birkhâuser
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• Franz Lemmermeyer and Martin Mattmüller (eds.) (2015), Cor
respondence of Leonhard Euler with Christian Goldbach, 2 vols., Leonhardi Euleri opera omnia IV.A.4, Birkhäuser
A further three volumes are currently in preparation for publication
by Birkhäuser:1
• Opera omnia volume IV.A.3 (two parts), Briefwechsel von Leonhard
Euler mit Daniel und Johann III Bernoulli, Emil A. Fellmann and
Gleb K. Mikhajlov (eds.)
• Opera omnia volume IV.A.7, Correspondance de Leonlmrd Euler avec
L. Bertrand, Ch. Bonnet, J. Castilion, G. Cramer, Ph. Cramer, G. Cuenz,
G. L. Lesage, J. M. von Loen et J. K. Wettstein, Siegfried Bodenmann
and Andreas Kleinert (eds.), Birkhäuser, to appear in 2016
• Opera omnia volume IV.A.8, Briefwechsel von Leonhard Euler mit Jo
hann Andreas von Segner und anderen Hallenser Gelehrten, Andreas
Kleinert and Thomas Steiner (eds.)
Though the publication of Opera omnia series IV.A is well under way,
even together with the other existing partial publications of Euler's
correspondence it does not yet come close to including all of the known
letters.
I will begin this chapter by giving an overview of some print edi
tions of various parts of Euler's correspondence, outlining the positive
and negative aspects of each edition. Then, I will summarise two dif
ferent approaches to the question of how to deal with early modem
mathematical letters. From this analysis of the existing literature on
the correspondence of Euler and other early modem mathematicians,
it will become apparent that traditional methods of scholarship are not
suitable for the task of surveying such a large and complex body of writ
ings as the Euler correspondence. The corpus is simply too extensive
1 This information is taken from the Euler edition webpages (Birkhäuser History of
Science n.d.).
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for a print edition to be used for exploration of Euler's correspondence
as a whole.
However, modem database technology makes it quick and easy to
do just that. I will therefore turn my attention to digital tools, and seek
to construct a database to use to explore the corpus as a whole and
identify subsets of it that are ripe for in-depth study. By considering
and evaluating three existing examples of web-based databases with
potential uses in the history of mathematics, I will develop a view of the
appropriate characteristics of a database for storage and querying of
the metadata pertaining to Euler's correspondence, and I will present
a basic prototype of such a database. Finally, I will use this database
to identify a subset of letters that are suitable for further research into
the role of correspondence in Euler's mathematical work.

3.1

ANALOGUE

APPROACHES

TO

EARLY

MODERN

M ATHEM ATICAL

LETTERS

3.1.1

Print editions of Euler's correspondence

The earliest editor to publish significant quantities of Euler's collected
correspondence was Paul Heinrich Fuss, son of Euler's secretary Nic
olas Fuss, in his two-volume Correspondance mathématique et physique de
quelques célèbres géomètres du XVIlIème siècle (Mathematical and phys
ical correspondence of some celebrated mathematicians of the eight
eenth century) of 1843. When he took over from his father as permanent
secretary of the St Petersburg Academy of Sciences in 1826, Fuss made
it one of his first priorities to inspect the Academy's archives. There,
he found around ten packets of letters addressed to Euler, arranged
in chronological order and dating mostly from Euler's first period in
St Petersburg (1727-1741) and from his years in Berlin (1741-1766).
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These were from a number of different correspondents: there were 10
letters from Johann Bernoulli, Euler's former tutor; 63 from Johann's
son, Euler's childhood friend Daniel Bernoulli; and many from other
notable mathematicians of the time. In addition to the contents of the
packets, the letters available to Fuss included some from the Bemoullis,
of which he had found copies among his father's papers, and also
some letters to Christian Goldbach from Euler and the Bernoulli fam
ily, which were located among Goldbach's papers, preserved in the
Moscow Central Archive.
Fuss's main aim in publishing a selection of these letters was to make
their mathematical content available to the mathematical community.
He was dismissive of the value of most of the letters he found, describ
ing them as 'remplies des phrases banales de l'adulation, d'affaires de
service d'un intérêt passager, ou d'objets qui, alors même, n'offraient
de l'intérêt qu'aux auteurs de ces lettres'2 (Fuss 1843,1, p. xx). With
this objective in mind, he published the available letters between Euler
and Goldbach (177 letters); from Johann Bernoulli to Euler (14 letters);
between Johann's eldest son Nicolaus Bernoulli and Goldbach (27 let
ters); between Daniel Bernoulli and Goldbach (71 letters); from Daniel
Bernoulli to Euler (58 letters); from Daniel Bernoulli to Nicolaus Fuss
(5 letters); and from Johann Bernoulli's nephew Nicolaus to Euler (4
letters).
Fuss's primary area of interest was the relationships between Euler
and the various members of the Bernoulli family. Though the EulerGoldbach correspondence occupies the whole of the first volume of
his edition, Fuss noted in the preface to that volume that he nearly did
not include it at all:
Our archive [at the St Petersburg Academy] contains, addi
tionally, a whole volume of letters from Goldbach. Though
2 'full of banal phrases of adulation, of business matters of passing interest, or of subjects
which, even then, offered no interest except to the authors of these letters.'
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this geometer, in his lifetime, enjoyed a great reputation,
the obscurity into which his name has fallen and the sec
ondary interest that his letters offer, though [the letters are]
all learned, had first led me to exclude them from the col
lection I was contemplating. But circumstance suddenly
changed the face of this question. I learned that there exist,
in the central archives in Moscow, many packets contain
ing Euler's responses to Goldbach. These could not fail to
give a degree of importance to the letters of the latter that,
taken in isolation, they did not have at all. Thanks to the
enlightened munificence of Prince Obolensky, leading the
Moscow archives, I soon found myself custodian of a hun
dred letters from Euler to Goldbach, all full of important
research on different subjects in science, and particularly
on the theory of numbers.3
Fuss's lukewarm attitude towards Goldbach is somewhat surprising
given that he is well-known today for the letters he exchanged with
Euler and the Bemoullis, but the flow of mathematical ideas was not
a balanced one and it is understandable that Fuss was uninterested in
Goldbach's letters taken out of the context of the replies they prompted
from his more mathematically adept correspondents.
As an editor of the correspondence of Euler and others, Fuss's major
achievement was in making such a large number of letters accessible
to the scientific public at large. As a historian, his record is a little more
3 'Nos archives renferment, en outre, tout un volume de lettres de Goldbach. Bien que
ce géomètre ait joui de son vivant d'une grande réputation, l'oubli dans lequel est
tombé son nom, et l'intérêt secondaire qu'offrent ses lettres, quoique toutes savantes,
m'avaient d'abord déterminé à ne pas les comprendre dans le recueil que je méditais.
Or une circonstance changea tout à coup la face de cette question. J'appris qu’il existe
aux archives centrales de Moscou plusieurs paquets renfermant les réponses d'Euler à
Goldbach. Celles-ci ne pouvaient manquer de donner aux lettres mêmes de ce dernier
un degré d'importance que, prises isolément, elles n'avaient point. Grâce à la libéralité
éclairée de M. le prince Obolensky, dirigeant les archives de Moscou, je me trouvai
bientôt dépositaire de cent lettres d'Euler à Goldbach, toutes pleines de recherches
importantes sur differents sujets de la science et particulièrement sur la théorie des
nombres.' (Fuss 1843,1, pp. xxi-xxii)
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variable. On the one hand, he can be commended for publishing the
letters in their original languages of Latin, French, and German (and
often a mixture of all three). Given that he was striving to make the
correspondence accessible to a wider audience, he might have been
tempted to translate them all into a single language, probably French.
But, happily, Fuss preserved the language of the letters in order to
preserve the subtleties of style, phrasing, and register that were often
conveyed by an eighteenth-century letter-writer's choice of language.
He also appears to have made only minor and inconsequential changes
to the mathematical notation: for example, as in the replacement of
overlines such as 2x 4-1 x - 1 with the more legible modem bracket
notation (2x + 1 ) (x - 1 ) . But on the other hand, he had an unfortunate
habit of omitting non-scientific passages from the letters, with little
consistency, and it is not always clear what or how much content has
been excised. In addition, his selection of letters is based on what he
could find in archives in St Petersburg and Moscow; this resulted in
him missing numerous letters that have been archived in other places
such as Tartu and Basel. As a consequence of these flaws, his edition
of Euler's correspondence, though an excellent starting point, must be
used with extra caution.
Later in the nineteenth century, some of the letters between Euler
and Lagrange were published in editions of Lagrange's correspond
ence by Boncompagni (1877) and Serret (Lagrange 1867). The former
reproduced Lagrange's letters to Euler in facsimile, while the latter
printed transcriptions of letters in both directions. The Boncompagni
edition is particularly useful as there is no change in language or nota
tion from the original; the reader can see the letters almost in their
original form. However, conversely, there is no editorial intervention
to aid the reader's understanding of the sources.
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However, the next major publication of any large part of Euler's
correspondence did not arrive until shortly after the 250th anniversary
of his birth, when the Academies of the Soviet Union and the German
Democratic Republic jointly resolved to publish all of the parts of his
correspondence relating to the St Petersburg and Berlin Academies.
The resulting three-volume work, Die Berliner und die Petersburger
Akademie der Wissenschaften im Briefwechsel Leonhard Eulers, was edited
by Juskevic and Winter. Published between 1959 and 1976, it contains
mostly administrative letters exchanged between Euler and Academy
officials such as Johann Daniel Schumacher and Gerhard Friedrich
Müller.4 Most significantly, though, it ignited the interest of JuSkevifi
and Winter in Euler's correspondence: in addition to the administrat
ive correspondence, they also produced a new edition of the EulerGoldbach correspondence in 1965. This improved on the edition of
the same correspondence published by Fuss in 1843 in several crucial
ways. It included a few letters that had been found in archives since
the publication of Fuss's edition; it included copious useful footnotes
to provide background information and explain editorial policy; most
importantly, it included most of the non-scientific passages omitted
by Fuss. Sadly, Juäkevii and Winter continued to omit the salutations
at the beginning and end of each letter, which can be useful for as
sessing the relationship between the writer and addressee. Overall,
though, their edition of the Euler-Goldbach correspondence represen
ted a great improvement over that of Fuss.
The renewed interest in Euler's correspondence in the 1960s encour
aged the Euler Commission, which had been producing volumes of
Euler's Opera omnia since 1907, to commence work upon a new Series
IV.A of the Opera omnia devoted to publishing all of the extant corres4 Johann Daniel Schumacher (1690-1761) was the secretary of the St Petersburg
Academy from 1725 to 1759 (Werrett 2010, p. 104). Gerhard Friedrich Müller (17051783), a historian and ethnographer, was a member of the same Academy from 1725
and held various positions within it, including the headship of the Geographical riacc
from 1754 to 1765 (Priesner 1997).
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pondence. The first volume of that series was published in 1975, and is
a catalogue of the letters, giving basic information about them, biblio
graphical information on known manuscript and printed copies, and
brief summaries of content (JuSkevii, Smirnov et al. 1975). This is an in
valuable resource, and has been particularly useful to me in my efforts
to make a searchable database of the correspondence. Since 1975, three
further volumes of Series IV.A have been published, meaning that
Euler's correspondences with Nicolaus Bernoulli, Johann Bernoulli,
Joseph-Louis Lagrange, Alexis Clairaut, Jean d'Alembert, Pierre-Louis
de Maupertuis, and Frederick II of Prussia, and, until recently, with
Christian Goldbach, are now all available to the scholarly community
in high-quality modem editions. The letters are reproduced in full,
with facsimiles of diagrams (a more faithful reproduction than can
be found in earlier editions, whose editors redrew the diagrams). Let
ters have been transcribed in their original language or languages,
and where necessary, translations have also been provided into the
working language of that particular volume (usually French or Ger
man). The letter transcriptions include editorial footnotes where ne
cessary or useful for the reader's understanding, and in addition, each
volume is prefaced with an introductory essay giving an overview of
the correspondences contained therein. Though the commentaries are
insightful, they each tend to focus on Euler's correspondence with just
one person; nowhere have the commentators considered the body of
correspondence pertaining to a particular topic.
What goes for the Opera omnia, in this case, goes for the entire body
of secondary literature: there has been no study of Euler's correspond
ence from the viewpoint of the mathematics it contains. Indeed, apart
from those found in the Opera omnia volumes, there have been very
few studies of the correspondence at all. The only substantial study
of Euler's correspondence as a whole is Siegfried Bodenmann's PhD
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thesis, in progress at the University of Bern: he will examine Euler's
non-mathematical correspondence in order to study Euler's role in
various European intellectual networks.5 Authors have occasionally
treated single letters to and from Euler, for example as in a recent
article by Bradley and Stemkoski (2011); but it is rare that any study
considers more than one of Euler's letters in the context of other letters
or published works.

3.1.2

Literature on early modem mathematical letters

Though there is little published research on Euler's correspondence,
there has been some important work on mathematical correspond
ences from the seventeenth and early eighteenth centuries, and the
methods and results from these studies are highly relevant for my
own work. In this section, I outline the methods used in two such
studies, and discuss the ways in which I need to adapt them.
First, I look at a paper which begins to analyse the process of com
municating by letters in the eighteenth century with specific reference
to mathematics: Jeanne Peiffer's 1998 paper, 'Faire des mathématiques
par lettres' ('Doing mathematics by letters'). This paper is 'a plea for
the appropriation by historians of mathematics of the tools developed
by current research on the epistolary art' (Peiffer 1998, p. 146).6 Study
ing the correspondence of mathematicians, Peiffer argues, can enable
us to understand not only the structure of scholarly communication
on the one hand and mathematical practices on the other, but also
the interaction of these two ideas. The examples she discusses predate
Euler, such as the correspondence between Johann Bernoulli and Pierre
Varignon on central forces in the early eighteenth century. However,
5 For a flavour of the approach Bodenmann plans to take, see (Bodenmann 2008) and
(Bodenmann 2013).
6 'un plaidoyer en faveur de l'appropriation, par les historiens des mathématiques, des
outils élaborés par les recherches en cours sur l'épistolarité'
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the questions she raises provide a useful manifesto for the study of the
role of the epistolary form in the history of mathematics.
A second paper whose methodology is important for my own re
search is Catherine Goldstein's 'L'arithmétique de Pierre Fermat dans
le contexte de la correspondance de Mersenne: Une approche microso
ciale' ('Pierre Fermat's arithmetic in the context of Mersenne's corres
pondence: A microsocial approach') (Goldstein 2004)7 Goldstein sets
out to make a close study of Fermat's work on arithmetic in an attempt
to characterise his relationship with his contemporaries, and to resolve
some of the paradoxes that recur in historical treatments of him: for
example, he is portrayed as a lone wolf, yet was in close contact with
most of the influential scholars of his day.
Goldstein begins by identifying the key sources for the study of Fer
mat's work on arithmetic: namely, his observations on Diophantus's
Arithmetica and work on polygonal numbers, which were published
by his son Samuel in 1670; and his correspondence. Drawing compar
isons between the periods 1636-1650 and 1661-1665, she focuses on
the form of the mathematics appearing in these writings, rather than
on its technical interpretation: for example, she looks at the different
ways in which Fermat instigated and developed mathematical discus
sions with his correspondents; the classical inspirations which underlie
many of the problems he posed; and his role in the correspondence.
She uses these perspectives on Fermat's correspondence to make new
conjectures about his observations on Diophantus: for example, to as
sign possible dates to some of them according to the dates of related
letters which Fermat wrote or received.
In the second half of the paper, Goldstein looks at the different forms
of mathematical exchange in the correspondence of Marin Mersenne
(1588-1648). She considers the role of algebra in the polemic over 'énon-7
7 In a related, more recent paper, Goldstein has studied the role of challenges and con
troversies in mathematical exchanges and collaborations within the correspondence
network of Marin Mersenne (Goldstein 2013).
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ces impossibles' (that is, theorems which declare that something is im
possible), and examines Fermat's position in this controversy, as a man
on the borderline between arithmetician and algebraist. She concludes
that the apparent contradictions of Fermat's life are the products of
modem historiography and selective use of sources, and that when
viewed in context, Fermat's apparently contradictory traits seem per
fectly compatible with each other.
Both of these papers are excellent examples of how one can approach
mathematical correspondence as a way of determining the position
and role of an early modem mathematician within the society in which
he operated. In particular, Goldstein's paper is a useful blueprint for
such an investigation. However, it must be taken into account that my
own subject, Euler, lived and worked significantly later than those dis
cussed by either Peiffer or Goldstein, and in the time between Fermat's
early observations on arithmetic and the beginning of Euler's career,
the social structure of European mathematics changed profoundly. The
rise of the first scientific academies and societies, beginning with the
Royal Society of London (founded in 1660) and including the institu
tions in St Petersburg and Berlin at which Euler spent his whole career,
led to increasing professionalisation of mathematics during the late
seventeenth and early eighteenth centuries. During the same period,
the appearance of the first printed scientific journals, starting with the
Philosophical Transactions and the Journal des Sgavans (both first pub
lished in 1665, in London and Paris respectively), meant that by the
time of Euler, correspondence was no longer necessarily the primary
mode of communication between mathematicians as it had been dur
ing the periods studied by Goldstein and Peiffer. Thus, if the methods
employed in these papers are to be adapted for a study of Euler's cor
respondence, it is necessary to bear in mind the changed environment
in which Euler worked, and its possible effects on the role of corres
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pondence in his working life compared with its role for his forebears
in the seventeenth century.
None of the sources or approaches discussed so far is entirely ad
equate for a corpus of nearly three thousand letters. However, modem
database technology allows us to sift and sort the letter metadata at
will according to criteria as complex as might be necessary. This al
lows us to better understand the nature of the corpus and to identify
areas that would be fruitful for further study. Therefore, using as a
starting point three existing examples of web-based databases related
to the history of mathematics, I will explore the possibility of creating
a database of Euler's correspondence in order to examine the whole
collection of letters. Finally, I will present a prototype database of the
Euler correspondence, along with an example of its usage, in which I
identify a smaller corpus of letters for further study.

3.2

W EB-BA SED

DATABASES FOR RESEARCH

IN H ISTO RY OF M A TH 

EM ATICS

In order to inform the design process for the prototype database of
Euler's correspondence that I will discuss later in this chapter, it is
useful and informative to look at how others have used databases to aid
research in the history of mathematics. Here, I will discuss three webbased database projects: though only one was designed specifically
with the history of mathematics in mind, all are useful research tools
for this area.
If we wish to record complex, multidimensional data in a useful elec
tronic form, we need to understand the concept of a relational database,
which is due to Codd (1970) and which underlies most modem digital
databases. For simple datasets, we might be able to record all the ne
cessary information in a single table without any repetition or redund-

3 . 2 W E B - B A S E D DATABASES FOR R ES E A R C H IN HI ST OR Y OF M AT H EM AT IC S

ancy. For example, if we simply wish to record a list of mathematicians
with their basic biographical data, a single table would suffice as in
Table 3.1.8
mathematicians
surname

first_name

b irth

death

Euler

Leonhard

1707

1783

Bernoulli

Johann

1667

1748

Goldbach

Christian

1690

1764

Bernoulli

Daniel

1700

1782

Table 3.1: Data defining instances of mathematicians and their properties

However, if we were to extend this table to also include data about
selected a r t i c l e s by the mathematicians, we would repeat lots of
information. Instead, we create a separate table (Table 3.2) for a r ti c le s .

However, when we come to link these two tables, we are presented
with a problem of uniqueness. The surname Bernoulli is not unique
among rows in the table mathematicians, and so it is unclear with
which Bernoulli we should associate the article 'Notata in praecedens
schediasma 111. Co. Jacopo Riccati' from the table a r t i c l e . To resolve
this problem, under the relational database model we define a unique
primary key for each row of each table. A primary key from one table
may be referenced in another table, where it is referred to as a for
eign key. Tables 3.3 and 3.4 together form a relational database de
scribing two entities: mathematicians and a r t i c l e s . Here, p e rs .id
serves as a primary key for the table mathematicians, and a rt_ id
serves as a primary key for the table a r ti c le s . The author column
of the a r t i c l e s table contains values of the primary key for the table
mathematicians, so this column is referred to as a foreign key.

8 When defining column (attribute) names in digital databases, it is best to avoid spaces;
hence, I have used underscores as a word separator in the tables that follow.
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a rtic le s
surname

title

journal

pub_year

Euler

De fractionibus
continuis
dissertatio

Commentarii
academiae
scientiarum
imperialis
Petropolitanae

1744

Bernoulli

Notata in
praecedens
schediasma 111. Co.
Jacopo Riccati

Actorum
eruditorum
supplémenta

1724

Euler

De
repraesentatione
superficiel super
piano

Acta academiae
scientiarum
imperialis
Petropolitanae

1778

Lagrange

Sur la construction
des cartes
géographiques

Nouveaux
mémoires de
l'Académie des
sciences et
belles-lettres de
Berlin

1781

Table 3.2: Data defining instances of article s and their properties

There are a few useful features to notice within this example. First,
we note that, as in the case of Johann Bernoulli and Christian Goldbach, we may include a mathematician without necessarily including
any journal articles written by him or her. Equally, we may choose to
include multiple articles authored by the same mathematician, as with
Euler in the example.
Second, we observe that there is no repetition of data anywhere
across the two tables, and that the referencing between tables is concise.
We could, in theory, have made unique references to mathematicians
in the table a r t i c l e s by including not only surname but also first
name, but this is verbose and still not guaranteed to be unique. If, for
example, we were to add Johann Bernoulli (1710-1790) to the database,
then the combination of surname and first name no longer uniquely
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mathematicians
pers_id

surname

first_name

b irth

death

ml

Euler

Leonhard

1707

1783

m2

Bernoulli

Johann

1667

1748

m3

Goldbach

Christian

1690

1764

m4

Bernoulli

Daniel

1700

1782

Table 3.3: An edited version of the mathematicians table, now including a
primary key

a rtic le s
a rt_ id

author

title

j ournal

pub_year

al

ml

De fractionibus
continuis
disserta fio

Commentarii
academiae
scientiarum
imperialis
Petropolitanae

1744

a2

m4

Notata in
praecedens
schediasma 111.
Co. Jacopo
Riccati

Actorum
eruditorum
supplémenta

1724

a3

ml

De repraesentatione
superficiei
super piano

Acta academiae
scientiarum
imperialis
Petropolitanae

1778

a4

NULL

Sur la
construction
des cartes
géographiques

Nouveaux
mémoires de
l'Académie des
sciences et
belles-lettres de
Berlin

1781

Table 3.4: An edited version of the article s table, now including a primary
key, and with references to mathematicians using a foreign key

defines a mathematician.9 So, the generation of a necessarily unique
primary key for each row of each table ensures that we can uniquely
and concisely reference rows of one table inside another table without
repeating data, thus minimising the size of the file, which would be
9 Johann Bernoulli (1710-1790) was the son of Johann Bernoulli (1667-17481
younger brother of Daniel Bernoulli (1700-1782).
'
a d the
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important were we to scale this prototype database up by adding much
larger amounts of data.
Third, we note that it is entirely possible to include an article whose
author is not included in the table mathematicians: we simply specify
the value NULL for its author attribute. In the case of Lagrange and
his article, we could easily add Joseph-Louis Lagrange (1736-1813) to
the mathematicians table, but if we wanted to allow for the possibility
of including articles by anonymous or unknown authors, the ability to
specify NULL values for article authors would be important. The pos
sibility of NULL values also extends to other data fields: for example,
we might not know exact dates of birth or death or even full names for
some authors, so these would need to be given as NULL.
Most web-based relational databases, including the three existing
projects that I am about to discuss in the next section, are implemen
ted using some form of Structured Query Language (SQL). This is a
specialised programming language designed specifically for the defini
tion, manipulation, and control of data in a relational database, and one
may use it to query a database and extract data according to specified
criteria. For example, if we were to implement the database shown in
Tables 3.3 and 3.4 in SQL, we could query it to generate a list of all
articles with their authors' surnames and first names; we could gen
erate a list of all articles by authors bom in or after 1695; or we could
query based on any other attribute or combination of attributes from
the tables mathematicians and a r ti c le s .
This is an extremely simple example of a relational database, but
the underlying relational model is extremely powerful and can be
extended to represent arbitrarily complex data. As a result, with some
modifications and extensions where necessary, the relational model has
been the foundation of most database-driven software since its initial
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uptake in the 1970s. This includes all three of the existing historical
database projects that I am about to discuss.

3.2.1

Thamous

Thamous is a collaborative database which was founded and is still
maintained by Alain Herreman of Université de Rennes 1 (Herreman 2006-). It is a specialist French-language database for history of
mathematics, with all data provided by its users; there is an Englishlanguage user manual available, written by Catherine Goldstein (2007).
Its unique feature is its particular focus not only on entities—people,
bibliographical references, journals, and places— but also on the types
of link between them. For example, a person may be linked to a biblio
graphical reference by having written it or by being mentioned in it; to
another person by having corresponded with him or her, or by having
taught or been taught by him or her; and so on. A full list of the types
of link that Thamous supports is given in Table 3.5. Thus, each link
between a pair of references is labelled, and the effect is to produce a
database that has a particular strength in tracing networks of people,
places and texts. Links are not symmetric: each has a source and a tar
get (source and but in the French-language interface of Thamous), and
as a rule of thumb, links point backwards in time, so that the source of
the link comes later in time than its target: for example, to make a link
showing that Euler was a pupil of Johann Bernoulli, we would create a
link of type 'Elève' with Euler as its source and Bernoulli as its target.
It is also possible for users of the database to add notes and keywords
to references. Any user can also save lists of references for later use, and
can add his or her own new references and links. Notes on references
have three available levels of publication: users may choose to keep a
note private; they may choose to make it visible only to users belonging
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Cite

Elève

Présentation de

Compte rendu

Enfant

Prolongement de

Contient

Etude sur

Recommande

Contient (partiel)

Fondateur

Remarques sur

Controverse

Indications biog.

Remerciements

Corrections

Membre de

Rencontre

Correspondance

Même sujet

Réponse

Critiques

Non cité

Traduction

Découvre

Notation

Traduction (partielle)

Dédicace

Nouvelle édition

Variante

Directeur

Parenté

Table 3.5: Types of link defined in the Thamous database

to designated projects within Thamous; or, they may choose to make
the note public and viewable by all Thamous users.
For example, let us look for links involving Euler's Introductio in
analysin infinitorum (Euler 1748). First, we get the main page for the
Introductio (Figure 3.1), which gives the basic metadata for the reference,
along with any notes on it that have been made available to the loggedin user. The results (Figure 3.2) tell us that in this book Euler cited
De Moivre, and, more interestingly and usefully, give us a list of 25
later works, including both primary and secondary sources, that are
in some way linked to the Introductio. For example, we find out that
Cramer (1750) cited the Introductio; that (Euler 1796-1797) is a French
translation of its first volume which includes some remarks upon the
original; and that Lacroix (1797-1798) remarked upon it.
The ideas and innovation behind Thamous are enormously power
ful, and if it were to be taken up by more historians of mathematics it
could become a vital resource for many. However, its user interface is
somewhat difficult to navigate, and it is perhaps because of this that
while some researchers and research groups have embraced Thamous
and populated it with comprehensive data relating to their own pro
jects, its uptake has not yet been universal. As a result, its coverage is
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Figure 3.1: Thamous page for Euler's Introductio in analysin infinitorum
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uneven and there is an imbalance in favour of the nineteenth century,
perhaps due to the large numbers of French historians of nineteenthcentury mathematics who use Thamous in their work. However, it is
a pioneering project within the history of mathematics and it is to be
hoped that its current form may serve as a basis for exciting future
developments.

3.2.2

The French Book Trade in Enlightenment Europe Project

Of the three examples I evaluate in this chapter, the French Book Trade
in Enlightenment Europe Project is the least related to mathematical
correspondence, but it is nonetheless a good example of how database
technology can allow us to deal with large quantities of written sources
at a corpus level. Its primary focus is in the history of the Enlightenment
and in the history of the book, but as I will discuss, it also contains
much of interest to historians of European mathematics and science as
well as of the history of other academic fields.
The Project has digitised the archives of the Société Typographique
de Neuchâtel (STN), a Swiss publishing house and book merchant
that was active between 1769 and 1794. Over its lifetime the STN
published around 200 works, of which many were counterfeit editions
of books published elsewhere. These works included not only books
but also periodicals such as the Mercure suisse (later retitled Journal
helveticjue). However, like other publishing houses of the time, it also
sold works by other publishers. Moreover, as a bookseller situated
in a francophone area but outside France, it was instrumental in the
dissemination of texts that were banned inside France itself. Its clients
were spread across Europe, not only in French-speaking countries but
also in German-speaking countries and as far afield as Britain and
Russia.
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The archives of the STN were acquired by the Bibliothèque Pub
lique et Universitaire de Neuchâtel in 1932, and they consist of cor
respondence and inventory and double-entry account books among
other documents relating to the day-to-day running of the business.
The collection of account books is extensive and records almost every
transaction the STN ever made, involving the dissemination of around
400,000 copies stemming from 400 publications across all of Europe.
Thus, the archive gives a representative view of the activities of the
STN and consequently gives us a way to study the trade in Frenchlanguage publications across Europe in the latter half of the eighteenth
century.
In June 2012, the French Book Trade in Enlightenment Europe Project
(FBTEE Project), led by Simon Burrows and Mark Curran together with
a larger team of researchers and technical staff, published an online
database of the transactions of the STN drawn from the account books
in its archive (Burrows et al. 2012-). The resulting database, together
with a user-friendly web interface, allows users to formulate complex
queries of a very large and rich data set. As an example, let us explore
the mathematical books sold by the STN.
The web interface allows us to select books according to either
keyword or Parisian category. The 'system of the Parisian booksellers'
is a subject classification system developed around the turn of the
eighteenth century. It is essentially a hierarchical system, consisting of
five main categories— Théologie, Jurisprudence, Arts et sciences, Histoire,
and Belles-Lettres—each of which can have many subcategories. Math
ématique is to be found as a subcategory of Arts et sciences, and itself
consists of four subcategories:
• Astrologie;
• Astronomie;
• Géométrie;
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• Optique & Perspective, Statique, Hydraulique, Mechanique & M u
sique (in other words, mixed mathematics).10
Other topics that might be of interest in the history of mathemat
ics can be found elsewhere in the classification system. For example,
Histoire contains subcategories for Cartes géographiques and Géographie,
and further mathematically related topics can be found in the Arts cat
egory. However, no subject classification can ever be satisfactory, and it
is pleasing to see the use of a contemporary classification system rather
than the imposition of a modem system upon early modem data.
Let us look, then, for transactions in the Mathématique category. We
could opt to further narrow this down by the place traded with, or
narrow down to a specified date range, but for now we will look
at all transactions that the database records in the category. We find
that between 1769 and 1794 the STN traded 611 copies of 16 differ
ent mathematical books; the destinations of the outgoing books are
shown in Figure 3.3. Of these, the most popular by some way were
elementary texts: de Pelt's Eléméns de mathématiques and Euler's Lettres
à une princesse d'Allemagne together make up slightly over half of all
mathematical sales.11
It is no surprise to find that pedagogical books at an introductory
level, rather than monographs containing the results of recent research,
were the bestsellers of the mathematical section of the STN. It is also
pleasing, in view of the aims of the present chapter regarding Euler's
correspondence, to see the popularity of his Lettres à une princesse
10 In the eighteenth century and earlier, mathematics was divided not into 'pure' and
'applied' topics, but 'pure' and 'mixed'. The transition from 'mixed' to 'applied' math
ematics was long and complex, and to explain it in full would be at least a whole
thesis in itself; see, for example, (Barrow-Green and Siegmund-Schultze 2015; Epple
et al. 2013).
11 The database tells us only that Pelt was an author, a chevalier, and a professor of
mathematics, resident in Bordeaux. It is likely that he was Antoine Pelt (d. 1787), who
is described by Hébrail and de la Porte (1769, p. 71), as 'Pelt, (Antoine) de Bordeaux,
ancien Professeur de Mathématiques et de Physique à Lisbonne'. However, I have been
unable to trace any further details of his Eléméns de mathématiques. The FBTEE database
gives both the author's name and the title in square brackets to indicate uncertainty,
so it is possible it was published under a nom de plume or under a different title.
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Figure 3.3: Map generated by the FBTEE database showing the sales destin
ations of books in the Mathématique category between 1769 and
1794. When viewed in the webpage this map is zoomable, and
if one mouses over a region or town the relevant data for that
location is displayed.

d'Allemagne, a collection of his letters to the young Princess Friederike
Charlotte von Brandenburg-Schwedt between 1760 and 1762, in which
he instructed her in the basic concepts of natural philosophy.12 How
ever, more advanced mathematical books are not entirely absent from
the records of the STN: we find that two copies of Euler's Introductio
in analysin infinitorum made their way from the bookseller Jules-Henri
Pott & Cie in Lausanne (where they were printed) to the STN, and two
were sold: one copy on the day of its arrival in February 1777 to one
Chandepie de Boivier in Caen, and the other copy five months later to
Caldesaigues, another bookseller in Marseille.13 Immediately this be
gins to raise research questions. The FBTEE database places de Boivier
12 The Princess is sometimes described as a Princess of Anhalt-Dessau, in reference to
her maternal lineage: her mother was the daughter of a Prince of Anhalt-Dessau. Her
father, however, was Margrave of Brandenburg-Schwedt.
13 From the dates, the two outgoing books cannot be the same copies as the inbound
ones. Two copies were sold on 25th February 1777, and though one of the inbound
copies was also acquired on this day, the other did not arrive at the STN until 12th July
that year. Hence, there must have been at least three copies involved in the dealings
of the STN.
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in its 'miscellaneous clients' category, but given that he acquired over
250 books over the course of just seven orders with the STN, it seems
likely that he, like Caldesaigues, was involved with the book trade,
and was probably not the final recipient of the copy of the Introductio.
Who, then, received and read these copies? To answer this question we
would need to look for records relating to de Boivier's and Caldesai
gues' businesses, but even the task of finding all transactions relating
to the Introductio would have been laborious without the aid of a com
puterised database. We find ourselves, then, opening up new avenues
of research thanks to the new tools we find at our disposal.
The FBTEE database is well thought out, and its online user interface
is, on the whole, clear and easy to use. The inclusion of simple visual
isations is a useful feature: for example, one can see the breakdown of
sales in the Géométrie category on a pie chart, as in Figure 3.4. It is espe
cially useful to be able to download the underlying data and construct
one's own queries where the user interface proves insufficient. On the
whole, this database is an excellent case study in how making data
easily available for browsing and serendipitous discovery can open
up new research questions that might not otherwise have occurred to
anyone.

3.2.3

Early Modern Letters Online

Early Modern Letters Online (EMLO) is a database of correspondence
metadata. Though, like the FBTEE Project it is not explicitly related
to the history of mathematics, its focus on correspondence means it
is of particular relevance for my own example of Euler's correspond
ence. Produced by the Cultures of Knowledge project at the University
of Oxford from 2009 onwards, EMLO aims to bring together many
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Figure 3.4: A typical page from the web interface of the FBTEE database,
including a pie chart visualisation of sales in the Géométrie category

disparate collections of correspondence metadata in a single database,
allowing users to search across all collections at once.
By bringing together data from many different sources, the project
allows the user to examine not only a single correspondence at once, or
the manuscript holdings of a single library, but it enables comparison
of correspondences alongside one another. It helps the user to discover
letters that may be connected with their area of interest. Moreover, by
uniting large numbers of different data sources and including those
less well known, it raises users' awareness of resources they might
not otherwise have considered using. Much of the data is drawn (with
permission from copyright holders where necessary) from existing
print editions of correspondence, and as a result, for many figures
there is a complete list of known correspondence available for perusal
within the database.
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The scope of the EMLO database is long in time, and large in space
both geographical and intellectual. Though it was originally envisaged
as covering the sixteenth, seventeenth, and eighteenth centuries, it now
also includes metadata from nineteenth-century correspondences, tak
ing the term 'early modem' in a very broad sense. At the time of writing,
the earliest of the publicly visible letters in the EMLO database dates
from 1508, the latest from 1829. The database includes mentions of
over 20,000 people, over 5,000 geographical locations, over 1,100 or
ganisations, and over 250 repositories. The scope of the topics covered
by its contents is just as wide: mathematics and mathematicians make
up only a tiny part of the contents, and though historians of science
and mathematics will certainly find much of interest, the vast majority
of the letters are non-scientific in their nature.
The EMLO data model consists of five main classes of objects: let
ters, their manifestations (different versions, both manuscript and pub
lished, of the same letter), geographical locations, agents (people and
organisations), and repositories. These objects and their metadata form
a digital reconstruction of early modem correspondence networks,
which the user can browse by person, location, organisation, repos
itory, or year. Browsing allows one to see all letters associated with
between one and ten entities at a time, and to graph them over time to
gain a sense of the ebb and flow of the correspondences over time, as
in Figure 3.5.
One can also interrogate the database using the 'Search+' function.
The latter in particular is very powerful: if, for example, one wished
to search for letters written by mathematicians in England in the 1690s
whose abstracts mention geometry, or for letters written by women
which mention mathematics, then both of these are possible. (At the
time of writing, these queries return three results and one result re
spectively.) Curiously, there does not appear to be a negative search
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Figure 3.5: Page from the EMLO web interface, showing the correspondence
of the mathematician John Wallis (1616-1703)
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function to enable one to exclude letters from search results based on
given criteria: for example, I am unaware of any way to search for
letters from mathematicians in England to recipients outside England.
Moreover, if the interface does not enable the construction of any partic
ular query, unlike with the FBTEE database, the underlying data is not
available for download. This is a conscious decision by the database
maintained, with the aim of protecting proprietary data and research
outputs and allowing their owners to keep control over them.
EMLO's user interface is clean, modern, and easy to navigate, and its
data model is highly extensible in case of the ingestion of new datasets
that require the creation of new data fields. For example, if a letter
record includes the information, then one can even search by paper
type or the presence of enclosures. The extensibility of the data model
and the separation of the notions of 'letter' and 'manifestation' is a
valuable one. The inability to download datasets is frustrating, but the
lack of such functionality is understandable given the need to work
appropriately with numerous different data providers and copyright
holders.

3.3

A DATABASE FOR EXPLORIN G E U L E R 'S C O R R ESPO N D EN C E

Having examined three existing major historical database projects, we
are now in a position to consider how best to design and implement
a database of Euler's correspondence. Much of the necessary data is
already available in printed form in (Ju§kevi5, Smirnov et al. 1975); we
need only decide on how to model it and decide on our priorities for
the implementation of the database.
My own priority, arising from the motivating example discussed in
Chapter 2, is to be able to construct complex queries to narrow down
the corpus of letters in various ways. Thus, a relational database as
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used by the Thamous, FBTEE, and EMLO projects is appropriate; for
my purposes, the most important entities to record are letters and Euler
works that relate to the letters. In addition, in order to more easily deal
with the large amounts of data pertaining to the Euler correspondence,
it is helpful to be able to visualise it: for example, by generating graphs
and timelines. This needs to be considered when choosing the format
of the database, so as to be compatible with existing tools for data
visualisation. It is also important to allow for likely expansions and
modifications of the database: for example, in a future, more advanced
iteration of the database it would be helpful to include different mani
festations of the same letter using the same model as EMLO, and to
geocode the location data to allow it to be displayed on a map.14 Under
the relational model, it would be relatively easy to do this.
I began by using Microsoft Access 2010, which is the most common
desktop application for creating and managing relational databases.
However, it quickly became apparent that this was a far from ideal
solution. There is little or no support within Access for creating data
visualisations: what functionality there is for generating graphs is cum
bersome, and mainly reliant on exporting the data to Microsoft Excel.
Furthermore, the user interface of Access made it difficult to enter cer
tain types of data. For example, many-to-many relationships had to be
entered using a dropdown checklist, which became too unwieldy to
use in cases where both sides of the relationship had large numbers of
possible values, such as in the relationship between letters and related
published works. These severe limitations meant I had to look for an
alternative to Access.
After some deliberation, I initially recorded my data in Javascript
Object Notation (JSON). JSON is an open, text-based data format. It
14 Geocoding is the process whereby, given an address or other location data in text form,
one converts it into geographical coordinates such as latitude and longitude. For ex
ample, one might geocode the address 'Kunstkamera, St Petersburg' (the headquarters
of the St Petersburg Academy in the eighteenth century) as the latitude and longitude
'59.941497,30.304533'. This enables a computer program to display the data on a map.
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can easily be parsed by many widely used programming languages,
including Javascript and Python, meaning that data stored in JSON
format can be easily exported to other formats if necessary. Many
of the features of JSON are similar to those of the more commonly
known Extensible Markup Language (XML). However, XML is de
signed primarily for the purpose of document exchange, and therefore
requires a more complex data structure than JSON, which is a spe
cialised data exchange format and therefore more appropriate for my
purposes.15
JSON uses a notation not unlike that used in set theory, which makes
it easily readable both by humans and by machines. Data is recorded as
objects, which are defined as sets of (key, value) pairs. Names take the
form of text strings; values can take the form of strings (delimited by
quotation marks), numbers, Boolean values (including null), ordered
lists, or objects. A letter might be recorded in object notation as follows:
{

label: "008884",
type: "letter",
correspondent: "Adami, Jacob",
direction: "outgoing",
date: "1747-83-87",
related_euler_papers: ["EQ31", "E852"]

}
Here, an example of a key is "related _euler_pap ers"; its associated
value is the ordered list ["E 831", "E 852"].
Once the data had been recorded in JSON format, I was able to link it
to a SIMILE Exhibit web application. Exhibit, originally developed at
the Massachusetts Institute of Technology as part of its SIMILE Widgets
collection of open source tools for data visualisation, is 'a publishing
15 For an important type of work in the history of mathematics where XML is appropriate,
see the discussion of XML and its use by the Newton Project, by the Harriot Online
Project, and in my own example digital edition, in Chapter 4.
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framework for data-rich interactive web pages' (Massachusetts Insti
tute of Technology 2006). It allows the developer to create customised
web pages containing dynamic data visualisations such as timelines,
maps, and graphs, within which the data can be filtered according to
facets set by the developer. Unlike many other applications designed
for this purpose, it draws data from a file rather than requiring the
user to add records one by one; this makes it perfectly suited to large
datasets such as my own. Overall, the openness and versatility of the
Exhibit platform made it an excellent choice for the project I had in
mind. I was able to use it to create an in-browser database application
(Figure 3.6) which displays the letter records on either a timeline or (if
the data is geocoded) a Google Maps display, and allows the user to
filter and navigate the records using a faceted browsing interface.
However, thanks to the fast-moving nature of current work in the
digital humanities, since I began this work in 2011 using Exhibit as my
primary tool for data visualisation, the available tools have become
more advanced. In 2014 the Stanford University Humanities + Design
research group released Palladio, an online platform for the interactive
visualisation of humanities datasets. Palladio builds on work done as
part of the Mapping the Republic of Letters Project and subsequently
the Networks in History project, and is 'a demonstration application
to allow scholars to easily upload data for use with an intertwined
set of visualizations for analysis of complex, multi-dimensional data'
(Stanford University Humanities + Design Laboratory 2014-). Palladio
provides general-purpose tools for the visualisation of humanities data
sets in the form of graphs, timelines, maps, picture galleries, or tables.
It is also possible to integrate Palladio with existing databases, and
there are plans to integrate it with the EMLO database that I described
above.
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Though Exhibit and Palladio provide broadly similar functionality,
Palladio is much easier than Exhibit for the non-technical user to use
and understand. While full mastery of the capabilities and customisa
tion of Exhibit requires a good understanding of HTML and JavaScript,
Palladio is fully configurable without the user needing any knowledge
at all of its source code.16
It is therefore very easy to make on-the-fly adaptations to Palladio
visualisations with just a few mouse clicks, whereas in Exhibit this
would usually involve editing the source code for the visualisation. In
addition, Palladio offers a more uniform experience across different
web browsers than Exhibit. Moreover, Palladio's timeline visualisa
tions are much clearer than those of Exhibit: whereas Exhibit plots
every letter individually, Palladio displays letters on timelines as ag
gregated bars, so that one can see at a glance where the most active
periods are. Another invaluable feature of Palladio is the ability to
export filtered subsets of the data identified for further study.
Overall, now that Palladio has been released I judge it to be a more
suitable tool for my needs. I therefore converted my data from JSON
format to CSV as required by Palladio, and have begun to use Palladio
as my primary tool for exploring and visualising the data.17 This has
enabled me to stratify the correspondence metadata in various ways
and identify relatively small and manageable subsets of the data for
closer study.

16 HTML, or Hypertext Markup Language, is the markup language in which the con
tent of any webpage is written. Dynamic content of webpages is programmed using
Javascript, a programming language which runs in web browsers. The third major
component of most webpages is Cascading Style Sheets (CSS), which tells the browser
how to display the content specified in the page HTML file.
17 CSV stands for comma separated values; this is a common way of saving data tables
in a format that uses only plain text, using commas and new lines to delimit columns
and rows. Palladio accepts data in CSV or spreadsheet form, and one begins with a
single table and then attaches secondary tables as necessary.

3.4

3.4
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U SIN G THE EU LER DATABASE

I will conclude this chapter with an example of how the Euler cor
respondence database I have described above can be used to further
research on Euler and his work. Bearing in mind my own research
goals arising from the motivating example of Chapter 2, the prototype
database consists of one table containing Euler's letters and another
containing his printed works. For each letter it gives the date, the corres
pondent, the direction of the letter (outgoing from Euler or incoming
to him), and a list of Euler's published works that relate to that letter.
The lists of related letters were obtained from (Jugkevii, Smirnov et al.
1975, pp. 555-558), which gives a list of Euler's works by Enestrom
number along with a list of letters that relate to each; by writing a
simple Python program I re-sorted the data in this table by letter. For
each of Euler's printed works my database gives the title, the date of
publication, and the approximate subject area or areas covered by the
work according to the classification of Euler's printed works given by
Enestrom (1913, pp. 271-340). This classification system is reproduced
in English translation in Appendix A of the present thesis.
This allows us to filter the letters according to correspondent, date,
direction, topic, or related printed works, and the printed works ac
cording to topic and publication date. For example, Figure 3.7a shows
us all of the known letters to and from Euler on a timeline, grouped
by correspondent. Using the Palladio visualisation, we can hover over
a section of the timeline to focus on a particular correspondent, as in
Figure 3.7b.
This visualisation makes it immediately apparent that the 1740s and
early 1750s constituted Euler's most prolific period as a letter-writer.
In contrast, though the same time period was by no means a quiet one
in terms of the number of works he published, Figure 3.8 shows that
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(b)
Figure 3.7: Palladio timeline show ing all known letters to and from Euler
throughout his lifetime, grouped by correspondent. Figure 3.7b
demonstrates the grouping feature: hovering over a section of this
visualisation highlights all the blocks that represent letters from a
particular correspondent, in this case Christian Goldbach.

Figure 3.8: Palladio timeline visualisation of the publication dates of all of
Euler's printed works during his lifetime, grouped by broad
subject area (mathematics, mechanics, physics, astronomy, philo
sophy, geography and agriculture, letters)

overall, the 1760s and 1770s were the decades in which he published the
most. We must take care when using this last fact to make inferences
about changes in Euler's productivity over time: due to delays and
backlogs at academic printing presses, in many cases several years
passed between Euler's completion of a work and its appearance in
print. However, it is interesting to note that the period of most intense
discussion and collaboration with others immediately preceded the
period when Euler published the most.
Using Palladio's faceted browsing features, it is easy to explore the
data and seek a subset with particular characteristics in order to de
velop research questions. My own goal in this investigation is to un
derstand the role of correspondence, letter-writing, and collaboration

3.4

USING THE E U L E R DATABASE

in Euler's mathematical practice and thought. Though the most desir
able way to do this would be to examine the whole corpus of letters,
the sheer number of them makes this an impossible task. Therefore, it
would be useful to choose a coherent but smaller and more manageable
subset of the letters whose role in Euler's mathematics may accurately
reflect that of his correspondence as a whole. This means including a
range of different correspondents, preferably including both outgoing
and incoming letters, and focusing either on a specific time period or
on a particular topic.
By exploring the dataset using the faceted browsing and data visu
alisation functions of Palladio, I identified a subset of 80 letters that
could serve as a starting point for further study (Appendix B). These are
the letters that relate to the ten printed works that treat naval science
and ship theory, as identified in the classification of Euler's printed
works by related letters found in Ju§kevi£, Smirnov et al. (1975) and
the subject classification of his printed works by Enestrom (1913).
I chose these letters for a number of reasons. First, as naval science
is a practical subject, the letters allow us to see Euler's approach not
only to entirely theoretical problems, but also those in which difficult
mathematics is used in the wider world. It was also considered an
important subject, as evidenced by the number of prize questions set
on naval topics by the Paris Academy of Sciences. Second, the let
ters were written to and by a range of different correspondents (28 in
total), including fellow theorists and mathematicians such as Jean le
Rond d'Alembert and Daniel Bernoulli; Academy officials such as Jo
hann Daniel Schumacher; practitioners who used ship theory in their
lives, such as Friedrick Weggersloff (1702-1763), a Danish naval officer;
and well-connected personal friends such as Johann Caspar Wettstein
(1695-1759). Third, the letters range over dates from 1726 to 1776, and
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their distribution through time is broadly similar to and representative
of that of the whole corpus of Euler's correspondence.
There is plenty of useful secondary literature on theoretical naval
science in the eighteenth century which sheds light on the context
in which Euler produced his writings on ship theory. The most com
prehensive long-form reference in this area is by Ferreiro (2007), who
traces the development of the theory of naval architecture from the
works of Simon Stevin and Blaise Pascal at the beginning of the seven
teenth century, up to the French Revolution in 1789 and the formation
of the Society for the Improvement of Naval Architecture in Britain
in 1791. Though Ferreiro places rather more importance on the work
of Pierre Bouguer than on that of Euler, this is understandable as
Bouguer published his theories first and thus had more of a lasting
influence on the field than Euler did. Another major source of informa
tion on Bouguer and on eighteenth-century naval science is the recent
issue of Revue d'histoire des sciences which centred on the theme 'Pierre
Bouguer (1698-1758): Un savant et la marine dans la première moitié
du XVnième siècle' (Revue d'histoire des sciences 2010).18
Others have also written on Euler's ship theory and related areas.
Naturally, volumes 11.18 and 11.19 of the Opera omnia, which contain
much of Euler's work on ship theory, are accompanied by a lengthy
introduction and commentary by Habicht (1978), contained in volume
11.21, the last of the volumes containing works on naval science. There
is also much useful material to be found in the literature on eighteenthcentury fluid mechanics (for example, the work of Simón Calero (2008))
and ballistics (for example, Steele and Dorland (2005)).
Ship theory, and more widely, questions relating to naval science,
navigation, and the theory of floating bodies, were topics that Euler
returned to repeatedly throughout his life. Famously, one of his very
18 'Pierre Bouguer (1698-1758): A scholar and the navy in the first half of the eighteenth
century'
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first papers was an entry for the 1727 prize of the Paris Academy of Sci
ences, on the question: 'What is the best way of masting ships, as much
regarding the placement as the number and height of masts?'.19 In spite
of never having even seen an ocean-faring ship at the time of writing
the essay, he was awarded one of two proxime accessit commendations
for the prize. His entry was published anonymously (Euler 1728) and
is numbered E004.
During the late 1730s, Euler composed most of his major work ship
theory, the two-volume Scientia navalis. In the first volume he built up a
general theory of equilibrium and motion of floating bodies, including
stability, movement under external forces, and the resistance of water
to moving floating bodies. In the second volume he considered specific
applications of this theory to the construction of vessels, including the
optimal shape for the body of a ship, with respect to stability and speed;
inclination of a ship under external forces; the effect on manoeuvring
of rudders, oars, sails, and masts; and the plotting of oblique courses
(i.e. sailing when the prevailing wind is oblique to the direct course
of the ship). Due to financial difficulties surrounding its printing by
the St Petersburg Academy of Sciences, this work was not published
until 1749 (Euler 1749b, E l l 0 and E lll). By that time Pierre Bouguer's
Traité du navire had already been published and contained many of
the same results as Euler, derived independently of him (Bouguer
1746). However, though it is known that correspondence with others
such as the naval officer Friedrick Weggersloff was a strong influence
on Euler's thinking in the Scientia navalis, this has not yet been fully
explored, and could be a fruitful avenue for future research (Calinger
2015, pp. 140-141).20
19 'Quelle est la meilleure manière de mâter les vaisseaux, tant par rapport à la situation
qu'àu nombre et à la hauteur des mâts?' (Maindron 1881, p. 17).
20 According to (Tweddle 1988, p. 156), Weggersloff (1702-1763) was a Danish naval
captain and instructed officer cadets in mathematics and science; he became the navy's
director of navigation in 1742. He corresponded with Euler between 1736 and 1740,
on subjects connected with ship theory and navigation, and also regarding Euler's
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Contemporary with and shortly after his work on Scientia navalis,
Euler published several journal articles on navigation on moving wa
ter and on the movement of ships. These included E094, 'De motu
cymbarum remis propulsarum in fluviis' ('On the motion of boats pro
pelled by oars on rivers'), presented to the St Petersburg Academy
in 1738 and published in the tenth volume of its Commentarii in 1747
(Euler 1747). Perhaps in frustration at the delays in the publication of
Scientia navalis, Euler also published two papers in the late 1740s on
topics contained in the larger work he had already finished writing:
El 16, 'Mémoire sur la force des rames' ('Mémoir on the force of oars'),
in the Histoire de l'Académie Royale des Sciences et des Belles-Lettres de Ber
lin in 1749, and E137, 'Examen artifïcii navis a principio motus intemo
propellendi quod quondam ab acutissimo viro Iacobo Bernoulli est
propositum' ('Examination of the art of propelling ships by an internal
principle of motion, which was once proposed by the great man Jacob
Bernoulli'), in the first volume of Novi commentarii academiae scientiarum
imperialis Petropolitanae in 1750 (Euler 1749a, 1750b).
The 1750s brought two more essays on ships, both composed in
response to prize questions set by the Académie des Sciences in Paris.
The first of these, 'Mémoire sur la manière la plus avantageuse de
suppléer à l'action du vent sur les grands vaisseaux' ('Mémoire on the
most advantageous way of replacing the action of wind on large ships',
E413), was submitted for the prize of 1753. Euler's was one of three
essays named accessit that year; the prize itself was awarded to Daniel
Bernoulli.21

desire to further his contact with the Royal Society of London and with the British
mathematical community.
21 The prize topic for 1753 was: The most advantageous way of replacing the action of
wind on ships, whether it by by oars, or whether by employing some other method
whatever that might be/ ('La manière la plus avantageuse de suppléer à l'action du
vent sur les vaisseaux, soit en y appliquant les rames, soit en employant quelque autre
moyen que ce puisse être.') Euler's essay was written in Latin; its Latin title was 'De
promotione navium sine vi venti' ('On the advancement of ships without the force of
wind') (Euler 1771b).
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In 1755, 1757, and 1759, the Paris prize question was set on the
question of roll and pitch of ships; the 1755 prize sought: 'The best
possible way to reduce the roll and pitch of a ship, without it discemibly
losing, by this reduction, any of the good qualities that its construction
should give to it'.22 Though the 1755 prize was awarded to Chauchot,
the Academy did not judge the question resolved to its satisfaction,
and it posed the same question again for the prize of 1757. That year,
the prize was won by Daniel Bernoulli, but it seems that the Academy
still remained unsatisfied, as the 1759 prize topic was again to do
with roll and pitch, seeking: 'The examination of the stresses that all
the parts of a ship must undergo in roll and pitch, and the best way
of procuring, in their assembly, the necessary solidity to resist these
stresses without prejudicing the good qualities of the ship'.23 In that
year, Euler's essay (E415) was its joint winner together with Antoine
Groignard (1727-1799), naval constructor for the King of France (Euler
1771a).24
Euler's most popular published work on the subject of ship theory
was Théorie complette de la construction et de la manœuvre des vaisseaux,
mise à la portée des [sic] ceux, qui s’appliquent à la navigation ('Complete
theory of the construction and manoeuvre of vessels, put within the
reach of those who concern themselves with navigation', Euler 1773,
E426). This was an abridged and much simplified version of much of
the content of Scientia navalis and Euler's other earlier works on ship

22 'La manière de diminuer le plus qu’il est possible le roulis et le tangage d'un navire,
sans qu'il perde sensiblement, par cette diminution, aucune des bonnes qualités que
sa construction doit luy donner.
23 'L'examen des efforts qu'ont à soutenir toutes les parties du vaisseaux dans le roulis
et dans le tangage, et la meilleure manière de procurer à leur assemblages la solidité
nécessaire pour résister à ces efforts sans préjudicier aux bonnes qualités du vaisseaux.'
24 The Academy was still not satisfied on the matter of ship handling in general, and
went on to set questions on stowage and ballasting of ships in 1761, 1763, and 1765.
The 1761 prize was shared between Euler's eldest son Johann Albrecht and the Jesuit
abbé Charles Bossut (1730-1814).
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theory, written in a vernacular language for use by ship-builders and
seamen.25
According to the eulogies of Euler by Nicolas Fuss and Jacques Tur
got, and judging by the number of editions that were printed, this
book was a great success. Its first edition, in French, was published in
St Petersburg in 1773. In August 1774 Turgot, then the newly appoin
ted minister for the French navy, wrote to Louis XVI (with the backing
of the mathematicians d'Alembert and Condorcet) to request that the
king order the publication both of a new edition of the Théorie complette
and of a French translation of Euler's much expanded edition of Ben
jamin Robins' New principles ofgunnery (Euler 1745b, E077). These were
to be used as textbooks in French military schools, but on the advice of
Condorcet, Turgot believed that the original 1773 St Petersburg edition
of the Théorie complette contained too many errors to be of use. As such,
he offered Euler a royalty payment, invited him to correct the text, and
a new edition was printed by Claude-Antoine Jombert in Paris in 1776
together with a supplement by the astronomer Anders Johan Lexell
(Calinger 2015, pp. 504-508; Stén 2014, p. 116).
The Théorie complette was also translated into several languages other
than French. An English edition, translated by Colonel Henry Watson,
Chief Engineer of Bengal also appeared in 1776 and was reissued in
1790. Enestrom (1913, pp. 130-132) also identified two Italian-language
editions published in Padua in 1776 and Naples in 1780 respectively,
and a Russian translation published in 1778. Overall, the reception of
the Théorie complette was immediate and widespread.
Finally, in the mid to late 1770s Euler wrote two more papers relating
to ships and their manoeuvring. The first of these was 'De vi fluminis
25 Fuss (1783, p . 34) wrote that Euler had frequent meetings with Sir Charles Knowles, an
English rear admiral and, between 1770 and 1774, an admiral in the Russian navy and
naval adviser to Catherine II of Russia. Though there is no known correspondence
directly between Euler and Knowles, a letterbook containing fair copies of the corres
pondence of Knowles and Catherine II survives in the National Maritime Museum,
Greenwich, London (shelfmark LBK/80). This document could potentially prove use
ful in throwing light upon the writing of Théorie complette.
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ad naves sursum trahendas applicanda' ("On the force to be applied
for ships to be towed upstream', Euler 1783, E545), presented to the
St Petersburg Academy on 12 October 1775 and published in the 1780
volume of its Acta. Euler's final paper on the manoeuvring of ships,
and indeed on any topic in rational fluid mechanics, was 'Essai d'une
théorie de la résistance qu'éprouve la proue d'un vaisseau dans son
mouvement' ('Essay on a theory of the resistance that the prow of a
ship experiences in its movement', Euler 1781, E520), published in the
Histoire of the Académie des Sciences in Paris. Curiously, neither of
these papers appear in the 'correct' volume of their respective journals:
E545 was presented in 1775 but published in the St Petersburg Acta
volume for 1780, and E520 was published in the Paris Histoire volume
for 1778, but was not read out until 24 February 1781 (Euler 1781,
p. 597). Neither of these final two papers have any related letters that
are identifiable by my database in its current form: however, I have
included them in the proposed corpus of printed works on ship theory
for completeness as they show Euler's later thinking on the subject.
It is unlikely that the papers and letters identified above constitute
all the writings of Euler that are of interest for research on his naval sci
ence. I identified them using a database to filter according to relations
that were or were not deemed important by JuSkeviC, Smirnov et al.
(1975) and according to a subject classification by Enestrom (1913) that
will undoubtedly contain errors: for example, some might deem map
making and general questions of navigation and longitude, or even the
theory of machines such as capstans, to be part of ship theory.26 It is
unavoidable that these subjective choices of how to encode and classify
data will affect the corpus that is identified for further study through
this method. Moreover, anyone studying the letters identified will un
26 Indeed, the subject classification used in (Klyve et al. 2002-) gives fourteen works on
naval science compared with the ten I have identified: these include 'Dissertation sur
la meilleure construction du cabestan' ('Dissertation on the best construction of the
capstan', Euler 1745a, E078).
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doubtedly wish to look also at other, related letters (for example, other
letters to and from the same correspondent) in order to put the letters
of interest into their correct context. However, the method provides a
useful starting point, and I hope to further explore this corpus in future
work.

T O W A R D S A D IG I TA L E D I T I O N OF E U L E R ' S
CORRESPONDENCE

The creation of a digital database for metadata on a body of corres
pondence allows us to divide up an otherwise almost unmanageable
number of letters in many different ways at will. However, this leads to
the question of how we may extend this idea and make effective use of
other digital technologies in the study of Euler's mathematical writings.
In this chapter I consider the following question: instead of reducing
each letter to its metadata, can we make a database that includes the
contents of the letters themselves? In effect, a well-constructed digital
edition of the letters could serve as such a textual database. To encode
every minute feature of a text and its support would be almost an infin
itely large task, and so we must give careful consideration both to the
structure of the digital edition, and to the selection of the information
that is encoded or suppressed within it.
In this chapter, I shall consider the technologies available for creating
digital editions of historical texts, with a particular focus on their use in
the case of texts with substantial mathematical content. As in Chapter 3,
I will explore and evaluate three existing examples in order to inform
my thinking on how best to produce a digital edition of Euler's corres
pondence. Finally, I will present a simple 'toy model' digital edition of
one of the letters identified for further study in Chapter 3.
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A digital edition of a text has a number of benefits over its print coun
terparts. It is more flexible for the editor and the reader: rather than
choose one primary version of the text to offer to the reader, possibly
augmented with alternative readings described in footnotes or mar
ginal notes, the editor can simply present several versions of the text
and allow the reader the freedom to choose which is most suitable
for his or her purposes. Iliffe (2004, p. 33) has referred to the move to
wards 'unediting' scholarly manuscripts: that is, presenting the reader
with something as close as possible to the original manuscript, with
minimal editorial modifications so as to present all the nuances of the
original document. The editor is also no longer required to choose for
the reader a linear path through the material: he or she can suggest
multiple different reading orders, each potentially as valid or useful
as the other. For example, the reader of an edition of collected letters
might choose to read only one correspondence, or read all correspond
ence within a particular time period, or read all correspondence on a
particular subject; though this would be possible with a print edition,
it would require considerably more effort on the part of the reader to
select and reorder the material he or she wants. The possibilities are
limited only by the imaginations of the editor and reader.
However, there is some concern over the durability of digital edi
tions. Digital formats that were used as standard as little as twenty
years ago, such as microfiche, floppy disks, and VHS tapes, are now
becoming unusable due to the necessary hardware becoming extinct.
In view of new potential uses of edited texts as well as concerns over
their durability, how can we ensure that the files produced are as useful
as possible and remain readable in the future? And in particular, how
can mathematics be most usefully encoded in digital format?
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There is, thus far, no entirely satisfactory answer to this question.
However, we can go some way towards answering it by using stand
ardised data formats that are easy to convert automatically into new
formats when needed; for example, to upgrade for compatibility with
a new system. For text storage, the leading standard is TEI XML. Ex
tensible Markup Language (XML) is a plaintext-based metalanguage
for creating markup languages to store data. Different types of XML
can be used to encode different types of data; TEI XML, the particular
type of XML I will focus on in this chapter, was proposed by the Text
Encoding Initiative (TEI) group as a set of guidelines for the encoding
of texts and their metadata, and has become a widely adopted standard
way to present digitally encoded texts (TEI Consortium 2007-).
An XML document consists of a hierarchy of nested elements which
can contain data. So, for example, one might encode a name in TEI
XML as follows:
<name>
<forename>
Leonhard
</forename>
<sumame>
E u le r
</sumame>
</name>

Here, name is an element with two child elements, forename and surname;
the opening tag <name> denotes the beginning of the name element, and
the closing tag </name> denotes its end. If necessary, elements can be
given attributes to encode extra information about the element without
adding extra child elements.
The TEI P5 guidelines include consideration for the encoding of
mathematics. The most important section for this is Section 14.2, on
formulae, which suggests enclosing formulae in a formula element.
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However, it offers several different suggestions for how to proceed
inside the formula element. First, it acknowledges that there already
exists a widely used non-XML markup language for mathematics—
TgX and its variants—and suggests embedding TgX within the formula,

adding a n o tatio n attribute to direct the parser as to how to deal with
it. For example:
<formula notation="TeX">
$eA{i\pi}+l=®$
</formula>

will reproduce Euler's formula em + 1 = 0. Second, it suggests using
MathML, a standard developed by the World Wide Web Consortium
(W3C) for representing mathematical formulae (World Wide Web Con
sortium 2014). In June 2015, the W3C, together with the International
Organization for Standardization (ISO) and International Electrotech
nical Commission (IEC), formally recognised MathML as the interna
tional standard for displaying mathematics in web browsers (World
Wide Web Consortium 2015).1 There are two types of MathML: Present
ation MathML, which describes how the formula looks on the page,
and Content MathML, which describes how the formula is structured
and what it means. For example, Euler's formula could be written in
Presentational MathML:
<formula>
<msup>
<mi>
&ExponentialE;
</mi>
<mrow>
<mi>
&ImaginaryI;

1 An ISO/IEC standard is a document providing specifications and guidelines that
organisations may choose to adopt in order to ensure consistency and interoperability
among their products and processes.
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</mi>
<mi>
&pi;

</mi>
</mrow>
</msup>
<mo>

+
</mo>
<mn>

1
</mn>

<mo>

</mo>
<mn>

S
</mn>

< /form ula>

Here, msup and its two child elements are used to denote a base with
a superscript; mn denotes a number; mo denotes an operator or relation.
Presentational MathML is, in most cases, much more verbose and less
human-readable than TpX but it is more widely supported by web
browsers and therefore somewhat easier to use in a digital edition.
However, presentational markup languages such as TpX or Present
ational MathML record only the appearance of the mathematics on
the page, and do not always encode all of the semantics of a formula
or statement. For example, dependent on its context, the fragment
f ( x + y) might be interpreted as the product of a variable / with the
sum x + y, or as the result of applying the function / to the sum x -f y. To
remove such ambiguity, one may use a type of markup which encodes
the structure and meaning of the formula rather than its appearance
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on the page. An example of such semantic markup is Content MathML,
in which Euler's formula may be represented as follows:
cformula notation="mathml">
<apply>
<eq/>
<apply>
<plus/>
<apply>
<power/>
<exponentiale/>
<apply>
<times/>
<imaginaryi/>
<pi/>
</apply>
</apply>
<cn>

1
</cn>
</apply>
<cn>

8
</cn>
</apply>
</formula>

Here, the apply element denotes the application of an operator or
relation, such as eq, plus, power, or times.
A third suggestion made in the TEI guidelines is the use of the OpenMath standard. Like Content MathML, OpenMath is also concerned
with encoding the semantics of a mathematical expression (OpenMath
Society 2001-). Euler's formula can be captured in OpenMath as fol
lows:
<0M0BJ>
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<0M A >

<OM
S cd = "relationl" name="eq"/>
<OMA>

<OM
S cd = "a rithl" name="plus"/>
<OMA>

<O
M
S cd="arithl" name="power"/>
<O
M
S name="e" cd="numsl"/>
<OMA>

<O
M
S cd = "a rith l" name="times"/>
<O
M
S cd="numsl" name="i"/>
<O
M
S cd = "numsl" name = "pi"/>
< /0 M A >
< /O M A >
< 0 M I> 1 < /0 M I>
< /O M A >
< 0 M I> 8 < /0 M I>
< /O M A >
< /O M O B J >

Other than in syntax, this particular example differs little from the rep
resentation of the same formula in Content MathML: the OMA elements
represent function applications and correspond to apply elements in
MathML; constants and integers are given by OMS and OMI tags respect
ively. However, the OpenMath standard as a whole is much more com
prehensive than Content MathML. While MathML deals only with a
small set of mathematical objects, mostly those pertaining to schoollevel mathematics, OpenMath has been designed bearing in mind the
need for extension of the standard without global agreement on the
definitions of individual objects. This is achieved through the use of
content dictionaries: structured documents which define a set of sym
bols, which can then be shared in order to allow other applications or
users to understand the same symbols in the same way. In the above
example of Euler's formula, the cd attributes for each of the OMS objects
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tell the reader in which of the official content dictionaries that object is
defined.
Happily, there is a great deal of overlap between MathML and OpenMath (and between the personnel of their development teams), and it
is possible to use each to extend the other in various ways. For example,
MathML can be used to produce human-readable representations of
OpenMath objects, and in particular, where an object does not exist in
the fixed definition set of MathML, a definition can be imported from
an OpenMath content dictionary. Rather than existing in competition
with each other, the two standards are complementary to each other
and together provide a powerful tool for representing mathematical
objects through both presentation and meaning.
Of the markup languages discussed above, TpX and Presentation
MathML encode the appearance of the formula on the page, whereas
Content MathML and OpenMath encode its semantics, structure, and
meaning. Each approach to encoding mathematics has its advantages,
disadvantages, and different uses. For the encoding of historical math
ematical texts, Content MathML and OpenMath are potentially very
powerful for searching for related formulae across large corpuses, but
they risk excessively formalising and modernising the content, and
losing its nuances. The content dictionary mechanism built into OpenMath, however, could be used to refer to historical definitions of terms
rather than their modem descendants. On the other hand, Presenta
tional MathML or TpX captures as closely as possible the appearance
of the original text, and leaves the question of interpretation of the
mathematics open to the reader. Markup languages raise an important
question for editors: can they be meaningfully used to enhance the
functionality of digital editions of mathematical texts, or is the risk too
great of losing fine gradations in meaning?
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D I G I T A L E D I T I O N S O F H I S T O R I C A L M A T H E M A T I C S ’. S O M E C A S E
STUD IES

In this chapter I illustrate the potential of various types of digital
edition for enhancing scholarly work, and discuss the advantages and
disadvantages of the move from print to electronic publishing for schol
arly editions, especially those with significant mathematical content.
There exists such a wide range of digital projects in the history of math
ematics that it is impossible to cover all of them in one thesis chapter.
In choosing case studies to examine in more detail, I have therefore ap
plied several unavoidably subjective criteria. Second, I have covered
only digital publications which are available freely to all with no paywall or user registration requirement. Finally, I have only discussed
projects whose outputs are publicly available in some usable form
over the web, though not necessarily a fully complete form.

4.2.1

Leibniz edition

The first type of digital edition that I examine is the one most closely
related to its print cousin: that in which a digital replica of the print edi
tion is simply placed online, perhaps even before the physical copy is
made available. This is usually done using Portable Document Format
(PDF), which reproduces exactly the pages as they appear in the print
edition. The advantage of this is that there is a stable digital edition
which is consistent with the print edition and which can be easily
referenced by readers, and there is no confusion over version control.
However, it is less flexible than its /bom-digital' counterparts, which
are usually presented as websites, rather than downloadable PDF files:
errata are less easily corrected, and it is harder to add new mater
ial or features. Furthermore, since PDF files are usually larger than
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their HTML counterparts, the load placed on the host server is usually
greater.
An example of a project which has used this route is the Leibniz
edition, a joint project of the Göttingen and Berlin Academies of Sci
ences which is produced by four groups of researchers, in Potsdam,
Münster, Hannover, and Berlin. All volumes of the Leibniz Edition
published in or after 2001 have been placed on the website of the
Edition as open-access PDF files.2 In this chapter, I will focus on the
most recent volume of the Mathematische Schriften, volume VII.6 of the
edition, which deals with Leibniz's work between 1673 and 1676 on
the arithmetic quadrature of the circle (Mayer and Probst 2012). This
volume of the Leibniz edition was published (in print form) in Berlin in
2012, under the auspices of the Berlin-Brandenburgischen Akademie
der Wissenschaften and the Akademie der Wissenschaften zu Göttin
gen, and is also available as a PDF file; my comments here refer to the
electronic PDF version.
The particular focus of volume VII.6 is on manuscripts related, in one
way or another, to the treatise De quadratura arithmetica circuli ellipseos
et hyperbolae, in which Leibniz developed the theory of infinite series
and used it to give the exact quadrature of the circle and other curves.
Among the results given is Leibniz's famous series
71

4

1 1 1
1~ 3 + 5 ‘ 7 + "

which he had first found in 1673. Leibniz wrote several versions of De
quadratura arithmetica, but it was not published during his lifetime; it
was eventually published, following the last and most substantial of
Leibniz's manuscript iterations, by Eberhard Knobloch in 1993. Volume
VII.6 of the Leibniz edition contains editions of 51 manuscript texts, of
which only four are dated by Leibniz himself but of which all or most
2 See http://www.leibniz-edition.de/.
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of the remainder can be traced to the period 1673-1676. Two thirds of
these texts appear in published form for the first time in this edition.
The editors have divided the texts into three chronological groups.
The first, consisting of manuscripts written between the autumn of
1673 and the autumn of 1674, includes some longer pieces on the
arithmetic quadrature of the circle, and also a draft of De quadratura
arithmetica that Leibniz sent to Christiaan Huygens in October 1674,
along with various shorter notes and calculations. The second group
of texts probably dates from 1674-1676, and includes drafts for an
article in the Journal des Sgavans on the quadrature of the circle.3 The
final group is by far the largest, and much of it consists of drafts of,
and additions and extensions to, a comprehensive treatise on circle
quadrature.
The volume is well-presented, with hyperlinks to aid navigation
around the PDF (Figure 4.1). There is a very useful introduction by
Siegmund Probst and Uwe Mayer, which discusses the sources, context,
and content of the texts presented in the volume, as well as elucidating
some of the terminology and notation used by Leibniz. The editors also
provide comprehensive indexes of names, of works referenced, of top
ics mentioned, and of manuscripts, as well as a concordance between
the numbering systems used by the editors of the present volume
and by Albert Rivaud in his Catalogue critique des manuscrits de Leibniz
(1914-1924). Finally, there is a list of abbreviations and signs used in
the volume. The editors have made every effort to reproduce Leibniz's
written mathematics from its manuscript form (though diagrams are
redrawn rather than reproduced in facsimile), and have made faith
ful reproductions of its layout where possible. However, there are no

3 The journal des S(avans, founded by Denis de Sallo in Paris in 1665, was the first
scholarly journal to be published in Europe.b In the late eighteenth century its title
changed to Journal des Savans, and it then changed again in 1833 to its present title,

journal des Savants.
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X . 1________________________ A R I T H M E T I S C H E K R E IS Q U A D R A T U R 1673 1676_______________________ 7

o

S c h o 1. Obiter annoto: ob circulura, AD rescctam osso arqualom ij>si DD. et esse
T a n g e n t e m C a n o n i c u m arcua dati A B , dimidiati sive semilatus polygoni .sis
toli circumscripti. quia S o r a n s

C a n o n i c u s AID arcua dimidiati arruin A B. bi

secai.

'*
T heo re ma III

„In Circulo si Resectae ex Tangente, v. g. A I. et A P. sint ut numerus ad numeruin ra-

7

Darüber: ( s u p r a

(if.

Thcorem a

f i g. 2 )

(1 ) I V . ( 2 ) I I I

( a ) I indem p ositb ( o a ) Resecta (h b ) in cadem fig. .1 R«-*ccta

C irculi. A D , (— ) A N aeqvatur applicatae ( — ) (b ) Si Resecta ad Rf^pclam, v. g. A I. ad IP . sit ( c l |I t.
Circulo erg . | Si . . . et | IP . ä n d e r t H rag. | »in t ut nuincru* ( a a ) ad nunierurn. etiam (b b ) rationale* scilicet
ad iium crum |scilicet n ic h t g e s tr . \ ( c c ) ad L

I fig. 3: Die im Te x t nicht benutzten Punkt bpzpichnungpn und l/mien sind vennutlich nachträglich
im Zusam m enhang m it N . 4 ergänzt. Fig. 3 dürfte Vorlage für die dort fehlende fig. 2 (< N. 4 S. 56 Z. 2)
gewesen sein.

Figure 4.1: Page 44 from (M ayer and Probst 2012), show ing part of Leibniz's
Dissertatio de arithmetico circuli tetragonismo of Autumn 1673 and
July 1676. This page includes an exam ple of a diagram redrawn
from Leibniz's original, and the red num bers in the note at the
bottom of the page is an internal hyperlink which, if clicked, takes
the reader to the relevant item.
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accompanying page images, which would have helped the reader in
assessing how faithful the reproductions are.

4.2.2

The Newton Project and Cambridge University Digital Library

The Newton Project (Figure 4.2), launched in 1998 by Rob Iliffe and
Scott Mandelbrote, aims to transcribe and make available the writings
of Isaac Newton (1642-1727) for public access (Iliffe and Mandelbrote
1998-). Newton's scientific papers were donated to Cambridge Uni
versity in 1872 by the fifth Earl of Portsmouth.4 In the early twentieth
century, the 1927 bicentenary of Newton's death led to renewed in
terest in the papers, and several efforts were begun to edit and publish
them.5 Committees for the publication of Newton's correspondence
were set up in 1938 and 1947, and the letters were subsequently pub
lished (1959-1977) under the editorship of the mathematician H. W.
Turnbull for the first three volumes, J. F. Scott for volume 4, and A. R.
Hall and L. Tilling for volumes 5-7. Various editions have been pro
duced of particular subsets of the scientific papers; the mathematical
papers are unusual in that a substantial and high-quality print edition
does exist, namely that of D. T. Whiteside, published in eight volumes
from 1967 to 1981.
The scope of the Newton Project covers all of Newton's writings.6
The transcriptions are made in TEI-compliant XML, from which mul
tiple versions of the text can be generated: a diplomatic transcription,
which shows all of Newton's later amendments and corrections to the

4 For a recent book-length account of the histoiy of Newton's papers, tracing the ways in
which they have been passed between various different custodians and hence become
considerably disordered, see (Dry 2014).
5 Until the late twentieth century, something of a taboo continued to surround Newton's
theological and alchemical investigations, and so these papers were not published
along with the scientific manuscripts. For details, see (Iliffe 2004).
6 Understandably, the prior existence of Whiteside's 'definitive' print edition of the
mathematical papers means that some precedence has been given to work on areas of
Newton's thought that have not previously been subjected to detailed editorial work.
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Figure 4.2: A typical page from the Newton Project: the beginning of the dip
lomatic transcription of Newton's Waste Book, Cambridge Uni
versity Library MS Add. 4004

text 'warts and all', and a normalised version implementing all of New
ton's later changes to the text, as a print editor would do. This allows
the reader to choose the version or versions most appropriate for his
or her needs. Moreover, the transcription and tagging policies adopted
by the project are freely available on the Project website, allowing the
reader to understand just what he or she is reading and how it might
differ from the paper original. The source XML files are also freely
downloadable.
The existing work produced by the Newton Project on the math
ematical papers has been augmented through collaboration with the
Cambridge Digital Library (CDL), which exists to widen access to a
selection of the manuscript collections held by Cambridge University
Library, and which provides high-resolution digital images of its ex
tensive Newton collections as part of its 'Foundations of Science' pro
ject (Cambridge University Library 2011-)/ For a growing selection of
the Newton manuscripts, the reader is now able to click through from
Digital images of the Yahuda collection of Newton papers held by the National Library
of Israel are also accessible via the Newton Project pages. However, as these papers
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the text on the Newton Project website to CDL, where he or she can
view not only the transcribed text syndicated from the Newton Project,
but also an accompanying image of the original page, and in some
cases, text or video commentary, as seen in Figures 4.3 and 4.4.*8 This
integrated view forms a very rich resource, and the well-thought-out
user interface makes it easy to navigate: the browser window is split
into two halves, with the left side showing the page image and the
right side showing one of a selection of different views.
Where documents have mathematical content, it has been fully tran
scribed. Diagrams are reproduced as scanned images from the manu
scripts. Substantial formulae, or those requiring mathematics-specific
formatting such as superscripts, fractions, or special symbols, have
been transcribed using presentational MathML. However, this is not
used for all formulae, especially those containing only one character,
and it is clear that the MathML has been used only for the present
ational purposes of displaying formulae correctly on conversion of
the XML to XHTML for display in the browser. For example, take
NATPOOlOl.xml, 'De Solutione Problematum per Motum': some in
stances of Newton's use of the symbol A are transcribed with <choice>
tags to indicate that it should be read as 'triangulus', and others are not.
Meanwhile, elsewhere in the same document, the geometrical relation
FD -L DC = LG (f. 68r) is transcribed with no markup to indicate that
it is mathematical. Moreover, the Project's transcription policy docu
ment, though elsewhere quite comprehensive, is somewhat coy on the
transcription of mathematics, simply saying that ‘Transcribers dealing
with mathematical texts will be given special instruction on how to
apply [presentational MathML tags].' Such inconsistency of the XML
relate mostly to religion, history, and alchemy, I will focus here on the images provided
by CDL
8 Among the other scientific manuscripts digitised under the auspices of the CDL pro
ject are the Board of Longitude papers, and also the correspondence of the naturalist
Charles Darwin with his close friend, the botanist Joseph Dalton Hooker. The latter
manuscripts were published in collaboration with the Charles Darwin Correspond
ence Project.
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Figure 4.3: Newton Project page showing part of the diplomatic transcription of Cambridge University Library MS Add. 3598 f. 72r, some of Newton's
work on the generalised binomial theorem
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Figure 4.4: Cambridge University Digital Library page showing page image and video commentary for MS Add. 3598 f. 72r, some of Newton's work on
the generalised binomial theorem
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markup is perfectly understandable: the resources for transcription are
finite, the project editors must prioritise which features of the text to
encode. The markup was intended solely for presentational purposes,
and consistency is of secondary importance as long as the markup en
ables the computer or the reader to understand how the text appeared
in its original form. However, it is a pity that this inconsistency limits
opportunities for computational analysis and advanced searching of
the texts by readers, as one cannot differentiate consistently between
mathematics and natural language text.9 Overall, although the math
ematical portions of the Newton Project already form a valuable and
powerful scholarly resource, there is potential for even more growth.

4.2.3

Harriot Online

The Harriot Online Project, edited by Jacqueline Stedall, Matthias
Schemmel, and Robert Goulding, and hosted by the Max Planck In
stitute for the History of Science in Berlin, is a collaborative effort to
draw together all of the c. 8000 pages of extant manuscripts of the
Englishman Thomas Harriot (1560-1621) in one digital repository (Ste
dall et al. 2012). Harriot's published works are few, but study of his
manuscripts reveals significant achievements in fields such as algebra,
ballistics, optics, and astronomy, which have recently attracted several
comparisons to Galileo Galilei (Henry 2012; Schemmel 2008).
In his will, Harriot appointed his friends Nathaniel Torporley, Wal
ter Warner, and Robert Hues to order his mathematical papers, and
to work to understand and publish the contents. However, they were
unable to do so in full: the only publication to result was a garbled
edition of Harriot's treatise on equations, Artis analyticae praxis, pub
9 For one example of a tool that has already been developed for computational analysis
of Newton's alchemical manuscripts, see the Latent Semantic Analysis component of
the project 'The chymistry of Isaac Newton' (Newman 2005-), and discussion thereof
in (Guicciardini 2014, p. 408).
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lished in 1631. After the completion of their task, the will dictated that
Harriot's papers should have been returned to his patron, the Earl of
Northumberland. Indeed it appears that at least some of them were
returned c. 1632: a large collection was discovered by the astronomer
Baron Franz Xaver von Zach at Petworth House in Sussex in 1784, and
most of these papers are now held by the British Library. There is evid
ence to suggest that some of the papers were held back by Warner and
Thomas Aylesbury with the intent of publishing more of them; how
ever, it is not entirely clear what happened to these papers after the
deaths of Warner and Aylesbury. What is apparent, though, is that both
the papers found by von Zach at Petworth and those loose papers held
back were passed around between several different guardians, and in
the process they fell into disarray. It is in such a state that they are still
to be found today.
Though some of Harriot's papers have been edited and published in
the modem era, these have only been small subsets of the total volume
of the extant papers (Beery and Stedall 2009; Schemmel 2008; Stedall
2003). Moreover, the constraints of print publication have forced the
editors of these editions to choose between preserving the order in
which they find the papers, and presenting the papers in a compre
hensible order which approaches that in which their author intended
them to be read. It also forces the editor to choose one version of the
text, which loses the information provided by surviving rough drafts.
This problem looms particularly large with the Harriot papers: folios
from the same page sequence (sometimes inferred by the reader, some
times paginated by Harriot himself) are often to be found in different
volumes or even different archives altogether.10

10 See 'Harriot Online/Alchemy/Earth, Water, Air, Fire' for an example where an isolated
page found in the Petworth House collections is clearly related to a page sequence
now located in the British Library. Another well-known example of this phenomenon,
though outside the scope of this chapter, is to be found in the digital publication of
the Archimedes Palimpsest: the single page removed by Constantin von Tischendorf
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Figure 4.5: Harriot Online page showing British Library Ms. 6783 f. 183r,
which contains some of Harriot's work on equations
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The editors of the Harriot Online project set out to overcome these
difficulties by publishing digital images of all of the manuscripts, along
with transcriptions of their contents which is accessible via a tabbed
interface (Figure 4.5), either in a styled, human-readable version or as
raw TEI-compliant XML. On its own, this digital reunion of the paper
manuscripts would be a useful resource. However, the editors have
also provided a valuable extra layer of navigational structure to the
collection: namely, a set of 'clickable maps' through which the user can
move easily around the corpus in an order marked by Harriot himself
or inferred by the editors by reassembling Harriot's probable writing
order (Figure 4.6). The order of the underlying image files and their
transcriptions is undisturbed by this reordering based on the editors'
interpretations, and so it is still possible to simply see the manuscripts
in the order in which they are bound in the library volumes. Moreover,
new maps and alternative interpretations could easily be added at a
later date if desired, based on new studies of the manuscripts. This
digital reordering of physical manuscripts, and its graphical display,
is a simple but important innovation that could easily be adapted for
use by similar projects.
The editors have made a decision not to transcribe the many word
less pages of equations in Harriot's notes; in lieu of a transcription,
they simply give a brief description of the mathematics on each page.
This is partly due to the difficult and mostly non-verbal layout of
Harriot's pages: equations with very few words to explain the links
between them, and rarely in a purely linear form, with rough work
or other notes scattered across the pages.*11 This transcription policy
is adequate for most purposes at the page level: if the reader wishes
to examine the mathematics further, he or she can simply consult the
in the 1840s and now held by Cambridge University Library is reunited with the rest
of the palimpsest in the digital edition (Archimedes Palimpsest Program 2004—).
11 See the text of a lecture given by Jacqueline Stedall on 22 February 2014, quoted in
(Neumann 2015, pp. 8-10).
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Figure 4.6: Clickable map showing the editors' suggested ordering for papers
related to Section (d) of Harriot's treatise on equations, reproduced
from (Stedall et al. 2012)
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page image (though not side-by-side in a single browser window).
However, the lack of transcriptions reduces the scope for analysis at
the whole-corpus level. For example, one might wish to search across
the edition for notational features, or for particular numbers used in
calculations so as to trace whether Harriot worked through a particu
lar example calculation taken from another source: neither of these is
possible at present.
The key aim of the Harriot Online project—to reunite Harriot's pa
pers in digital form—has been realised. Nevertheless, there are still
some improvements that could be made to the web interface to aid nav
igation and discovery of the content. First, though the transcriptions
are searchable, it is only possible to search within a single manuscript
volume, not across the whole collection at once. Second, it would be
useful if the transcription and tagging conventions used by the edit
ors were made explicit and freely available in the form of technical
documentation in order to clarify them for the reader (as has been
done by the Newton Project). However, it is to be hoped that these
improvements can be made in a future update: after all, one of the
advantages of digital editions over print is the ability to improve and
expand them as time and technology advances. In the meantime, the
project should prove to be a valuable resource for future scholarship
concerning Harriot and his times.
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The printing of mathematical texts has always been more difficult than
more typographically simple texts that contain only prose. The printing
of mathematical symbols on presses designed mainly for prose texts is
problematic, and as discussed above, even in the digital age, though
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ETj$( dominates for the production of typeset mathematics, there are
still a number of differing formats for the encoding and display of
mathematical content.
There are, of course, many other existing digital editions of mathem
atical texts (and not only those of the early modem period) that I have
not been able to discuss in detail in this thesis. For example, though
not historically focused, David Joyce's edition of Euclid's Elements is
an early but highly innovative presentation of the thirteen books of Eu
clid, with the diagrams made into interactive applets that the reader
can move around and adjust to see how they change depending on
different parameters (Joyce 1996-1998). There are also many exciting
digital edition projects still in progress, whose outputs have not yet
been released to the public: for example, the Groupe d'Alembert in
Paris plans to release a digital critical edition of the Encyclopédie of
Diderot and d'Alembert, and Michalis Sialaros at the Humboldt Uni
versity in Berlin is preparing a new critical edition of Euclid which will
have a digital component.
Having examined three major digital editions of historical mathem
atics, we are now suitably informed on how best to build a digital edi
tion of Euler's correspondence. In this section, I will detail a 'toy model'
prototype in which I transcribed and encoded one letter, numbered
R.2754 in the index of Euler correspondence (JuSkevii, Smirnov et al.
1975).
R.2754 is a letter written by Euler on 20 May 1747 from Berlin, to
his friend Johann Caspar Wettstein in London.12 Wettstein (1695-1759),
like Euler, was bom in Basel, and at the time of his correspondence
with Euler he was the chaplain and librarian to the Prince of Wales,
and a Fellow of the Royal Society of London. Truesdell (1984, p. 301)
writes that a cousin of Wettstein was one of Euler's teachers, and
12 My translation of the letter can be found in Appendix E. The manuscript is item 7,
Wellcome Library Ms. 5152, (Euler 1746-1757).
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that Wettstein and Euler met in St Petersburg. The letter R.2754 is
of particular interest in the context of this thesis because it is one
of the corpus of letters relating to naval science that I identified in
Chapter 3. It is also a relatively easy letter to edit: there is no overwriting
or significant editing by Euler's or any other hand; it is therefore a
good candidate for a preliminary experiment in the creation of digital
editions.
In the letter, Euler thanked Wettstein for his recent efforts in aiding
his election as a foreign member of the Royal Society. He wondered if,
in partial fulfilment of his duty to the Society, it might be appropriate
to offer them the option to publish a two-volume manuscript that he
had written some time previously on the manoeuvre of ships. Euler
had recently read Pierre Bouguer's Traité du navire (Bouguer 1746),
published the previous year. He thought it excellent, and though he and
Bouguer were in agreement on many results, there were some areas
over which they disagreed, and in which Bouguer's results differed
from experiment while Euler's agreed with it. Moreover, Euler felt
that there were other areas upon which Bouguer had not touched,
and yet more where Euler's own treatment was more elegant than
Bouguer's. Euler had originally written his two-volume manuscript
for the St Petersburg Academy of Sciences, but the climate there had
since become unfavourable to naval science. Since the Berlin Academy
was not interested in publishing the manuscript, Euler asked Wettstein
to propose it to the Royal Society, and if the response was positive, to
let him know where he should send the manuscript.13
In the closing paragraphs of the letter, Euler conveyed to Wettstein
a request from the Count of Kaiserling, the Russian ambassador in
Berlin, who wished to procure copies of the best maps available of Bri
tain. He also discussed some personal matters: he settled the financial
13 This manuscript, which Euler had finished in the late 1730s, was eventually published
in 1749 by the St Petersburg Academy, as (Euler 1749b).
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score with Wettstein regarding their recent swapping of almanacs and
tobacco, and reported that his wife had recently been delivered of a
son, meaning that he now had four sons and two daughters.
Where should we start in thinking about how to make a digital edi
tion of this letter, with the ability to scale up the edition? Based on the
examples discussed above, we can do no better than begin by encod
ing the letter's contents in TEI-compliant XML. From there, the XML
can be transformed via extensible Stylesheet Language Transforma
tions (XSLT) into whatever format or formats we deem most useful.
But which features of this particular document (and of other items
of Euler's correspondence) are the most important to encode? This
choice is an art rather than a science, and is to a large extent down to
the leaders of a project to decide its policy on encoding and tagsets.
My encoding of R.2754 can be found in full in Appendix C, along with
a TEI-encoded index of people, organisations, and bibliographical ref
erences. In the following discussion, I will quote excerpts from it and
explain the reasoning behind my editorial decisions.
Every TEI-encoded document consists of a root TEI element with
two children: first teiHeader, and then te x t. The teiHeader is effect
ively an 'electronic title page' which contains document metadata. It
has various child elements, of which the first and most important is
the mandatory element fileD esc. This element contains all the biblio
graphic metadata pertaining to the document: title, authorship, public
ation history, and details of the sources (if any) on which the encoded
text is based. Second, the teiHeader may contain an encodingDesc
element which describes the relationship between the TEI-encoded
text and its sources, including transcription policy and how certain
textual features have been encoded. Third, the teiHeader may contain
a profileD esc element which records non-bibliographic information
about the electronic text, such as the languages it contains, its genre,
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and the context in which it was produced. Finally, the teiHeader may
contain a revisionD esc element containing the revision history of the
electronic document.
Most parts of the teiH eader element are straightforward to fill in,
but for this particular project certain parts of it merit closer attention.
First, we can note the contents of the sourceDesc element contained
within the file D esc:
<sourceDesc>
<msDesc>
<msldentifier>
<settlement>London</settlement>
<repository>Wellcome Library</repository>
<idno>Ms.5152/7</idno>
</msIdentifier>
</msDesc>
</sourceDesc>

The msDesc element and its descendant elements are drawn from the
m sdescription module of the TEI schemas; this module is designed
specifically for the description of handwritten documents and their
features. The m sdescription module is complemented by the tra n sc r
module, which provides tags for the encoding of primary sources. For
example, tra n sc r provides the @facs attribute to allow elements to
be associated with digital facsimiles as I have done for each page of
R.2754; it also provides tags for marking up the presence of different
hands. In R.2754 I have used the latter functionality in the form of a
handNotes element in the teiHeader:
<handNotes>
<handNote corresp="LE">Leonhard Euler</handNote>
<handNote corresp="JCW">Johann Caspar Wettstein</handNote>
</handNotes>
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In conjunction with handNotes, I have used handShift elements to
mark a small indexing annotation on folio 2v, presumably due to Wettstein:
<div>
<P>
<handShift resp="JCW''/>
<settlement>Berlin</settlement>
<date when="1747-Q5-2®">2®. May 1747</date>. <rs
type="person" ref=”LE">Pro£. Euler</rs>.
</p>
</div>
<div>
<P>
<handShift resp="LE"/>
A Monsieur<lb/>

Another noteworthy feature of my markup for R.2754 is the use of the
correspDesc element, a relatively new addition to the TEI guidelines
thanks to the efforts of the Correspondence Special Interest Group of
the TEI:
<correspDesc>
<correspAction type="sending">
<persName ref="LE">Leonhard Euler</persName>
<settlement>Berlin</settlement>
<date when="1747-®5-2®">2® May 1747</date>
</correspAction>
<correspAction type="receiving">
<persName ref="JCW">Johann Caspar Wettstein</persName>
<settlement>London</settlement>
</corre spActi on>
<correspContext>
<ref type="prev">Letter following <idno>R.2753</idno>:
<persName ref="LE">Leonhard Euler</persName> to
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<persName ref="JCW">Johann Caspar Wettstein</persName>:
<date when='T747-83-84">4 March 1747</datex/ref>
<ref type="next"> Letter preceding <idno>R.2755</idno>:
<persName ref="JCW">Johann Caspar Wettstein</persName>
to <persName ref="LE">Leonhard Euler</persNarae>: <date
when="1747-85-22" calendar="julian">22 May 1747 (Julian
calendar: 2 June 1747 Gregorian)</datex/ref>
</correspContext>
</correspDesc>

This element makes it clear that the document is a letter with a
sender and an addressee, and allows one to emphasise the importance
of the document's movement through space and time by encoding
the events of the letter's sending and receipt. It also allows one to
situate an individual letter in the context of a larger correspondence by
specifying its immediate predecessor and successor in the sequence of
letters.
After the teiH eader element, we find the t e x t element, whose con
tents are exactly as its name would suggest: the text itself, along with
annotations where necessary according to the editor's preference. Fea
tures of the textual structure and layout, such as the salutation and
closing lines of the letter, and paragraph and page divisions, are all
encoded. Textual decorations such as underlining are also encoded,
but if there is a particular reason for the decoration then it is better
practice to encode that instead of the underlining itself: for example, in
R.2754 Euler underlined the foreign word manuscript, so I have marked
it using fo reig n tags.
In my markup of R.2754, besides features of the physical text, I
have chosen to tag all names and referent strings that refer to people,
organisations, or bibliographical references. This allows the automatic
generation of a list of, for example, all of the personal names mentioned
in the letter, by simply using XSL to extract all persName elements. I
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have chosen to use the tag rs (an abbreviation of 'referent string'), a
more general tag than persName or name, which allows one to mark
up references to entities which are not directly named: for example,
phrases like 'ma femme' or 'un fils' are not names, but they are referent
strings mentioned in the letter and it is useful to tag them for inclusion
in an index of people mentioned.
I have associated each page of the letter with an image from my
own photographs of the original manuscript in the Wellcome Library.
This ensures that the curious reader is able to check the transcription
by referring to the accompanying images (Appendix F). Furthermore,
though I have not used the functionality, it is also possible to make
more finely grained links between sections of text and their image
counterparts by associating sections of the transcription with zones of
a facsimile image, rather than with the whole image.
There are features that I have omitted to encode in this transcription.
For example, if they were important for the document at hand, I could
have encoded line breaks, and even parts of speech. However, for
simplicity and since these are far from the most important features of
this particular text, I have omitted to do so.14
Clearly, a digital edition cannot consist solely of source code which
is designed to be read by a machine: we need to transform it into a form
designed for a human reader, whether in print or on a screen. To allow a
web browser to render XML, one writes a stylesheet using XSLT to tell
the browser how to display the encoded text. In this case I have used a
pre-existing stylesheet, TEI Boilerplate, which is made freely available
to make it easy for scholars to display TEI-encoded texts in the browser
(Walsh et al. 2013). Rather than converting XML to HTML or XHTML,
the TEI Boilerplate displays a styled version of the XML file itself in
the browser, meaning there is one fewer step in the creation of a digital
14 There is one place in which I have encoded line breaks: namely, on the addressee page,
where the line breaks are not simply a result of writing until the papier runs out, but
of a conscious formatting choice by Euler.
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edition: there is no compilation or conversion step between editing the
XML and rendering it in the browser. As well as displaying the text,
TEI Boilerplate also includes a facsimile image viewer, allowing the
user to click on a thumbnail image linked to a given section of the text,
and be taken to an image of the relevant manuscript page. The output
rendered from the source code in Appendix C by TEI Boilerplate is
shown in Figure 4.7.
Even in this single letter, two pages long with a third page displaying
the addressee's details, there is mention (directly by name or indirectly
by pronoun or some other referent string such as 'ma femme') of over
ten different people. I have, therefore, produced a separate reference
file in which I have gathered basic information about all of the people,
organisations, and bibliographical references mentioned in the letter.15
To avoid replication of effort, this file could be reused and expanded to
include references from other letters in the same collection. When the
encoded letter is viewed in the browser using my customised version
of TEI Boilerplate, any phrase which refers to an entity (here meaning
a person, organisation or publication) is rendered as a hyperlink which
points to the relevant section of the references file. If this edition were to
be expanded to include more than one letter, it would also be possible
(and highly desirable) to enable the user to search for all references in
the collection of letters to any entity from the reference file.
There are, of course, many improvements and expansions that can be
made to this preliminary digital edition. For example, I have not shown
here how formulae can be included in the XML file and rendered in
the browser using the Mathjax JavaScript library; this, of course, is
crucial in an edition of the letters of a mathematician. Indeed, using
the default setup for TEI Boilerplate, if one tries to add Mathjax to
the output HTML, it does not render formulae correctly. It is a strik
ing example of the disconnect between the digital humanities and
15 For the complete source code of this file, see Appendix D.
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Toolbox
Hide page break* 3

R .2754: L etter to Johann C a sp a r W e ttste in ,
2 0 M ay 1747

Them#K
_
.

Leonhard Euler
Transcription and encoding by Rosanna Cretney

p»*':

Monsieur
Je suis un peu inquiet du retardement de Votre réponse à 1a derniere lettre,
que J ’ai eu l'honneur de Vous addresser comme elle contenoit mes très
humbles remerciments à Mr. le President Folkes et à Mr. de Mortimer et
particulièrement à Vous, Je serois fâché au dernier point, si cette lettre
s'étoit perdue en chemin, et je ne saurois presque redresser la faute, dont on
me pourroit croire coupable. Cependant comme un tel accident ne m'est pas
encore arrivé, J'éspere que ce ne sera pas la première fois dans une occasion
si importante. Je voudrots de tout mon possible me rendre digne de
l'honneur que la Société Royale de Londres m'a bien voulu faire: et ayant vu
dernièrement un excellent ouvrage sur la navigation, et la Manoeuvre des
vaisseaux, que Mr Bouguer vient de publier, je crois me pouvoir acquitter
enquelque maniéré de mon devoir envers la Société Royale, si je Lui
presentois un ouvrage sur la meme matière; que j'ai composé et achevé il y a
quelque tems, pour l'Academie de Petersbourg. Mais la Situation de cette
Academie s'étant fort changée: et cette matière étant ici fort peu regardée,
Je crois, que je ne puisse mieux placer mes recherches, qu'auprès la Société
Royale. Mon ouvrage contiendra deux Volumes in Quarto “ L*tin, et comme
celui de Mr. Bouguer sera asses connu. Je puis dire, que J'ai traité presque les
memes matières, et que nous nous sommes rencontres fort souvent: quoique
j'a ie achevé le mien longtems auparavant Cependant il me semble, qu'outre
quelques matières Importantes que Mr. Bouguer n’a pas touchées, j'ai traité
las autres pour la pluspart un peu plus soigneusement, et avec plus de
clarté. J'ai aussi remarqué que celui de Mr. Bouguer contient plusieurs
propositions fausses, sur tout sur la force des rames, ou U est obligé
d'avouer Lui meme, que l'experience n'est pas d'accord avec ses decisions:
au lieu que ce, que J'ai dit sur cette matière
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s'accorde parfaitement avec l'experience. La determination de la force des

Figure 4.7: Screenshot from the experimental TEI Boilerplate edition of R.2754
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the history of mathematics, and a vindication of the premise of this
thesis, that such a widely used tool for displaying TEI documents in
the browser should be incompatible with the industry standard for
displaying mathematics in the browser.
My markup of this letter also does not demonstrate how the TEI
guidelines deal with diagrams or other non-verbal content of a text. It
would be easy to include a diagram in the edition using the fig u re
element:
<figure>
<graphic url="diagram.png"/>
<head>Rectangular hyperbo1a</head>
<figDesc>A graph showing a rectangular hyperbola</figDesc>
</figure>

Here, the child element graphic gives the location of a picture file
showing the diagram itself; head denotes a heading for the figure; and
figD esc gives a verbal description of the figure, for use if there is to
be no picture file included with the XML encoding.
Another major area in which this edition could be improved and
extended is in the navigational tools made available in the browserrendered version of the text. If this edition were to be developed further
I would need to add navigational buttons to view the previous and
next letters in the correspondence, and also to search for entities or
text strings across the whole corpus or parts of it. In fact, it would be
possible to implement search by any part of the document or its header:
one could allow the user to search for words or phrases; for letters in
a given city or repository; for letters according to date or location of
sender or recipient; for letters in particular languages; or according to
any other property defined in the letter encodings. The possibilities
for navigation among and within letters is limited only by the depth
of the markup.
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We must consider the potential pitfalls, though, of moving wholly to
digital publication of scholarly editions and neglecting the considera
tion of the printed and handwritten documents from which they were
produced. Even a digital edition including high-resolution images of
original documents is no substitute for the physical documents them
selves: we must consider, among other things, the loss of fine detail that
may only be visible on close inspection of the original document, and
material and tactile features of the original such as the materials from
which it is made, and the size and weight of the paper or other sup
port.16 To take just one example, see the discussion by Schemmel (2008,
p. 104) of hidden construction marks in some of Thomas Harriot's pa
pers: these are not visible in the digital edition of the manuscripts
(though they could be made visible with the addition of photographs
taken under raking light, such as the ones provided by Schemmel).
The production of any digital edition of a physical document must be
closely informed by the properties of the original document itself.
As the contents of this chapter and the preceding chapter show,
there is great scope for the use of digital databases and editions in the
history of mathematics. Moreover, there is much work yet to be done
using tools such as those discussed in these two chapters, both in their
further development to better support the specific needs of historians
of mathematics, and in their application in specific cases. In particular,
mathematical notation needs special care when producing a digital
edition, and certain other visual features such as diagrams and layout
become more important in the case of mathematical texts than is usual.
However, we may go even further in our use of the digital to study
the history of mathematics. The projects I have discussed so far all
utilise tools designed for use by humanities scholars: in many cases,
the tools are bespoke ones designed especially for use in a particular
16 For a particularly striking case of a physical source being misrepresented by its digit
ised version, see the discussion of the digitisation of a seventeenth-century mourning
book by Wemer (2012).
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project. In Chapter 5 , 1 give an example of the appropriation of pre
existing software, originally designed for use in modem science and
mathematics, to further understanding of sources in the history of
mathematics. This demonstrates another facet of the 'digital turn' in
the history of mathematics, and how it can augment existing research
methods.

A C A S E OF M I S T A K E N I N F L U E N C E ? L A M B E R T
A N D E U L E R ON M A P P R O J E C T I O N S

This chapter serves a twofold purpose within the thesis. First, it ex
plores a question raised by some connections— or, rather, the absence
of connections—that one would expect to be illuminated by the data
base described in the final section of Chapter 3. Second, it demonstrates
that digital tools need not necessarily be designed for historians or
mathematicians in order to be useful in the history of mathematics.
In Chapter 3 1 identified a corpus of eighty letters and ten published
works related to Euler's thinking on ship theory. With a view to refining
the corpus, I then began to explore related material that lay just outside
its boundaries: subject delineations, after all, are arbitrarily defined and
their boundaries are blurred, and it seemed appropriate to explore
related material. In particular, I looked for material on geography,
navigation, and maps: all subjects that were of interest to the same
audiences as that on ship theory.
Though the database revealed letters related to geography, these
were mostly written in the 1740s and early 1750s, and are mostly re
lated to Euler's winning essay for the 1740 prize of the Paris Academy
of Sciences, on tides (Euler 1741a, E057), and to his preface to the Atlas
geographicus of the St Petersburg Academy (Euler 1753, E205). However,
Euler also wrote (in 1775) a series of three papers on map projections,
which were published in the 1777 volume of the St Petersburg Acta
(Euler 1778a,b,c, E490-492). These are something of a curiosity, in that
though they are now regarded as important papers in the history of
mathematics and of map projections, my database of Euler's corres
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pondence identifies no letters at all that are related to them, and they
appear to have been little commented upon in their day.
I therefore set out to investigate these three papers further, and be
came especially interested in an unresolved question concerning (Euler
1778c, E490), the most heavily theoretical of the three. It is often claimed
that in writing this paper and its successors, Euler was influenced by
the work of Johann Heinrich Lambert (1772).1 If this was indeed the
case, then it is curious that there is no documentary record to prove
it. Euler and Lambert were colleagues at the Berlin Academy from
Lambert's arrival there in 1764 to Euler's departure for St Petersburg
in 1766, and the two continued to correspond until 1772, the year that
Lambert's work on map projections was published; if influence of one
on the other existed, one would expect to find it mentioned in their
correspondence or confirmed in other primary sources. In this chapter,
I investigate this apparent curiosity, and conclude that in fact Euler's
work on map projections was only influenced in the loosest sense by
Lambert, if at all. But first, to understand the importance of Lambert's
and Euler's approaches to the field of map projections, we need to
understand the state of the field as they found it.

5.1

M AP P RO JEC T IO N S P R IO R TO THE EIGH TEEN TH CENTURY

Making maps of the heavens and earth has been part of human culture
for thousands of years. Maps began as artistic and philosophical tools
for understanding and representing the world. But as civilisations
grew and developed the need to document the heavens for religious
and navigational reasons, and the earth so as to document land extent
and ownership, humans began to develop techniques for representing

1 See (Lambert 1972, pp. xiii-xiv; Bottazzini and Gray 2013, p. 90; Calinger 2015, p. 517)
for some examples.
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the world in pictorial form with increasing accuracy. This led to the
introduction of mathematical techniques in the construction of maps.
The sphericity of the earth was realised and accepted by most schol
ars by the time of Claudius Ptolemy's Geography (c. 150 CE); even before
that time, the skies were usually considered to be hemispherical. As
such, it quickly became apparent that one cannot make a perfect planar
map of a spherical object without allowing some distortion in some
or all of lengths, directions, shapes, and relative sizes of areas. For
this reason, the map-maker must choose a method of representing the
sphere on the planar map such that the distortion allowed is minimally
problematic for the purpose of the particular map at hand. This is the
science of cartography and map projections.
Even in antiquity, several map projections were constructed on an
explicitly mathematical basis. In the following subsection, we will dis
cuss briefly a few important projections that were taken up by Lambert
and Euler in their works in the late eighteenth century. What follows
is by no means an attempt to give a full account of the map projec
tions known in this period: a full history of map projections in the
pre-modem period is beyond the scope of this chapter, and so for
such detail and more, I direct the reader's attention to (Snyder 1993).
Moreover, in the following, unless otherwise stated I shall refer to maps
showing the whole surface of the globe.

5.1.1

Mathematical cartography in the Classical and Renaissance periods

In their works, Lambert and Euler paid particular attention to four
projections that were known in antiquity: to use their modem names,
these are the equirectangular, gnomonic (central), orthographic, and
stereographic projections. The first of these, the equirectangular projec
tion, was probably the dominant projection in pre-Renaissance maps
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Figure 5.1: The equirectangular projection in the special plate carree case
(Snyder 1993, p. 5). This cylindrical-like projection was traditionally
thought to have originated with Eratosthenes (c. 275-194 BCE), but
this has been disputed by twentieth-century scholars (Snyder 1993,
p. 4). The projection is attributed by Claudius Ptolemy (c. 90-170 CE)
to Marinus of Tyre (c. 100 CE), who certainly did know it.
To construct the equirectangular projection, one maps meridians
(lines of constant longitude) to straight vertical lines on the map,
equally spaced for equal changes in longitude, and maps parallels
(lines of constant latitude) to straight horizontal lines on the map,
perpendicular to all meridians and equally spaced for equal changes
in latitude. The result is a rectangular graticule, which, for those of
us bom after the seventeenth century, is reminiscent of the Cartesian
coordinate system: we are similarly identifying longitude with the xcoordinate, and latitude with the y-coordinate.2 The equirectangular
projection preserves scale along all meridians, and also along a pair
of parallels of true scale, latitude3 ±k°N, where k is chosen by the
mapmaker and may vary from 0 to 90°. If k = 0 then the graticule is

2 A graticule is a grid consisting of lines of constant latitude and longitude.
3 Though the concept of the radian as a natural measure of angle is due to Roger Cotes in
1714, Cotes did not give a name to the concept, and it was not commonly used until the
mid-nineteenth century (Gowing 1983, pp. 38-39). Therefore, to avoid anachronism,
in this chapter I will give all angles in degrees.
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square and the equator is the parallel of true scale; this special case
is known as plate carree, following the geographer and cartographic
historian d'Avezac-Macaya (1863, p. 476). However, the equirectangular projection is unsuited for most practical uses: because the length
of a degree of longitude is projected to a constant width on the map,
whereas in reality it varies in proportion to the cosine of the latitude,
the projection produces distortion of shape, area, and direction away
from the parallels of true scale. It is only suitable for use in maps of
small areas, with a scale large enough to reduce the distortion.
The other three of the classical projections I shall discuss, like most
mathematics of the time, arose from straight-edge and compasses meth
ods in geometry. They all involve projecting the surface of the sphere
onto a tangent plane at a point N, which becomes the centre of the
map. This results in the preservation of directions (azimuths) from N;
for this reason, these projections are classified as azimuthal. If the point
of tangency of the plane of the projection is at a pole, the projection is
said to be in its polar aspect, with concentric circles for parallels and
straight, equally spaced radii for meridians. If the point of tangency is
on the equator, we have the equatorial/meridian aspect; otherwise, the
oblique aspect. The central projection maps all great circles through
the centre N to straight lines through the centre N.
The earliest of these is the central projection (also called the gnomonic projection, in reference to a connection with the workings of
sundials), known to Thales in the 5th century BCE (Snyder 1993, p. 18).
The central projection maps the surface of the sphere so as to show the
view seen by an observer at its centre N. One takes a plane of projection
tangent to the sphere at the point chosen to be the centre of the map.
Then, given a point P on the sphere, one extends the ray NP to meet
the plane at a point P' (Figure 5.2). The point P' is then the projection
of P onto the map. This construction has the useful property that it
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Figure 5.2: Geometrical construction of the central (gnomonic) projection
maps all great circles, not just those passing through N, to straight
lines; however, it produces significant distortion towards the edges of
the map, and less than half of the sphere can be shown on any finite
map. For example, if the radius of the sphere is taken to be unity, a
distance d from the central point N becomes tan d on the map, meaning
that the equator of the point N, which is at a distance of 90° from N, is
mapped to infinity in all directions.
The orthographic projection, attributed to Hipparchus (c. 2nd cen
tury BCE), gives the view seen by an observer at a great or infinitely
great distance from the sphere. To construct the image of a point P
under the orthographic projection, one simply drops a perpendicular
from P to the tangent plane of projection, and takes the point of in
tersection P' of the perpendicular with the plane to be the image of
P (Figure 5.3). Like the central projection, the orthographic projection
produces significant distortion around the great circle at 90° from N,
the central point of the projection, but unlike the central projection it
compresses large distances rather than over-stretching them. The or
thographic projection shows exactly half of the surface of the sphere
as a circular disc of radius 1; the boundary of the disc is the equator.
Especially when used in its oblique aspect, this projection gives the
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Figure 5.3: Geometrical construction of the orthographic projection

appearance of a globular Earth, and so was frequently used for artistic
purposes. However, though not especially suited for scientific pur
poses, it was used by a few classical authors: Hipparchus used it to
find places of sunrise and sunset, and Marcus Vitruvius Pollio (c. 14
BCE) used it to construct sundials and find the position of the sun.
The last of the ancient azimuthal projections we shall discuss here is
the stereographic projection, also known to Hipparchus but probably
first invented by an earlier practitioner. The stereographic projection
places an observer at a point S on the surface of the sphere, antipodal
to the point N chosen to be at the centre of the map (Figure 5.4), and
projects the observer's view onto a plane tangent to the sphere at N.
The stereographic projection has many useful properties. First, it is
the only projection that maps all circles on the surface of the sphere,
great or small, to circles or straight lines on the map. This means, for
example, that the ecliptic (the path of the sun across the celestial sphere,
which is a great circle) appears on the map as a circular arc. Moreover,
though it apparently was not discovered until the 17th century by
Edmond Halley, the stereographic projection is conformal; projections
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Figure 5.4: Geometrical construction of the stereographic projection

with this property are useful in navigation. (A more recent use of the
stereographic projection is in complex analysis.)
Though in antiquity a handful of map projections did exist, there was
no overarching theory to unite them, and there was no concentrated
effort to find new or better ones. The authoritative work on the subject,
the Geography of Claudius Ptolemy, remained so from its authorship
until the Renaissance, and Ptolemy's efforts 'were stagnant classics
having little meaning as foundations from which to develop other
approaches to projection' (Snyder 1993, p. 3).
Though there were a handful of important developments in map
projections during the Renaissance, they are little referenced in the
works of Lambert and Euler at the end of the eighteenth century. The
major exception to this is the famous world map of Gerhardus Mer
cator (1512-1594), first published in 1569. Like the equirectangular
projection, Mercator's projection is of cylindrical type. Meridians are
shown on the map as straight vertical lines, and parallels as straight
horizontal lines. However, while the equirectangular projection spaces
the parallels equal distances apart for equal changes in latitude, on the
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Mercator map the distance between them increases as one moves to
wards the poles: the parallel of latitude <p is shown on the Mercator
map as the line y = log tan (cp/2 + 45°).
Though the Mercator projection results in serious distortion of areas
near the poles (and, indeed, the poles themselves are mapped to infinity
and so cannot be shown on the map at all), it does bring about a very
useful property for practical use of the map. Loxodromes (also known
as rhumb lines), or paths on the sphere that always make a constant
angle with the local meridian, appear on the Mercator map as straight
lines, making it much easier than previously for navigators to plot
courses and then sail them by continually ensuring that their compass
heading always matched the desired course.4
It is unclear how Mercator came by his projection, and he himself
gave no clues in the writings that accompanied the map. There is no

and the projection certainly predates symbolical algebra, which only
began its infancy in the works of François Viète a little over twenty
years after the publication of Mercator's map. It is also surprising to
note, having seen the formula given above for the equation of the
parallel of latitude

, that the Mercator projection was published 45

years prior to the invention of logarithms by John Napier in 1614 (and
it was almost a century before the use of the natural logarithm, as
employed in the formula, became widespread).
How, then, could Mercator have seemingly anticipated logarithms
by fifty years or more in order to construct his map? The answer is prob
ably that he set out with the aim of projecting loxodromie paths on the
sphere to straight lines in the plane, and did so by a graphical method:
associating points on straight lines with a given loxodromie path and
improving the projection by trial and error. Though Mercator did not
4 In practice, this technical advance was hindered by the difficulty of ascertaining longit
ude at sea, a famously thorny problem which persisted long beyond the Renaissance
to the mid-eighteenth century.
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and could not have known of the advanced mathematics behind his
projection, his projection exemplifies an important difference between
Classical and Renaissance cartography: here we have a map projection
invented with an explicitly practical purpose in mind, rather than the
philosophical and aesthetic constructions by Mercator's predecessors.
This approach continued into the seventeenth and eighteenth centur
ies, and as we shall see, this new focus and motivation together with
the expanded toolset available to the mathematical practitioner led to
a dramatic increase in the number of map projections known.

5.2

THE

EIGH TEENTH

CENTURY:

LA M BERT, EU LER, AND THE A N A 

LYTIC A P PR O A C H

As we have already noted, the Renaissance saw an increased pragmatic
interest in cartography. This continued into the seventeenth century
due to the development of international trade between Europe, the
Americas, and Asia, which necessitated improvements to techniques
of ocean navigation and map-making. This renewed motivation led
mapmakers to compete to produce better projections with reduced
distortion. At last the theoretical side of mapmaking lost the stagnancy
it had suffered from during the Classical period, and mapmakers began
to build on each other's work, with new projections coming into use
much more regularly than previously. As a result, by 1669, there existed
almost twice as many published projections as had existed in 1470.
However, the floodgates had still not quite fully opened. By the
mid-seventeenth century, though symbolical algebra was beginning
to emerge, classical geometry was still the dominant mode of doing
mathematics; this did not lend itself to the general consideration and
systematic development of new map projections with specified prop
erties. During the seventeenth century, though, various developments
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set the stage for the new approach to map projections which emerged
in the latter half of the eighteenth century.
First, beginning in the late sixteenth century and continuing into the
seventeenth, developments in surveying, geodesy, and instrumenta
tion meant that much better geographical information was available
for mapmakers to use. This led to rising interest in and demand for
detailed and precise map-making. This began with the development
of triangulation in the late sixteenth century by Gemma Frisius and
Tycho Brahe and its use by Willebrord Snellius in 1615; building on
this achievement, in 1669 Jean Dominique Cassini and Jean Picard
completed the first geodetic survey of France. Building further on this
work, by 1720 Picard and the younger Jacques Cassini surveyed the
meridian through Paris and found that the lengths of degrees of latit
ude were not equal, implying that the earth was not a perfect sphere.
Based on the measurements and on the theories of René Descartes,
Jacques Cassini proposed that the true shape of the earth must be a
prolate spheroid. This claim was hotly contested by Isaac Newton, ac
cording to whose theories the earth was an oblate spheroid due to the
effect of centrifugal force.
In the 1730s, expeditions sent by the French Academy of Sciences to
South America and Lapland to measure the length of a degree of latit
ude near a pole and at the equator vindicated Newton's predictions.5 In
addition to more detailed knowledge of the earth's surface, improved
astronomical telescopes and, by the mid-eighteenth century, the ability
to accurately determine longitude at sea meant that the coordinates of
points on the surface could be measured with greater confidence. All of
this meant that there was a need for better map projections to support
the precise measurements that could now be made.

5 On the geodesic expedition to Lapland, see (Terrall 2002); on its South American
counterpart, see (Ferreiro 2011).

L A M B E R T A N D E U L E R ON M A P P R O J E C T I O N S

Second (and most importantly for the focus of this chapter), there
were some crucial developments in mathematics during the seven
teenth century, without which the important works of Lambert and
Euler in the late eighteenth century would have been unthinkable. The
invention of logarithms by John Napier (published in 1614) made the
calculations necessary for spherical geometry and cartography much
easier.6 Spherical geometry often involves products of sines and co
sines, which, if calculated directly, involve long and laborious com
putations. It is, therefore, quite unsurprising that Napier's invention
for easing the calculation of products was explicitly aimed at navigat
ors, and that his definition of a logarithm pertained not to a general
quantity, but to a sine of a quantity (Napier 1614, p. 3).
The second of the crucial developments in mathematics that enabled
great steps forward in cartography was the rise of mathematical ana
lysis and the invention of the calculus in the late seventeenth century.
Until this time, most mathematical approaches to cartography relied
mainly on the methods of classical geometry, which was then the dom
inant approach to most mathematical sciences; however, this was not
flexible or generalisable enough for making wide-ranging studies of
map projections such as began to appear in the late eighteenth century
using analytic methods.

5.3

La m b e r t ' s t r e a t is e o n m a p p r o j e c t i o n s

(1772)

Johann Heinrich Lambert (1723-1777) is widely acknowledged as the
first person to develop a general theory of map projections (Lambert
1972, p. ix). He did so in 1772 by using calculus, in particular the re
latively new theory of partial differential equations, to formulate the
conditions he wanted his projections to satisfy (for example, conformal

6 For a recent popular biography of Napier, see (Havil 2014).
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ity, or area preservation), and then integrating the resulting differential
equations.
Lambert was bom in 1728 in Mulhouse, Alsace. As the son of a
poor tailor, he did not have the financial means for proper schooling
beyond the age of twelve; however, by that age he had received ele
mentary tuition which proved enough for him to continue his studies
independently while working to support the family. In 1748 Lambert
became a private tutor to three young relatives of the Reichsgraf Peter
von Salis at Chur. This appointment proved crucial to his scholarly
development: here, he was afforded the time and freedom to study
privately in the library of the von Salis family, and to participate in
local intellectual life, being elected to the Literary Society of Chur and
the Swiss Scientific Society (Scriba 2008, p. 596).
In 1756 he embarked with two of his charges upon an educational
torn- (Bildungreise) of Europe. Figure 5.5, a topological map showing
Lambert's movements over the course of his lifetime, was originally
drawn by Max Steck in 1951, and here redrawn and translated into
English from the version that appears in (Jaquel 1979, pp. 52-53). The
arrows labelled 6-15 on this map show the course of Lambert's Bildun
greise, which allowed him to establish valuable contacts, both with
individuals and learned societies he encountered on his travels. At
Gottingen he made the acquaintance of the mathematician Abraham
Gotthelf Kastner and the astronomer Tobias Mayer, and on his de
parture from the city he was elected a corresponding member of the
Learned Society of Gottingen. On his travels he also visited Utrecht,
Paris (where he met d'Alembert), Marseilles, Nice, Turin, and Milan.7
Shortly after returning to Chur in 1759, Lambert left his position with
the Salis family and began to seek an academic position; he was eventu-

7 It is natural to ask whether he met Lagrange during his time in Turin. Unfortunately
the answer is not known, though Lambert and Lagrange certainly did meet later on
when Lagrange became a resident member of the Berlin Academy in 1766.
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Figure 5.5: Topological map of Lambert's travels up to his arrival in Berlin in 1764, redrawn from the version in (Jaquel 1979, pp. 52-53)
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ally elected a corresponding member of the Berlin Academy of Sciences
in 1761, and became a full member in 1764.
Lambert's scientific works were many and diverse: he is remembered
in various quarters for his proof of the irrationality of n; for his work on
the theory of light; for conjectures regarding the nature of space; and
for work in astronomy, and in logic. However, in this chapter we will
focus on his seminal treatise on map projections, titled 'Anmerkun
gen und Zusätze zur Entwerfung der Land- und Himmelscharten'
('Notes and supplements on the design of maps of land and sky') and
published in 1772 as part of the third volume of Lambert's Beiträge
zum Gebrauche der Mathematik und deren Anwendung (Contributions to
the use of mathematics and its applications) (Lambert 1772). The Beiträge
spanned three volumes and consisted of treatises by Lambert on vari
ous subjects relating to mathematics and its applications; some of these
treatises had been published previously as standalone pieces, but the
treatise on map projections had not.8 Though the 'Anmerkungen und
Zusätze' was Lambert's first publication on the subject of map projec
tions, he had been interested in the subject since at least May 1752,
as is attested by his scientific diary (Bopp 1916, p. 12).9 Lambert's in
terest in practical subjects such as map projection may later have been
encouraged by his friendship and collaboration with Georg Friedrich
Brander (1713-1783), a mathematical practitioner and maker of math
ematical instruments with whom he resided in Augsburg from 1759 or
1760 until 1761, and with whom he subsequently maintained a lively
correspondence for twelve years.
Lambert's 'Anmerkungen und Zusätze' is a clear and methodically
laid out text, with the aim of each section simply stated and then invest
8 The single-authored compendium of unrelated treatises, such as the Beiträge, is an
unusual mode of publication for the time, and it would be interesting to know why
Lambert chose to publish his work this way rather than via the more common medium
of regional or Academy-affiliated journals. At this time, most academic journals still
covered all topics; there were no specialised journals in mathematics yet.
9 Lambert did not give this diary a title; Bopp (1916) called it Monatsbuch (monthly
book).
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igated. Lambert began by suggesting various examples of conditions
that a mapmaker might want a map to satisfy:
1. Preservation of shapes
2. Preservation of areas relative to one another
3. Preservation of distances between points
4. Mapping of great circles on the sphere to straight lines on the
map
5. Ease of finding the latitude and longitude of a place shown on
the map.
He drew an analogy with engineering: as engineering drawings
show the shape and size of a house or garden, so should a map depict
the shapes and sizes of countries on the surface of the earth. However,
he noted that since it is impossible to make a perfect representation
of a sphere on a flat plane, the mapmaker must choose whichever
conditions are most important for the purpose of any particular map.
Lambert noted the work of several authors on map projections earlier
in the eighteenth century. In particular, he referenced (Karsten 1768)
on perspective projections, and (Richmann 1751), a brief note on pro
jections preserving length or area. Though he noted Richmann's con
tributions, he observed that much extension and improvement was
desirable.
The first three chapters of Lambert's 'Anmerkungen und Zusatze'
are on the preservation of distance. He sought to map a triangle APB
on the sphere (where P is presumed to be the north pole) to an image
apb in a flat plane, with the properties of each as shown in Figure 5.6.
He knew that a perfect map of a triangle was not possible because a
planar triangle has angle sum 180° and a spherical triangle has angle
sum strictly greater than 180°; thus, he chose to preserve the angle
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Figure 5.6: Spherical and planar triangles as defined in (Lambert 1772, p. 115)
LAPB = ¿apb = A exactly. From the planar and spherical cosine rules,
he found that

x=
y=
. ç
s
n
z - sin - sec —sec

2

2

2

Here, x and y are functions of £. and ij respectively; z is a function
of 4, 17, and C, but it is independent of the angle A. So, as long as the
lengths £ and q are held constant and only the polar angle A is allowed
to vary, the quantity (sec £/ 2 ) (sec i//2 ) may be regarded as a constant
coefficient. Based on the formulae for x and y and the preservation of
the angle A, Lambert observed that this is the stereographic projection
in its polar aspect, and he set about finding a geometrical construction
to find the true distance between two points on the sphere, from a map
made using this projection.

5.3.1

Lambert on equal-angle map projections

After finding such constructions for both the central and orthographic
projections, Lambert turned to the real aim of the treatise: finding new
projections with useful properties such as preservation of angles or
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areas. He began with the observation that on the two known angle
preserving map projections, the Mercator and stereographic projec
tions, the angles between meridians are mapped respectively to 0 and
the true value of the angle. He conjectured that there could exist in
termediate stages (Mittelstuffen) between these two projections: new
projections that also preserve angles in general, but send the angles
between the meridians to some fraction of their true value.10 He then
set out to find such projections.
Lambert's method, contained in Chapters IV-VI of the 'Anmerkungen', is worth explaining in full so that we can compare it later with
Euler's method for finding the same projections. He broke the method
down into three parts, of increasing generality:
1. Projections which map meridians to straight lines (Chapter IV:
Lambert 1772, pp. 134-143,1972, pp. 27-34);
2. Projections which map meridians to circular arcs (Chapter V:
Lambert 1772, pp. 143-149,1972, pp. 35-39);
3. Projections which map meridians to any chosen family of curves
(Chapter VI: Lambert 1772, pp. 149-164,1972, pp. 41-53).
In each of these cases, every meridian must meet every parallel of con
stant latitude at right angles, due to the angle preservation condition.

5.3.1.1

Chapter IV: Angle-preserving projections which map meridians to
straight lines

Lambert began by considering projections which send meridians to
straight lines. He let P be the image of the north pole and PM, Pp the
images of two meridians such that the difference in longitude LMPp
is infinitely small: he called this difference in longitude d\ (Figure 5.7).
Following his conjecture, he sought angle-preserving map projections
10 To make anachronistic use of modem terminology, Lambert conjectured the existence
of a homotopy from the Mercator to the stereographic projection which preserves
angles at all points of the sphere except for the poles.
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Figure 5.7: Diagram (Figure VIII) from (Lambert 1772): finding an angle
preserving projection which maps meridians to straight lines
that make ZMP^i = m dA, where m is some constant between 0 and
1 inclusive. He supposed that the points M and p have colatitude e,
and N and v (points on the meridians PM and Pp respectively) have
colatitude e + de. The colatitude of a point is the complement of its
latitude, or the angle it makes at the centre of the earth with the pole
closest to it: in other words, the latitude and colatitude of a point sum
to 90°.11 Using this notation, the angle preservation condition may be
expressed12 as

pM : MN = dA s in t : de.

Letting PM = x and MN = dx, we then have MjU = xtn dA, and

mxdA : dx = dA sin e : de.

(2)

Simplifying this and integrating gives log x = m log tan § + C where
C is a constant of integration; Lambert set C = 0 so as to always have

11 As well as using the more modern term Breite (latitude), Lambert often called latitude
Polhohe, meaning polar height, and usually called colatitude AequatorshOhe, meaning
equatorial height. These terms have their origins in astronomy: for an observer located
on the sphere in the northern hemisphere at latitude cp, the elevation of the pole star
above the horizon is <pand the elevation of the celestial equator is 90° - <p. Readers of
(Lambert 1972) should beware: the translator, unfortunately, has confused these two
terms on many occasions.
12 This and many other arguments in this chapter rely upon basic spherical trigonometry:
for an introduction to this subject, see, for example, (Van Brummelen 2012).
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x = 1 when e = 90° no matter what the value of m. Consequently, he
obtained

When m = 1, this is the stereographic projection. When m = 0, the
equation reduces to x — 1 for any value of e, but Lambert made a
suggestion (albeit one that is unrigorous by modem standards) that
this can actually give the Mercator projection. He set e = 90° —p, so
that

by the binomial theorem.13
At this point, Lambert subtracted 1 from both sides, divided through
by —2m, and then allowed m to become zero. He thus obtained

13 Note that since p e [0,90°], we have tan p /2 € [0,1]. When tanp/2 = 0 or tan p/2 = 1,
we can calculate x = 1 or x = 0m without recourse to the binomial theorem. In the
latter of these two cases, recalling that 0° = 1, we then obtain x = 1 when m = 0
and x = 0 for other values of m. Otherwise, we must have tan p /2 € (0,1), and the
generalised binomial theorem is valid.
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Though Lambert gave no explanation of this summation, it is straight
forward to prove:

= \ log cot

Thus, in the limit as m approaches zero, (1 - x )/m is proportional to
log (cot §), which gives the Mercator projection.
Clearly, allowing m to become zero in the left-hand side is highly
problematic in terms of rigour. However, we can observe that if we
hold £ constant and consider a: as a function of m, then in the limit as
m —* 0 we have x —* 1, and we note that (1 - x) /2m is proportional to
the derivative of x with respect to m. If we follow Lambert's argument
until just before he set m — 0, but fill in the missing step in the working
by writing out the product of binomials as a series in tan p / 2, we obtain
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Rearranging as Lambert did, and remembering that limm_*o(x - l)/m
is equal to dx/dm evaluated when m = 0, then we find that
1 dx
2 dm

1-x
1
,3 P
= tan j* —m tan2 ~ + ^(2 m2 + 1 ) tan3
L
2
2m
2 ' 3(
- \m(tn2 + 2) tan4 ^ + -^ (2 m4 + 10m2 + 3) tan5 ^
3
2
15
2
- ¿ m (2 m 4 + 20m2 + 23) tan6 ^
rrJ

J*

+ — (4m6 + +70m4 + 196m2 + 45) tan7 £ + . . . .
315
2
Thus, by evaluating both sides of this at the limit, we have
1 dx
V
1
ryV
1
1
7P
— tan - + - tan - + - tan - + - tan - + .
2 dm m=0
1.
e
= - log cot -

as above.
Hence, we see that in the limit as m —» 0, it is indeed the case that
(1 —x )/m is proportional to \ log cot §; this is the rate of change of x in
the limit, and so Lambert's argument is salvageable.
Next, Lambert observed that since m is arbitrary, it is possible to
impose another condition upon the projection, and so he chose to
specify a parallel of true scale at colatitude E. Going back to Figure 5.7
as above (Lambert's Figure VIII), he noted that the length of the line
Nv is mdA(x + dx), and the length of its preimage on the sphere is
dA sin(f + de) = dA(sin t + de cos t). Thus, by Equation (2) above,

de : dx = dA(sin e + de cos e) : m dA(x + dx).

Hence,
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c

Figure 5.8: Map of Europe using the Lambert conformal conic projection, from
(Lambert 1772)
But by Equation (2) again, we have
mx _ sine
dx
de
so m = cos £. Hence, to make the parallel of colatitude E a parallel
of true scale, we simply take m = cos E. Lambert illustrated this by
taking a map of Europe as an example (Figure 5.8).
Lambert also gave a method for choosing m such that two given
parallels of colatitudes a and b have correct proportion to each other.
For this to hold, we must have

from which it follows that
log sin a —log sink
log tan § - log tan |
Lambert ended this section with the observation that if one sets m = 0
or m — 1 as for the Mercator or stereographic projections, then a = b
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Figure 5.9: Diagram (Figure X) from (Lambert 1772): finding an angle
preserving projection which maps meridians to circular arcs

and so there does not exist a pair of parallels in correct proportion to
one another.
5.3.1.2

Chapter V: Angle-preserving projections which map meridians to
circular arcs

In Chapter V, Lambert required the meridians to be mapped to circular
arcs as in the equatorial aspect of the stereographic projection. Again,
he required the meridians to intersect at the poles, with their angles of
intersection on the map being a constant multiple of their true values
on the sphere, and with angles at all points other than the poles keeping
their true values. Given this arrangement of meridians, he set out to
find the points through which each parallel should pass.
He let P and p be the images on the map of the North and South
poles, and Pp a meridian (drawn as a straight line in Figure 5.9). He
let A be the midpoint of Pp, and drew a perpendicular DAB through
A to represent the equator. Here, B is the centre of a circular arc PMp,
which is another meridian. Lambert let the difference in longitude
between PMp and PAp be an infinitely small value A, so that we have
¿MPA = mA. He set AP = 1, so that by small angle approximation,
MA = tanmA/2 = mA/2. He also found, by a similar argument, that
AB = cot mA - 1/mA.
Next, he chose a point R on AP, and let the colatitude of its preimage
on the sphere be c and the length AR be equal to x. He also let r lie on
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AP in such a way that -R r = dx. Hence, since M and N both lie on the
same circular arc with centre B,
„
VTT,
1
mA
MB = NB = —- + —mA
2
and by Pythagoras's theorem and quadratic approximation to the
series expansion of a square root,

RB = yjAB2 -f AR2

=^

= à i ( 1+ ì m W + - )
1
x2m\
* mA + 2
so

NR = N B -R B = im A (l - x2).

The angle preservation condition is written as NR : Rr = A sin £ : de
(where we recall that A is infinitely small). Hence, we have

- - m A ( l - x 2) : dx = Asine : de.

(3)

Simplifying and solving this for x in terms of e (making use of the
substitution x = cos <p, and taking the constant of integration to be
zero), Lambert obtained

X

1 -(tanSy»

2

1 + (tan |)m

cotm| + l ’

As before, with m = 1 this is the stereographic projection and with
m = 0 it is the Mercator projection. However, by taking m = 1 /2 ,
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Figure 5.10: Diagram (Figure XI) from (Lambert 1772), showing what is now
known as the Lagrange projection

Lambert obtained a representation of the whole surface of the sphere
inside the disc (Figure 5.10), with all angles maintaining their true
values except at the poles, where they are shown at half of their true
value. This is now known as the Lagrange projection, though it was
first invented by Lambert.14
Lambert also observed that in integrating Equation (3), one can
choose the constant of integration such that x = 0 and (p — 90° when
£ = E to get the more general formula

tanmf •cotm§ + 1 '
In this asymmetric version of the projection, the horizontal line through
the centre of the disc represents the parallel of colatitude E.
14 The name 'Lagrange projection' comes from Lagrange's work on it in a paper of
1779; Lagrange made explicit mention of the work of both Lambert and Euler on map
projections (Lagrange 1781).
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Figure 5.11: Diagram (Figure XII) from (Lambert 1772): finding an angle
preserving projection which maps meridians to an arbitrarily
chosen family of curves

5.3.1.3

Chapter VI: Projections which map meridians to any chosen family
o f curves

Chapter VI, the third part of Lambert's treatment of angle-preserving
map projections, is the most impressive part of the 'Anmerkungen'. In
this chapter, Lambert set out to find a general solution where meridians
and parallels may be represented by any types of curve, rather than
just lines or arcs as in the preceding two chapters of his treatise.
In Figure 5.11, he let CA be the abscissa, CE perpendicular to CA,
EMD a curve of constant latitude p, and LMB a curve of constant
longitude A. He defined a Cartesian coordinate system by writing
CQ — x and QM = y. Then, he let m be the point on the meridian
LMB with latitude p + dp, and let p be the point on the parallel EMD
with longitude A + dA. He let n be the foot of the perpendicular from
m to the extension of the line QM, and similarly, he let v be the foot of
the perpendicular from p to the extension of RM. Thus, by the angle
preservation condition, Lambert found that ¿pMm — vMn = 90° and
pM : Mm = cos pdA : dp, and by triangle similarities, he obtained the
relations

vM : Mn — cos pdA : dp
vp : mn = cos pdA : dp.
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Next, he observed that x and y must be functions of both p and A, so

dy = M dp + mdA

(4)

dx = N dp + ndA
where M, m, N, n are functions of p and A. (Here, Lambert reuses the
letters M and m to denote functions where previously they denoted
points. It is usually clear from context whether he is referring to the
points or the functions.) By considering the differentials along meridi
ans and parallels, Lambert found that

Mcos p = n

(5)
- N c o s p = m.
Using these relations, one may eliminate two of the functions M, m, N, n
in the pair of partial differential equations (4).
As in Chapters IV and V, Lambert paused to show how his new
method related to the previously known Mercator and stereographic
projections. On a Mercator map, longitude is proportional to the ab
scissa, so x = A and hence dx — dA, so N[p, A) = 0 and n(p,A) = 1
by the second of the pair of equations (4). Then, by the equations (5),
it follows that M(p,A) = seep and m(p,A) = 0, so dy = seep dp and
hence

as Lambert had previously shown.
For the stereographic projection, Lambert knew that

x=

sin A cos p
1 + cosAcosp
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so
(cos A + cos p) cos pdA - sin p sin Adp

dx =

(1 + cosAcosp)2

This made

N = -

sin p sin A
(1 + cos A cos p)2

and
(cos A + cos p) cos p
(1 + cos A cos p)2
so, again by Equations (4) and (5), Lambert found that
sin p
^

1 + cosA cosp’

As if this early application of partial differential equations was not
impressive enough, there was more innovation to come.15 Following a
suggested substitution which he attributed to Lagrange, Lambert set
dp seep = dp and then rewrote the pair of equations (4) as

dy V - I = ndp V -I + m V - I dA
dx = m V - I dp V - I + ndA
and then as
dx + dy V - I = (m V - I + n) •(dp V - I + dA)
dx - dy V-I = (m V-I - n) •(dp V-I - dA).
In this last pair of equations, the left-hand side is an exact differential,
and therefore the right-hand side must also be an exact differential;
hence, m V - I + n must be a function of p V - I + A, and m V - I - n
15 On the early theory of partial differential equations in the mid-eighteenth century, see
(Archibald 2003, pp. 336-339).
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must be a function of y V - Ï - A. Hence, x + y V - ï = (p(y V - Ï + A),
and x - y V—ï = <p(y V - Ï —A), where 9 is an arbitrary function on the
complex numbers. Lambert then set
y /x = tanz>

y /A = tanw

y = P sin v

y = a sin w

x — p cos v

A = a cos w

so that x + y V - ï =

and y V - ï + A = cte® ^ . From here, he

could set

$ev^

= A + B a V wV=î + Ca4e4a,V=î + . . .

and then

x = p cos v = A + Ba2 cos 2zu + Ca4 cos 4zu + ...
y ~ Psinv =

Ba2sin 2 u ;+ C a 4sin4a; + ...

and he could calculate these coefficients using standard formulae for
trigonometric series.
Lambert did not venture further into the possibility of represent
ing angle-preserving map projections as maps from the sphere to the
complex plane. Instead, he returned to Equations (4) and (5). From
Equation (5) it is clear that y and x must both be periodic in p, and
for symmetry, one wants y (-p ,A ) = -y(p,A ) and x {-p ,\ ) = x{p,A).
Therefore, Lambert could write y and x as infinite series in p and A,
with coefficients to be determined:

y

=A

-1-BA

+ CA2

-1- ••

+ A 'sinp

+ B'Asinp

+ C A2sinp

+ ••

+ A" sin 2p

+ B"A sin2p

+ C'A2 sin 2p

+ ••

+ A'" sin 3p

+ B"'Asin3p

+ C'"A2 sin 3y

+ ..

+

...

5.3

La m b e r t ' s t r e a t i s e o n m a p p r o j e c t i o n s

(17 7 2 )

and
= a

+ b\

+ cA2

+

+ a' cos p

-ffc'Acosp

+ c'A2 cosp

+

+ a" cos 2p

+ b"Acos2p

+ c" A2 cos 2p

+

+ a"' cos 3p

+ b'"Acos3p

+ c"'A2 cos 3p

+

+ ...
To find the unknown coefficients, Lambert differentiated the series
and equated the coefficients of dp with M, multiplied through by cos p,
and then used trigonometric identities to simplify and obtain

M cosp

= \A'

+ \B'A

+

+ i(2A ")co sp

+ J (2B")Acosp

+

+ i(A '+ 3 A "')c o s 2 p

+ i(B ' + 3B"')Acos2p

+

+ |(2A" + 4A "")cos3p

+ \(2B" + 4B"")A cos 3p +

+ i(3A '" + 5Av)cos4p

+ \ (3B'" + 5BV)A cos 4p

+

+

...

He found n in a similar way by equating coefficients of d\ with n. Since
M cosp = n, he could compare the coefficients term by term, and he
found that

>= \A'

c= \ B '

d=\C

t = \{1A")

d = }( 2 B")

d' = |(2C")

>” = jj(A '+ 3 A '")

c" = |(B' + 3B"')

d” = i(C ' + 3C'")

>"' = i(2 A " + 4A "")

d " = \(2B" + 4B "")

d”’ = *(2C " + 4C "")

= \ (3A'" + 5AV)

d "' = |(3B'" + 5BV)

d"" = ¡(3C '" + 5CV)
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Similarly, by using the equation —N cos p = m, he found that

B= 0

C= 0

D= 0

B' = |(2a")

C = 1(2b” )

D' = |(2c")

B" = \(a '+ 3a'")

C” = l(b ' + b"')

D" = i(c ' + 3c"')

B"' = l{2a" + 4a"")

C " = I (2b" + 4b"")

D '" = g (2c" + 4c"")

B"" = \{3a"' + 5av)

C "" = J(3&"' + 56^)

D "" = i(3 c "' + 5cv )

In this way, he saw that all the coefficients depend ultimately on the
choice of

and

. Lambert thus had a way to calculate the solution

in infinite series form for any chosen values of M and N. He illustrated
the method in the seventh chapter of his treatise by using it to calculate
the locations of the meridians on the transverse Mercator projection:
this is another of the new projections that made its first appearance in
this treatise.

5.3.2

Lambert on equal-area projections

After this extensive, impressive, and innovative investigation into
angle-preserving projections, Lambert turned his attention briefly to
a particular class of projections of the sphere: 'those on which the
meridians are represented by straight lines intersecting at the proper
angle at the pole, and all equally subdivided away from the pole, so
that the equator, and the latitudes parallel to it, are circles with a com
mon centre at the pole': in other words, azimuthal projections. These,
he wrote, have 'a more excellent regularity' (eine vorzüglichere Regel
mäßigkeit)}6 Though this description refers specifically to a pole as the
16 §93: 'Unter den vielerley Entwerfungsarten der Kugelfläche haben diejenigen eine
vorzüglichere Regelmäßigkeit, wo die Mittagskreise durch gerade Linien vorgestellt
werden, die einander in dem Pol unter ihren wahren Winkeln durchschneiden, und die
vom Pol aus sämtlich auf einerley Art in Grade getheilt werden, so daß der Aequator
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centre of the projection, he subsequently generalised the concept to
allow any point of the sphere to be taken as the centre of the map. He
gave the stereographic projection as an example, but noted that while
on this projection the radii of the parallels increase proportionally to
the tangent of half of the colatitude, the radii could in fact increase
according to any arbitrary rule while maintaining the regularity.
Lambert made only a very quick inquiry into the topic of such pro
jections (which I shall describe hereafter as 'regular'), but it took him
in an interesting direction. He began by considering a general regular
projection in its equatorial aspect, with the point O of zero latitude and
zero longitude at the centre of the map. He noted that by defining k
such that cosfc = cos A cos p (so, by the spherical cosine rule, k is the
great-circle distance from O to the point of latitude p and longitude
A) and making the radii of the circles of constant great-circle distance
from O increase in proportion with sin k, one obtains the orthographic
projection. Likewise, if the radii of the circles of constant great-circle
distance from O increase according to tan k / 2, we get the stereographic
projection; if they increase linearly, we get the central projection. Then,
he considered other cases, and noted that if the radii increase in pro
portion to sin k /2, the images of areas on the map maintain the same
size in proportion to one another as they have on the sphere. This led
Lambert to look at the equal-area property in more generality in his
Chapter IX.
For the problem of equal-area projections, Lambert did not present
a completely general solution analogous to the method he gave in
Chapter VI for finding angle-preserving projections, but he acknow
ledged that such a solution would be of similar difficulty and length.
Instead, he treated only the simpler cases. First, he considered the case
where the meridians and parallels are shown as collections of straight
und dessen Parallelkreise Circul sind, die ihren gemeinschaftlichen Mittelpunct im
Pol haben'. The English translation of this passage is quoted from (Lambert 1972,
p. 55).
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Figure 5.12: Diagram (Figure VIII) from (Lambert 1772): finding an angle
preserving projection which maps meridians to straight lines
lines, with each meridian intersecting each parallel at right angles (in
other words, cylindrical projections). Lambert stated, without full jus
tification, that in order to preserve areas in this case the distance from
each parallel to the equator should be the sine of the latitude. Instead
of giving a full proof, he simply noticed that the surface area of a zone
from the equator to a parallel is proportional to the sine of the latitude
of that parallel.
Second, he considered the case where the meridians are mapped
to straight lines meeting at a single point, at the correct angle (so,
the case of azimuthal projections). Returning to Figure 5.7, which for
convenience we reproduce here, relabelled as Figure 5.12, he supposed
as before that P is the image of the pole, to be shown at the centre
of the map, and that PN and Pv are the images of two meridians
under projection. He let the difference in longitude between PN and
Pv (and also the angle between them on the map) be the infinitely
small quantity dA, and let Mp be the image of the parallel of colatitude

5.3

La m b e r t ' s t r e a t i s e o n m a p p r o j e c t i o n s

(1772)

£ and Nv the image of the parallel of colatitude e + de. He supposed
that |PM| = x and |MN| = dx. Thus, M y = xdA, and so:

MNvy = N P v-M P y
dA
2 (x + dx)2 - y *2
xdx +

(idxy

— xdx-dA

where the final line is obtained by neglecting the term in (dx)2.
Then, the area preservation condition gives

xdx-dA = sin e - d e •dA,

and so

xdx — sin e •de = - d ( cose);

hence
1 ,
-XT = C - COS £

2

where C is an arbitrary constant of integration. But Lambert needed
x = 0 to hold when £ = 0, so he took C = 1, and hence
„ . £
x = 2 sm -

as Lambert had announced at the end of Chapter VIII. He then gave
an example of this projection in its equatorial aspect, and calculated
the forms in which the meridians and parallels appear in that aspect.
To conclude his brief foray into the subject of equal-area projections,
in §108-110 Lambert considered the case of conic projections: those
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where the meridians are mapped to straight lines intersecting at the
pole, but with their angles of intersection on the map being m times
their true values. In this case, the area preservation condition

xdx-dA = sin ede-dA

becomes

mx dx ■dA = sin ede-dA

and the solution becomes

Finally, in Chapter X, Lambert considered the adaptation of some of
the projections he had already discussed to a spheroidal, rather than
spherical, model of the earth. We will not discuss this here: our aim
here is to compare Lambert's treatise with the first of three papers on
map projections that Leonhard Euler presented to the St Petersburg
Academy of Sciences in 1775, and there is no treatment of spheroidal
projections in Euler's work.

5.4

e u l e r

p e r

's 'de repr a esen ta tio n e su p e r fic iei sph a er ic a e su 

p l a n o

'

(1775)

When discussing Lambert's treatise of 1772, authors in the secondary
literature often refer to its presumed influence upon 'De repraesent
atione superficiei sphaericae super piano' ('On the representation of
spherical surfaces on the plane'). 'De repraesentatione superficiei' was
the first of three papers on map projections,17 E490-492, presented by
17 Full English translations of E490-492 are available via (Heine 2012). In the present
thesis, all translations of quotations from E490 are my own.
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Euler to the St Petersburg Academy of Sciences in 1775, and published
in the 1777 volume of its Acta (Euler 1778c, E490). However, to date
no historian has actually investigated this possible connection in any
detail. Here, we will look in detail at Euler's paper, with a view to ex
ploring the extent, if any, to which his work on map projections might
have been influenced by that of Lambert.
Euler began by declaring that he would not only consider perspect
ive projections of the sphere ('proiectiones opticas'), but would take
the word 'repraesentatio' in its widest possible sense: any point of the
surface of the sphere may be represented on the plane by any chosen
invertible rule.18. Working on the unit sphere, he let ab be the meridian
of zero longitude, where b is the pole and a lies on the equator ale.
He then considered an arbitrary point p of longitude t and latitude u
(Figure 5.13). He proposed to map p to a point P in the plane, with
Cartesian coordinates (x, y) measured from an origin E and an axis
EX. Here, x and y are both functions of the latitude and longitude:
x = x(t, u) and y = y(t, u). Thus, he could bring into play all he knew
about functions of two variables.
Having defined p and its image P, Euler allowed the latitude and
longitude to vary. He considered points q and r on the sphere: q hav
ing longitude t and latitude u + du, and r having longitude t + dt and
latitude u. Then, he completed the parallelogram and let s be the point
with longitude t + dt and latitude u + du, so that the base of the paral
lelogram, pq, has length du, the height pr has length dt •cos u, and the
diagonal ps has length

ps = yjdu2 + dt2 •cos2 u.

18 'Sed hic vocabulum Repraesentationis in latissimo sensu accipio, ita ut singula superficiei sphaericae puncta secundum legem quameunque in superficie plana exhibeantur,
sicque singulis punctis in Sphaera certa puncta in plano respondeant, ac vicissim,
nisi forte eueniat, et quorundam punctorum Sphaerae repraesentatio fiat imaginaria.'
(Euler 1778c, p. 107)
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Figure 5.13: Diagrams from (Euler 1778c), showing an infinitely small paral
lelogram pqsr on the sphere, and its image PQSR on the plane

He now considered the images P, Q, R, S of the points p, cj, r, s. As
one moves along the line PQ, the longitude remains constant and
only the latitude changes, so the Cartesian coordinates19 of Q are
(x + du{dx / d u ),y + du {dy/du )). Similarly, along the line PR, the lat
itude remains constant and only the longitude changes, so the coordin
ates of R are (x + dt(dx/dt), y + d t(dy/dt)). The point S, however, is ob
tained from P by making incremental changes in both t and u, so its co
ordinates are (x + du(dx/du) + dt(dx/dt), y + du(dy/du) + dt{dy/dt)).
Thus, Euler saw that the rectangle pqsr on the sphere is mapped to

19 Euler used the notation (dx/du ) to mean the derivative of x when it is treated as a
function only of u; in modem notation, this is the partial derivative dx/du (Euler 1770,
p. 5).
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a parallelogram PQSR in the plane. With this knowledge in hand, he
noted that if one could obtain functions x and y that satisfy

(6)

and

(7)

then lengths along the meridian and the parallel would be preserved
under such a projection. However, he warned, such a projection might
not preserve the angle ¿qpr (which, he warned, would be a very signi
ficant discrepancy between the sphere and the map), so he undertook
to ensure this first.
Euler began with the observation that the tangent of the angle
between PQ and the axis EF (Figure 5.13) is

and the tangent of the angle between PR and the axis is

The angle LQPR is the difference between these two angles, whose
tangent is given by

The preimage ¿qpr of ¿QPR is a right angle, so in order to preserve this,
x and y must satisfy the relation

(8)
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Hence, if PQSR is to be made congruent to pqsr, three conditions
must hold:
/ /TV

y2

/j

..\2

I■ ( I ) + ( l )

by Equatìo^ (6);

2

2

= cos2 u by Equation (7);

II.

ra -

(l)(f)=-

(£ ) (!)

by Ei “ ati“ (8)-

Now Euler set

so that 0 is the angle between PQ and the axis EF, and so that by
condition III,

—cot (p.

Substituting these values into conditions I and II gives

= COS

2

<p

and

= sin2 (p cos2 u.

At this point, we see where Euler is heading: it was well known, though
not yet formally proved by anyone, that there can be no projection
of the sphere that maps every elementary figure on its surface to a
congruent figure on the plane. Euler was about to give such a proof.
In order to eliminate differential expressions, Euler set

(È )= p -

(!) = *
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(Confusingly for the reader, this introduces a second meaning to the
letters p,q,r,s. However, it is usually clear from the context whether
these letters refer to a point or to a ratio of differentials.) In this notation,
x and y are given by

dx = pdu + qdt
dy = rdu + sdt

and Euler needed these equations to be simultaneously integrable. He
knew he could ensure integrability by requiring the conditions

IMS) - (§)-(£)•
Using the new notation, the three conditions for a perfect projection
are rewritten as
I. p2 + r2 = 1;

II. q2 + s2 = cos2 u;
III. rip = - q /s .
Moreover, r/p = tan<j> and s/q = - cot <p, so that conditions I and
II become p2 = cos2 cp and q2 = sin2 (p cos2 u; hence, p = cos <p and
q = —sin^cosw, and it follows that r = sirup and s = cos <£cos u.
Substituting these values into the equations for dx and dy in terms of
u and t, we get

dx = du cos (p - dt sin (p cos u

and

dy — du sin (p + dt cos cp cos u.
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When the integrability requirements are imposed, these become

sin (p — sin u sin (p cos <p = —sin u cos <p

( s ) cos"

COS 0

i—
d(P\IcosMsmç).

(9)

( 10)

Multiplying Equation (9) by cos (p and Equation (10) by sin <p and then
adding, we find that

0=

cosw

and so

and hence (p is a function only of f. But if instead we multiply Equa
tion (10) by cos (p and Equation (10) by sin (p and then subtract, we
obtain

-sinw
meaning that ip cannot be independent of u. This contradicts the above;
thus, Euler had provided a proof of the impossibility of a perfect map
projection, a fact that had previously only been taken on trust.
Now knowing for certain that a perfect projection was not possible,
Euler admitted the need to relax the requirements in ways dependent
on the purpose of any particular map. He placed particular import
ance upon the angle at each intersection of meridians and parallels:20
'Before everything else, however, we assume the angle that the Me
ridians and Parallels form is always to be right; since, if we wish to
20 (Euler 1778c, p. 112): 'Ante omnia autem assumemus, angulum, quem Meridiani
cum Parallelis constituunt, ubique rectum esse debere; quandoquidem, si angulos
obliquos admittere vellemus, repraesentatio maxime inepta esset proditura, quocirca
in sequentibus perpetuo assumemus angulum QPR esse rectum ideoque r/p = -q /s.'
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admit oblique angles, a most foolish representation will be produced;
on account of which, in all the following, we assume angle QPR to
be right; for that reason, r /p = - q /s .’ This condition in itself does
not imply that all angles are preserved under projection, but it is an
easy condition to fulfil, and to not require it would be to introduce
unnecessary distortion.
To proceed with the assumption that r /p = - q / s and thus that

ZQPR = 90°, Euler reintroduced the angle <p and also introduced two
new variables m and n, such that

p = m cos <p, q = n sin<£,
r = msiiup,

s = - n cos cp

and the equations for dx and dy became

dx = m du cos cp + n dt sin (p
dy = m du sin <p-ndt cos cp.

Thus, Euler reduced the problem to that of choosing functions m, n so
that these two equations are simultaneously integrable.

5.4.1

Euler's Hypothesis I

Now Euler imposed a requirement, which he called Hypothesis I:
That all meridians should be placed normal to our axis EF,
[and] parallels parallel to [EF].21
This restricted his attention for now to cylindrical-type projections,
in which the meridians and parallels are all represented as straight
21 (Euler 1778c, p. 113): 'Qua omnes Meridiani ad nostrum axem EF normales, Paralleli
vero [EF] paralleli statuuntur.' In the original, the bracketed EF is misprinted as El;
there is no point I in the relevant figure.
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lines; Euler revisited the general case later on in the same paper (see
Hypothesis II, discussed below).
Since <p is the angle between PQ and EF, this hypothesis is simply
the requirement that we should have (p = 90°, and so the equations
for dx and dy become

dx = ndt

and

dy = m du.

Thus, we can take m to be any function of u, and n to be any function
of t, and we will have a solution; since this clearly gives us a lot of
freedom, we can set extra conditions.
First, Euler chose the condition that all meridians should be evenly
spaced, since there is no reason to do otherwise.22 Thus, he took x — t,
or equivalently, «(f) = 1. If this is the case, then PQSR is a rectangle.
Euler observed that additionally setting m(u) = 1 would result in a
projection with dy = dx: in other words, the plate carrée projection;
however, he knew the limitations of this projection and so did not
dwell on it.23 Instead, he resolved to let y be some function of u, chosen
according to the purpose of a particular map.
He first chose to examine cases where the rectangle PQSR in the
plane is required to be similar to the rectangle pqsr on the sphere,
as in the mappae hydrographicae of Mercator: in other words, angle
preservation. Euler already knew that pq = du and pr = cos u dt, and
now also that dx = dt by the requirement that «(f) = 1. Thus, the
condition that pqsr and PQSR be similar is expressed as

dy : dx = dx : dt — du : cos u dt

22 (Euler 1778c, p. 113): 'Primum igitur effici poterit, ut omnes gradus longitudinis inter
se fiant aequales, quandoquidem nulla ratio suadet, ut in his gradibus inaequalitas
statuatur/
23 On the plate carrée projection, see page 133.
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so dy = du/ cos u, and integrating this gives

y = logtan|45° + | j

which gives the Mercator projection.
Euler noted, with explanation, that this projection can never be ex
tended to the poles; he also noted that it maps loxodromic curves on
the sphere to straight lines in the plane. He also gave a way to calculate
the length of a loxodromic path by measuring its image on the map:
if ap is a loxodromic path on the sphere, having length z and cutting
every meridian at an angle i , then

du : dz = cos C : 1

and hence z = u / cos C But if EP is the image in the plane of ap, then
by angle preservation, LEPX = C and if PX has length y then EP has
length y / cos £. Hence,

ap :E P = u : y

and so, since EP, u, and y can be considered as known, we can recover
the length ap.
Euler also gave a derivation of the equation of a great circle on a
Mercator map, demonstrating that though loxodromic curves map to
straight lines, great circles typically map to transcendental curves of
the highest order.24 He now let ap be the arc of a great circle which
intersects the equator at a point a with an angle ¿lap = 6, and he began
by recalling that by Napier's analogies for spherical triangles,

tan u = tan d sin f.

24 (Euler 1778c, p. 115): 'lineas maxime transcendentes'
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The Mercator projection is defined by the equations x = t and y =
logtan(45° + u /2 ). Raising e to the power of each side of the latter
equation gives

rearranging this and using the double angle formula for tangents, we
obtain

We now substitute this expression for tan« into the relation given by
Napier's analogies, and we thus find that the curve is given implicitly
by the equation
1

lev

— tan 6 sin x

which is indeed a transcendental curve.
As well as shape similarity or angle preservation, Euler also briefly
considered imposing the condition of area preservation in addition to
Hypothesis I. As in the case of angle-preserving projections, he took x =
t so as to make all degrees of longitude have equal length at the equator.
Then, in order for PQSR to have the same area as pqsr, he required
dx dy = du dt cos u; since dx = dt, this simplifies to dy = du cos u
and hence y = sinw. This is the cylindrical equal-area projection, as
obtained by Lambert in Chapter IX of (Lambert 1772).

5.4.2

Euler's Hypothesis II

Though he retained the requirement for meridians and parallels to
be everywhere perpendicular to each other, Euler now relaxed the
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requirement for all meridians and parallels to be straight lines. He
turned his attention instead to a new Hypothesis II:
That the smallest regions on the Earth should be shown as
similar figures in the plane.25
As noted before, this is equivalent to the preservation of angles.
From what he had already done, Euler had the differential equations

dx = m du cos (p + ndtsincp
dy = m du sin (p —ndt cos (f>

where m,n are functions of the two variables t and u. He also knew
that

PQ = du tJ p2 + r2 = mdu

and that26 LQPR = 90°.
As before, the condition for angle preservation or similarity is ex
pressed as PQ : PR = pq : pr, or m : n = 1 : cos u. Thus, the differential
equations become

dx = mdu cos (p + m dtcos u sin(p
dy = m dusiru¡)-m dt cos u cos <p

and the problem becomes that of choosing functions m and (j) such that
these equations are simultaneously integrable.

25 (Euler 1778c, p. 117): 'Qua regiones minimae in Terra per similes figuras in piano
exhiben tur.'
26 Recall Euler's previous notation for partial derivatives of x and y: he set (d x / d u ) =
( d x / d t ) = q, (d y / d u ) = r , and (d y / d t ) = s.

p,

176

L A M B E R T A N D E U L E R ON M A P P R O J E C T I O N S

For brevity, Euler began by again recycling the letters p and r: now
p — m cos cp and r = m sint^, so that the equations became

dx = pdu + rdtcosu

(11)

dy = r d u - p d t

(1 2 )

cosm

and the question became that of choosing p and r such that the equa
tions are integrable. Euler found one solution immediately by inspec
tion: taking p =

0

and r =

1/

cosm

gives the Mercator projection.

However, other solutions are certainly not as easy to find; this Euler
set out to do in the subsequent pages.
He began by applying known conditions for integrability of a dif
ferential equation to each of the two equations in turn.27 From Equa
tion (ll) he obtained
dp\ (d(rcosu)\
( dr\
* ) = (— —
) = - r s m u + c ° s “ \ d ;)
and from Equation (12),
(dr\

( d(p cosu)\

U )= i -

^

)

fdp\

=psmM- cosMt J -

Rearranging the latter gives

Ê1

p tan u —

dr\ 1
dt / cos u

and since by definition,

27 These conditions were derived, for example, by Euler as the first result of the third
volume of his Institutionum calculi integralis (Euler 1770, p. 5).
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he found that

dp = pdu tanw - (
---- rdt sinw + [ ^ } dt cos u
r
\dtJcosu
\du)
and a rearrangement gives

dp cosu - p dusinu = -rd fsin u co su + | ^ jd fc o s 2 u -

Now the left-hand side is equal to d(p cos « ), so is integrable, and hence
the right-hand side must also be integrable, and so Euler needed to
choose a suitable function r of the variables t and u in order to make
this true.
Here, Euler reached a fork in the road. He found two ways to solve
the equations: one which gave infinitely many particular solutions,
and another which gave the general solution. As a contribution to
the analysis of functions of two variables, he chose to explain both
methods.

5.4.2.1

Particular solutions for angle-preserving map projections

Euler first gave his method for finding infinitely many particular solu
tions to the differential equations (11) and (12). He looked for separable
solutions, such that p(t,u) = UT and r(t,u) = V©, where U and V
are functions of u only, and T and © are functions of t only. Using this
notation, the differential equations are written as

dx = UT du + V© dt cos u

(13)

dp = V© du —UT dt cos u.

(14)

L A M B E R T A N D E U L E R ON M A P P R O J E C T I O N S

Letting t become constant makes the last term vanish, and then
integrating the equations gives

x = T J ' Udu

and

y = 0 J 'v d u .

Similarly, letting u become constant makes the first term of the righthand side vanish, and integrating gives

x — V cosu J ' 0 d t

and

y = - U cos u j ' Tdt.

By equating the two expressions for each of x and y, we find that
f Udu
f@ d t
----- — ——— and
V cos u

fV d u
U cos u

—

f Tdt

0

In each of these expressions, the left-hand side depends only upon
u and the right-hand side only upon t; therefore, both sides of each
equation must be constant. Therefore, we must have

j ' U du = aV cos u
J ' o d t = aT
J ' v d u = ßU cosu

J

Tdt = - ß 0

for some constants a, §. Hence, we can remove the integrals from our
expressions for x and y and find that x = a T V cos u and y = (5QUcos u.
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Euler now introduced yet another change of notation, this time set
ting U cos u = P and V cos u = Q, so that the above equations for
U, V, T, © became

f

Pdu
= aQ
cos u
J Qdt = aT

COSM

= F

J Tdt — -/50.

Differentiating the first two of these equations, we find that
0~ = „ ¥dT

and

P=

a cos u dQ
du

Substituting these into the other two gives
apdT
dt
and
afi cos u dQ
du
Differentiating the first of these with respect to t and the second with
respect to u gives us second-order differential equations:

T=
Q=

<xpddT

(15)

dt2
af$ cos2 u ddQ

afi sin« cos udQ

du2

du

(16)
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Multiplying Equation (15) by 2dT and integrating gives
aßdT2

T2

dt2

+ A,

from which
aßdT2
- T2
Similarly, multiplying Equation (16) by 2dT and integrating, we find
that

Q2-

aß cos2 u dQ2
du2

+ B,

and so
du2

aßdQ2

cos2 u

Q2 - B '

We now have two possible cases, dependent upon the sign of the
constant a/5.
Euler first supposed that a/? was positive. If this is the case, then
aj3 = A2 for some A, and we can also write A = a2. Thus,

Va2 -T*
and so t + Ô = Aarcsin(T/a), where Ö is a constant of integration;
hence,

T=

Since 0 = adT /dt, it follows that
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Still assuming that afi = A2, the other equation becomes
du

_

AdQ

COS U

~

y jQ 2 - B

and integrating this gives

logtan^45° + + A l o g c = A log (Q + a/Q 2 ~ B ).

Writing tan(45° + u /2 ) = s and recalling that

lo g s =

J

f—
cos u

and hence

ds =

sdu
cos u'

we have

log £As = A log(Q + yjQ2 - B )

and hence

Q + VQ2 ~ B = es1/A.

Writing 1/A = v and solving for Q gives us

Q = ^ ( esv + Bs- v) .

Since P = a cos udQ/du, it follows that
1/
v avBs~v\
= -1 a v e s ------------ 1.
21
£ )
If we use these expressions for P and Q to find the functions U and
V, we can finally write x and y in closed form:

x = i a a sto ( L r ) ( EsV+B^ )

1

/f + 6\/ v _ 1 \

cos —-— £S
y= -aa
2
\ A A

- B—

£SV /

181

182

L A M B E R T A N D E U L E R ON M A P P R O J E C T I O N S

where v = 1/A , s = tan(45° + u /2 ), and B, a, a, 6, e, A are constants.
This method was still only half finished: Euler still had yet to tackle
the case where aß = -fi1 for some fi. In this case,

Vr2-A
so

t + 5 = fi log ( r + Vt 2 -

a)

and if we write (t + 6 )/fi (and dQ = dt/fi) then ee - T = VT2 —A and
so

T = ± (e °+ A e -°).

From the relationship 0 = adT /dt, we quickly find that

Turning our attention to the second-order equation in Q, we know
that B must be positive and so we set B = b2 so that
du _
fidQ
cos u ~ ^Jb2 _ Q2
and hence

£ — fi arcsin

If we again set tan(45° + u /2 ) = s and solve for Q, then we find that

Q
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Since P = a cos udQ/du, it follows that
„
ab
/log (es)\
P = — cos ----------I.
p
l P I
Hence, since P = U cos u and Q = V cos w, we can write x and y in
closed form:

where 6 = (t + 5 ) /y , s

—

tan(45° + u /2 ), and A, b, a, 6, e , \i are con

stants.
Thus, through this long and intricate method, Euler found infin
itely many particular solutions to the system of differential equations
for angle-preserving map projections. His solutions contained several
parameters that could be chosen to satisfy different criteria depend
ing on the purpose of the map. Moreover, he noted, since the system
of differential equations is linear, any linear sum of these particular
solutions is also a solution, and so this solution is very general indeed.
This last solution, like its counterpart found in the first case, is a very
general solution with several constant parameters which are chosen
arbitrarily. Even if we make the obvious simplification of replacing
the two constants a and /5 with a single new constant equal to their
product, we still have four different constants to choose, and it is not
at all obvious at first how each of these affects the map projection.
It is therefore difficult to understand or visualise its behaviour; we
can aid our understanding of it by using a computer program such
as Mathematica or GeoGebra to plot the graticule and explore how it
changes according to each parameter.
By plotting the parametric equations for x and y using a computer
algebra package, and using the software to vary each of the parameters
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Figure 5.14: Screenshot of a GeoGebra applet showing the graticule (at a
depth of 15°) for the second case of Euler's method for finding
separable solutions to the angle-preservation problem

at will, we can investigate the projection in a way that Euler did not,
and thus understand the projection more quickly and easily than by
plotting it by hand. By doing this, in a GeoGebra applet such as the
one shown in Figure 5.14, we see that parallels (lines where u is held
constant) map to hyperbolae, and that meridians (lines where t is held
constant) map to ellipses. When we vary the parameters using the
sliders, it becomes clear that most of them are essentially scale factors,
though

e

has the effect of increasing the curvature of the hyperbolae.

It is interesting to note that Euler did not remark on the effect of any
of the parameters on the properties of the projection. Once again this
points to a purely theoretical interest in the subject of projections from
the sphere to the plane, without necessarily an interest in using the
projections to make maps.

5.4.2.2

The 'general solution’for angle-preserving map projections

Euler now gave a second method of solution for the equations (11)
and (12). He began by multiplying Equation (11) by an arbitrary con
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stant a and Equation (12) by an arbitrary constant

and adding the

two to obtain

adx + pdy = p(adu - p d t c o s m ) + r(pdu + ad íeos«).

Setting a = fi V-T and factorising then gave

dx+dyV^T=

cosm

(p +

rV-T)|^“

"

V^Tdij.

Euler now set

Ji--T
P iil = dz
COS u
so that

z= logtan^45° + ^j - fV-T
and

dx + dy V-L = cosu (p + r V-T) dz.

In order for this equation to be integrable, (p + r V-T) cos u must be
a function of z; and moreover, Euler argued, whatever function of z it
might be, the equation is integrable. This assertion gives us an inter
esting insight into how Euler conceived of functions at this time. In
his Institutiones calculi differentialis (Euler 1755), written in 1748, Euler
defined functions to be 'the quantities that depend in this way upon
others, so that the latter having changed, they themselves also undergo
change': so a function is simply a quantity dependent on other quant-
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ities, and not necessarily representable by an algebraic expression or a
curve.28
It is not immediately clear from this definition whether every func
tion is integrable. On the other hand, in the second volume of his
Introductio in analysin infinitorum of 1748, Euler defined functions by
associating them with curves, and implicitly believed all curves to be
continuous (Stedall 2008, pp. 238-239). If one takes this earlier defini
tion of function, then every function is indeed integrable in the sense
that one may find the area under it. Moreover, in what follows, Euler
used the notation T : z to mean that T is a function of z; this notation
was introduced in the second volume of the Introductio together with
the definition of functions via curves, but not used in the Institutiones
calculi differential. This suggests that here Euler was using his earlier
definition of a function. It also supports the suggestion made by Spalt
(2011): that Euler employed more than one function definition, and re
lied upon his earlier geometric definition rather than his later algebraic
one when he needed functions to be integrable.
If we believe, as Euler did, that any function of z is integrable, then
it follows that x + y V - l may be equal to any function of the complex
quantity z. As before, for brevity Euler set tan(45° + u /2 ) = s, so that
ds/s = du/c o s u and z = log s - 1V - l ; then

x + y V - I = T : (lo g s- 1 V^l)

where T is an arbitrary function of its argument. (As explained above,
here the notation T : (logs - 1V-T) means that T is a function of the
variable logs - 1V-T.) Equivalently, we may write

x + y V-T = IT : (logs - 1 V - l ) .
28 'Quae autem quantitates hoc modo ab aliis pendent, ut his mutatis etiam ipsae mutationes subeant, eae harum functiones appellari solent': translation from (Stedall 2008,
P- 243).
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Moreover, by taking the other square root of - 1 , we have

x - y V -l = 2T : (logs + f V -l)

and hence

x — T : (logs - 1 V -l ) 4- r : (logs + 1 V -l )
y yf - i

= r : (logs —f V—l) —r : (logs + fV = I).

Moreover, we may multiply both expressions by - 1 , or exchange x and
y, and the solution will still be valid.
As Euler noted, in the case T :z = z the equations reduce to x = log s
and y = t, which, if one exchanges x and y, is the Mercator projection.
Indeed, he attempted to show that this is the most general solution.
Though he did not succeed in proving generality in the modem sense,
he did at least show that many angle-preserving projections he already
knew, including the infinitely many particular solutions he had ob
tained earlier, are cases contained within this general solution: it is, in
a sense, 'general enough'.
If one takes

T : (logs - 1 V^I) = A :

V=î)

then the solution becomes

yV^T=

A : sa(cosaf-

Voisinai)- A : sa(cosaf + Voisinât).
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In the case A : z = z, this becomes

x = 2s“ cos at
y = —2s“ s in at,

and if we replace a with - a , we obtain another solution

x = 2s- “ cos at
y = 2s- “ sin at.

As we did earlier with the particular solutions, we may take a linear
sum of these solutions to produce more solutions, so

x = (91s“ + Ss- “) cos at
y = (-îts “ + Ss- “) sin at.

Euler observed that this includes the set of particular solutions he
had found earlier that corresponded to the first case in his method;
the stereographic projection in its polar aspect also arises from these
equations by taking 51 = 1, 93 = 0, and a = —1. He also showed that
one could obtain the set corresponding to the second case, by taking

T : (lo g s -f V = ï) = cosa ( lo g s - f V^T).

In this case, the general solution gives

y = sin
in(alogs) (c at -

and the particular solutions corresponding to the second case are all
contained within these formulae.
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With that, Euler had finished with this long and impressive search for
angle-preserving projections. Though Lambert made the beginnings of
an approach to this problem via complex functions, he did not explore
the idea to its potential. Euler, on the other hand, certainly did, whether
influenced by Lambert or not.

5.4.3

Euler’s Hypothesis III

The third and final hypothesis that Euler considered in 'De repraesent
atione superficiei' was
That all regions in the Earth should be represented by their
true size in the plane.29
Thus, Euler set out to find more equal-area projections than the cyl
indrical one he had found very early on in the paper: interestingly, this
condition is formulated in geographical language ('Terrae regiones').
He began this final section of the paper by returning to the equations

dx — pdu + qdt
dy = rdu + sdt

which, we recall, are simply the definitions of the total derivatives of x
and y, writing

If, as in his previous investigations, he wanted to make the images of
the meridians and parallels everywhere perpendicular to each other, he

29 (Euler 1778c, p. 129): 'Qua omnes Terrae regiones vera quantitate in plano repraesentantur.1
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needed to impose the condition s/q = - p /r . He therefore set s = -np
and q = nr, so that

dx = pdu + nrdt
dy = rd u -n p d t.

Using this notation, the equal-area condition is expressed as

n(p2 + 12 ) = cos u

so he needed to take
,
,
rdt cos u
dx = p du H---- :------—
r
p2 + r2
pdt cos u
dy = rdu p2 + r2
and the problem was reduced to that of finding functions p, r such that
these equations are integrable.
Euler set p = k cos u cos <p and r = k cos u sin <p, so that

dx = k du cos u cos cf>+

dt sin <p

k
dt cos(¡>
dy = kdu cosusmcj) —

and then he set du cos u — dv, so that v = sin u and

dx = kdv coscf) +
dy = kdv sirup-

dt sin (p
k
dt cos (p

and we now have to find functions k, (j> such that the equations are
integrable.
Euler admitted that he knew of no method for finding a general
solution. The cylindrical equal-area projection he had found earlier,
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given by x = t, y = sin u is an immediately obvious solution by taking
k = 1 and </> = 90°. By generalising this slightly by taking k and cp to
be constant functions, k = a and <p = a, he could find the solution

x = av cos a

y= flusin a

tsina
a
fcosa
a

This is simply a rotation of the solution already found, so that the
meridians make an angle a with the x axis.
Euler now sought more particular solutions by requiring that one
of the functions k and (p be dependent only upon v and the other
dependent only upon t. He first tried letting k = T be dependent only
on t, and cp = V dependent only upon v, so that

dx = T c o s V d v + j s m V
dy = T sin V dv —y cos V.

From this, he obtained

= TJ

■ i, |
C—
dt
cos V dv = sinv
T

J

=T/

/ rI —
dt
sin V dv = ■
- c o s tV
T

J

and hence since the first term in each of these is independent of t and
the second term independent of v, he knew that
fs in V d v

f (d t /T )

cosV
=
T
=a
fc o s V d v
f (d t /T )
sin V

T

where a and /? are constants. Moreover, by comparing these two equal
ities, he found that (5 = - a .

L A M B E R T A N D E U L E R ON M A P P R O J E C T I O N S

The function T was now easy to find, since f d t/T = aT: differ
entiating this gives dt = aT dT and hence, by solving and rearran
ging, T = sj2t/a. The other function, V, is also easy to find, since
f cos V dv = a sin V and therefore dv = adV. This, of course, gives
V = (v + c )/a .
However, though the mathematics is correct, this does not lead to
a useful map projection. If we substitute these values back into the
expressions for x and y, we find that
Hence, by differentiating and rearranging,
.
adV
dv — -----—V3
and so
a
2{v + c)'
Similarly, taking the equation obtained for T, differentiating, and solv
ing gives
cU
dT = —
a
and so T = - t / a . Substituting these back into the formulae for x and
y gives the family of particular solutions

From these formulae, Euler observed that
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and

xz + y1 = 2 a(v + c).

From these observations, it is clear that all meridians are mapped to
rays emanating from a single fixed point, and that all parallels are
mapped to concentric circles.30
Through a fearsome effort of persistence and ingenuity in the solu
tion of differential equations, Euler had produced a work that, though
on the same topic as Lambert's 'Anmerkungen', was quite different in
style, approach, and emphasis. In the final section of this chapter, I will
compare the two works with a view to ascertaining what influence
Lambert's 'Anmerkungen' might have had upon Euler.
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Previous commentators on Lambert's 'Anmerkungen und Zusätze'
and Euler's 'De repraesentatione superficiei sphaericae' have been
reticent on the issue of whether the former influenced the writing of
the latter; most simply suggest that there was some influence, without
giving any evidence for this claim31 (Lambert 1972, pp. xiii-xiv; Bottazzini and Gray 2013, p. 90; Calinger 2015, p. 517). In this section I
will attempt a more thorough investigation of this question.
How can historians detect the influences that were acting upon a
mathematician at a given time? Sometimes, as in the case of Lagrange
(1781), we are fortunate in that the mathematician himself tells us.
30 It then follows that this family of projections is all of azimuthal type.
31 Snyder's history of map projections, (Snyder 1993), makes no mention at all of Euler's
'De repraesentatione superficiei sphaericae', though it does make mention of another
paper in the same of Euler in the same volume of the Acta, (Euler 1778b, E492) on
Delisle's projection.
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Lagrange, in his work on map projections as in many of his other
works, prefaced his memoir with a lengthy historical discussion. As
a result, we have a good idea which authors' works he was familiar
with, which he considered important, and which he omitted to mention
(whether because he was unaware of them, or because he considered
them less important). In other cases, such as the question of whether
Lambert's work on map projections influenced that of Euler, there is
no explicit reference linking the two, so we must look for more subtle
clues as to Euler's influences.
Before all else, we must consider whether it was even possible that
one author influenced another: was the first author's work available
to the second, and was the second author likely to have read and
understood it? This question may be explored through a number of
forms of evidence, such as correspondence between the two authors
and possibly between third parties; Academy meeting and publication
acquisition records; or work diaries and other papers of the second
author (if any of these are extant). If we can establish the possibility
of influence, then we can seek evidence of whether such influence is
present.
Lambert and Euler certainly knew each other. In 1760 Euler (then dir
ector of the mathematical class of the Berlin Academy of Sciences) nom
inated Lambert for foreign membership of the St Petersburg Academy
of Sciences and in 1761 he also nominated him for foreign membership
of the Berlin Academy (Calinger 2015, pp. 422, 428). In January 1764
Lambert arrived (on his own initiative) in Berlin, and a year later he
was confirmed as a resident member of its Academy, so there was a
period of one and a half years in which he and Euler overlapped there
until Euler's departure for St Petersburg in June 1766. During this time,
Lambert and Euler both sat on a commission set up by Frederick II to
ascertain the reasons for the sharp decline in the Berlin Academy's rev
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enues from sales of its almanacs and maps during the Seven Years' War
(Calinger 2015, p. 439). However, this commission focused mainly on
the revenues generated by the almanacs, with whose sale there were
issues of serious corruption by their commissioner David Köhler; the
maps were a secondary issue in these discussions.
By 1775 when Euler wrote his 'De repraesentatione superficiei sphaericae', both he and Lambert were prominent mathematicians. It is well
known that they corresponded, but nowhere in the correspondence
did either author make mention of map projections, and the last of
the known extant letters was written in 1772 (Bopp 1924, pp. 4-6).
Moreover, it has been argued by Biermann that relations between Lam
bert and Euler were less than cordial during this time, and even that
Lambert was a major factor in Euler's departure from Berlin in 1766
(Biermann 2007). If we accept Biermann's argument, then it is unsur
prising that Euler made no mention of Lambert in his work on map
projections, even if he had read the 'Anmerkungen und Zusätze' in any
detail. Moreover, the circulation of Lambert's work seems to have been
fairly low, and it was not taken up widely until the twentieth century:
Snyder (1993, p. 95) writes that 'of Lambert's seven projections presen
ted in 1772, three received modest use in the nineteenth century and
became very important in the twentieth. The rest have been relatively
dormant.' However, we cannot rule out the possibility that Lambert's
work would have been available to Euler.
Having established the possibility of influence while finding an ab
sence of any direct evidence of influence, we can only return to the texts
themselves and search for more subtle clues hidden there. First of all,
we note that in a general sense, both Lambert and Euler set out with
the same goal in mind: namely, finding new map projections. They
also used the same tools: an analytic approach using the calculus, and
in particular, two-variable calculus and complex functions. Moreover,
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both succeeded in finding general solutions to the problem of finding
angle-preserving projections; Euler also gave a general solution for the
area-preserving case, and though Lambert did not write out a general
solution in the latter case, it is clear that he saw how to reuse the
methods he had developed for the angle-preserving case in order to
do so.
However, when we look more closely, differences begin to emerge.
First, we note very different emphases between Lambert's and Euler's
memoirs. These differences begin as soon as we read the titles of
each. Lambert's title, 'Anmerkungen und Zusätze zur Entwerfung der
Land- und Himmelscharten' suggests a motivation coming from the
perspective of someone interested in the cartographic applications of
the mathematics. On the other hand, Euler's title, 'De repraesentatione
superficiei sphaericae super piano', makes no mention at all of maps.
Euler made various references to cartographic considerations in the
body of the memoir: for example, see the wording of Hypothesis III,
quoted in full on page 189 of Section 5.4.3 of the present thesis: the
area preservation condition is expressed in terms of 'Terrae regiones'.
However the work is mostly a treatise in pure mathematics, and for a
paper which contributed much to the theory of cartography, it makes
startlingly little reference to cartography, maps, or the earth.32
This difference in emphasis between Lambert's and Euler's works
is perhaps most strikingly obvious when we look at the diagrams ac
companying each memoir. Lambert's diagrams (see Figure 5.15 for
examples) include seven different examples of terrestrial maps of con
tinents and of the whole globe, intended to illustrate some of the par
ticularly useful projections he had found. In contrast, Euler's diagrams
(Figure 5.16) are all simple line drawings of infinitely small parallelo
grams on the surface of the sphere and on the plane. He did not include
32 Here, my use of the term 'pure' is not in the modem sense whereby mathematics is
divided into 'pure' and 'applied' subjects, but in the early modem sense by which
mathematics is either 'pure' or 'mixed'.
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Figure 5.15: One of four pages of figures from (Lambert 1772)
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Figure 5.16: Diagrams from (Euler 1778c). The diagram labelled Figure 1 belongs to a different paper in the same volume of the Acta academiae scientiarum
itnperialis Petropolitanae; the other three constitute all of the diagrams belonging to (Euler 1778c).
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any illustrative figures showing terrestrial or celestial maps, because
apart from previously known projections, he did not actually give any
particular solutions that he might have wished to depict, only very
general ones depending on several parameters (even, in some cases,
depending on arbitrary functions or on infinitely many parameters).
Another common way of detecting influence of one author or text
upon another is through similarities in notation. In the case of Lambert
and Euler, this fails in all the places where there are comparable vari
ables which, if influence were present, one might expect to be denoted
by the same letters. Lambert used p and A for latitude and longitude,
whereas Euler used u and t; in the sections using complex functions to
find general solutions to the differential equations for angle-preserving
map projections, Lambert used <p to denote an arbitrary function of a
complex variable, whereas Euler used T and A. The difference in nota
tions for latitude and longitude again echoes the different emphases
of the two works. Lambert's p and A probably stand for Polhöhe and
Länge, German-language terms for latitude and longitude; the former
in particular is a practical term from astronomy. On the other hand,
Euler's u and t appear to be general coordinates such as one would
expect in a purely mathematical paper.
Overall, we have to conclude that there is no evidence to say that
Euler's De repraesentatione superficiei sphaericae was influenced signific
antly, or even at all, by Lambert's Anmerkungen und Zusätze. Though
they were written on the same topic, close together in time, by authors
who had once been close colleagues, on closer examination the clear
differences in motivations and emphases between the two papers make
it clear that these two works are only distantly related to one another.
We close this chapter with some methodological observations on
the role of digital tools in this investigation. Though the question it
answers arose from a salient lack of data in the database from Chapter 3
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rather than from any data it did contain, digital technology still had
an important role to play in this study. First, I used GeoGebra, a Java
application designed as an aid in teaching geometry,33 to explore and
understand the complexities of some of Euler's solutions to the anglepreservation problem, in an instance where his theoretical motivations
meant that the role of the large number of parameters in the solution
was of no interest for his own understanding.
Second, we simply observe that in carrying out the research de
scribed in this chapter I made much use of G.Projector, an applet
released by the National Air and Space Agency of the United States
(NASA: Goddard Institute for Space Studies 2015). G.Projector allows
the user to choose from a number of commonly used map projections
(including most of those mentioned in this chapter) and alter their para
meters. This can be used in order to experiment with the projections
with the aim of understanding them better. It is, therefore, a useful
tool for anyone wanting to understand the properties of particular
projections—including, in this case, with the ultimate goal of under
standing their history and the history of the mathematics involved.

33 See (International GeoGebra Institute 2015).
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This thesis has shown the power of digital methods for research in
the history of eighteenth-century mathematics, and has argued the
case for historians of mathematics to make greater use of concepts and
tools from the digital humanities. I began with a motivating example,
a question of the circumstances that induced Euler to write his 'De
fractionibus continuis dissertatio' (E071) in 1737.1 found that, contrary
to what might be expected, Euler was not directly motivated by the
previous work of others on continued fractions. Instead, by examining
the main result of the paper (the continued fraction expansion for e,
and proof of its infinitude), and by following a reference given by
Carl Boehm in the editorial notes to the Opera omnia reprint of E071,
I was led to Euler's correspondence with Goldbach in 1731. I then
traced the result, and the motivation for the paper, back to a result
given by Daniel Bernoulli, a friend of both Euler and Goldbach, in
his Exercitationes mathematicae in 1724. This demonstrated that Euler's
work cannot be considered on its own: it was a product not only of
Euler's own creativity, but also of the environment in which he lived
and worked, and of the people with whom he communicated.
Moreover, though this particular insight into the interplay between
Euler's published works and his correspondence was prompted by
a prior discovery due to the historical scholarship of Carl Boehm, it
was natural for me to ask whether more such new discoveries might
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be gained by examining in more detail the links between the letters
and the published works. However, due to the large volume of Euler's
writings, both in print and correspondence, this would be extremely
difficult using only traditional methods of historical research. I there
fore pursued the idea of creating a digital database of Euler's corres
pondence to enable me to explore it more easily.
I began my work on databases by considering three existing, pub
licly available examples of web-based databases which arose from
metadata on primary sources and which could potentially be useful in
the history of mathematics. This enabled me to ascertain the current
state of the art and best practices, and to determine how best to go
about designing and building a database of Euler's correspondence. I
then built a prototype database and used it to explore the letters, and
thus identified a relatively small subset of the large numbers of Euler's
letters and printed works, all related in some way to ship theory. This
subset is ideal for further study in the hope of gaining broad insights
into the role of correspondence in Euler's working life.
The database considered only the metadata of the letters, though,
and their contents were not represented in the database except through
a classification by topic enabled by links with related published works
of Euler. This led me to ask whether it might be possible to make the
texts of the letters themselves into a database of sorts, and so I examined
the possibility of producing a digital edition of Euler's letters. A wellthought-out digital edition of a text may have many advantages over
its print counterparts: it allows for easy side-by-side comparison of any
collection of texts at will; it enables quick searching of large corpora
of texts; it allows for the provision of multiple versions of texts, which
readers may choose between according to their own particular needs.
As with the databases, I considered three existing examples in order
to inform the process of making a framework for my own digital

6.1

F I N D I N G S OF THE T H E S I S

edition of Euler's letters. I then used TEI XML and the TEI Boilerplate
stylesheet to produce a basic digital edition of one of the letters related
to naval science and ship theory that I identified using my database of
letter metadata.
I then turned to another case study, in which I took digital tools that
were originally designed for other purposes than historical research
and appropriated them for use in studying the history of mathematics.
My starting point was a paper of Euler that lay not far outside the pre
viously identified corpus of writings related to ship theory: namely, a
paper on the construction of map projections with desirable properties
such as the preservation of angles or of areas relative to one another.
This paper is often described as having been influenced by the work of
Johann Heinrich Lambert, yet there is no paper trail of correspondence
or any other evidence that would directly establish such a link. Mak
ing use of digital tools including GeoGebra and G.Projector, I made a
close study of both Lambert's and Euler's works on map projections,
and demonstrated that in fact the two are very different in style and
approach. I concluded that Euler was influenced by only a cursory
understanding of Lambert's work and its contents, if at all.
The findings of this thesis are, broadly speaking, of two kinds. First,
there are contributions to knowledge and understanding of specific
events in the history of mathematics. The thesis has shed new light
upon two of Euler's papers: E071 on continued fractions, and E490
on map projections. In the former case I found a likely antecedent for
the paper, in the form of Daniel Bernoulli's Exercitationes mathematicae.
In contrast, in the latter case, through a thorough examination of the
paper and an earlier work that has often been assumed by historians
to be its antecedent, I found little connection, if there is any at all,
between the two. Both of these examples underline the fact that the
history of mathematics cannot be considered independently of the per
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sonal and professional relationships of the mathematicians involved,
and that correspondence is an important source of evidence for such
considerations; we cannot consider published works in isolation from
their authors' more private writings.
Second, the thesis contains broader contributions to the histori
ography of mathematics and methodologies for history of mathem
atics, and makes a deliberate move towards bridging the gap between
digital humanities and history of mathematics. Over the last few dec
ades, digital technology has changed and continues to change scholar
ship in all areas of history and other humanities disciplines. At the most
obvious level this consists of working practices being adapted to take
up newly available labour-saving devices: papers and monographs are
increasingly researched and written using word-processing software,
library databases, and electronic sources both primary and second
ary. This is only the beginning, though: the development of the digital
humanities has led to a shift of much scholarship away from print pub
lication and its linear nature, towards all that digital media and tools
can offer. This includes the construction and computational analysis
of large and complex datasets in humanities scholarship, web-based
presentation of research results, and the production of interactive di
gital editions of sources. The latter, in particular, may easily include
multiple versions of the same source for the use of varied audiences
with differing needs, without the space constraints of a print edition.
With a few notable exceptions, such as those mentioned in Chapter 4,
historians of mathematics have been relatively slow to take up the more
recent developments in digital humanities. There are a number of reas
ons for this, but one of the most important is the difficulty of applying
commonly used tools and methods of the digital humanities in cases
where the source material is heavily mathematical. We have seen, for
example, that there are multiple ways in which one might encode math
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ematics in a digital edition, but this is not the only obstacle. Much 'big
data' scholarship in the digital humanities relies on large collections
of primary source texts that have been scanned and rendered editable,
searchable, and machine-readable using optical character recognition
(OCR). This technique is rarely completely reliable, but is particularly
prone to inaccuracy when the text contains mathematical formulae,
and often the output is barely usable. Moreover, the large-scale ana
lysis of corpora relies upon computational tools for textual analysis, of
ten borrowed from the domain of natural language processing, which
rely on quantitative measures such as word frequency or word colloca
tion.1 When using these with a mathematical text, should one leave the
mathematics in and receive garbled results, or strip out all formulae
and thus risk losing the most important subject of the text? Though 'big
data' scholarship is not entirely without application in the history of
mathematics—see, for example, (Wardhaugh 2009)— these considera
tions mean that with the current state of technology apropos OCR and
mathematics, such methods are currently of limited use in the history
of mathematics compared with their uptake by general historians and
by historians of sciences other than mathematics.
This thesis has considered some of the ways in which history of math
ematics and digital humanities can overlap, taking into account the
particular challenges encountered in digitally-based studies of math
ematical source material. In Chapter 3, I considered ways in which
database technology can be brought to bear on a large corpus of math
ematical writings such as Euler's letters and published works. Then,
in Chapter 4 ,1 discussed the considerations, such as choice of a system
for the encoding of mathematics, when producing digital editions of
mathematical texts. Finally, in Chapter 5 ,1 gave an example of the use,

1 See, for example, the gateway for discovering tools for textual analysis provided by
(Rockwell et al. 2014).
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in history of mathematics, of software designed for use by mathem
aticians and cartographers.

6.2

D IRECTIO N S FOR FUTURE W ORK

The findings of this thesis raise questions for further research that lie
in two related categories. The first area for future research is that of
Euler's correspondence, and the roles of correspondence and corres
pondents in his working life and mathematical thought. It is known
that Euler himself placed a high value on correspondence, and the
editors of the correspondence index volume went as far as to sug
gest that the intellectual history of eighteenth-century Europe cannot
be fully understood until Euler's correspondence has been published
and closely examined (JuSkevii, Smirnov et al. 1975, pp. X-XII). How
ever, the size of the correspondence means that it is now forty years
since the first volume of Series IV.A of the Leonhardi Euleri opera omnia
was published, and the series itself still remains incomplete. In order
to make progress towards understanding Euler's correspondence as
a whole, we must somehow restrict our attention in some way so as
to take a representative sample of that whole. In Chapter 3 I iden
tified such a sample of letters and related printed works for further
study, all relating to ship theory. A detailed study of this corpus will
yield great new insight into the roles of correspondence and personal
relationships in Euler's thinking on ship theory, which may allow in
ferences to be made about their roles across the rest of his working life.
Moreover, this goal can be well served by applying some of the digital
techniques described in this thesis. It would be valuable, for example,
to extend the database of correspondence described in Chapter 3, or to
produce a digital edition of the corpus on ship theory using TEI XML
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to build on the simple model for a digital edition of Euler's letters that
I described in Chapter 4.
The second area for further research is more broad in scope, and
concerns the enlargement of the intersection of history of mathematics
with digital humanities. This thesis has shown that digital humanities
has much to offer for historians of mathematics, and an obvious avenue
for further research is to take up that offer by making more and better
use of digital methods to ask and answer research questions that were
previously intractable. However, the prerequisites for this to happen is
that the relevant technological tools must provide adequate support for
mathematics, and historians of mathematics must understand the tools
well enough to make informed choices between them, and appropriate
use of them. This does not in any way mean that historians must
retrain as experts in web development or computer science: many of
the projects that could potentially be envisaged in this area are simply
too large in scale and scope to be executed by a historian or a group
of historians alone, and there are fruitful collaborations to be made
between those with historical and mathematical understanding and
those with technical expertise. It simply means that first, work must
be done to make digital tools more accessible to the average historian,
and second, historians must become conversant enough in the basic
concepts of digital humanities to understand what is possible and
desirable.
Overall, this thesis is a manifesto for the widespread adoption by
historians of mathematics of all that digital tools have to offer, and
for greater attention to mathematics on the part of digital humanities
specialists. The rise of digital technology brings many exciting oppor
tunities for the study of history in general, and equally for the history
of mathematics. A single thesis cannot come close to covering all of
these opportunities: this is merely the beginning.
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The following subject classification system for the published works of
Euler is due to Enestrom (1913, pp. 271-340), and is here translated into
English by me from the original German. I adopted the same system of
classification by topic when constructing the Euler database described
in Chapter 3.
I Philosophy
II

Mathematics
1 Arithmetic
2 Number theory
A General and miscellaneous
B Prime numbers and composite numbers
a Prime tables and determination of primes
b Properties of prime numbers
c Decomposition into factors
C Sums of divisors, and amicable numbers
D Remainders
E Representation of numbers by expressions of a given form
F Techniques for splitting numbers into sums of smaller num
bers
G Indeterminate equations
a First order equations
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b Fermat's [Pell's] equation and its generalisations
c Problems that lead to a single equation of the third degree
or higher
d Problems on two or more expressions that are intended to
be squares or fourth powers simultaneously
3 Algebra and algebraic analysis
A Functions
a General
b Algebraic functions
c Transcendental functions
B Equations
C Series
a General
b Series of numbers
c Power series with numerical coefficients
d Other series of algebraic functions
e Series of trigonometric functions
D Products
E Continued fractions
4 Calculation of probability
5 Higher analysis
A General and miscellaneous
B 'Indeterminate higher analysis'
C Indefinite integrals
a General
b Elliptic integrals

en est r o m

's cla ssificatio n of e u l e r ' s works

c Other integrals of algebraic functions
d Integrals of trigonometric functions
D Definite integrals
a General and miscellaneous
b Ordinary differential equations of first order
c Ordinary differential equations of higher order
d Partial differential equations
E Differential equations
F Differential calculus
G Variational calculus
6 Geometry
A Elementary geometry of the plane, and planar trigonometry
B Elementary geometry of space, and spherical trigonometry
C Analytic geometry of the plane
D Analytic geometry of space
E Differential geometry of the plane
a General
b Rectification in general
c Special curves
• Brachistochrone
• Elastic curves
• Hypergeometric curve
• Conic sections
• Tautochrone, isochrone, synchrone curves
• Trajectories
• Tractory motion
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• Cycloid, epicycloid, hypocycloid
• Other special plane curves
F Differential geometry of space
a General and miscellaneous
b Special surfaces
c Special curves in space
7 Mathematical games
III Mechanics
1 General
2 Principles of mechanics
3 Mechanics of material points
4 Mechanics of rigid bodies
A General and miscellaneous
B Progressivemotion
C Rotation
D Vibration
E Pressure, impact, friction
5 Mechanics of flexible, non-elastic bodies
6 Mechanics of elastic bodies
7 Mechanics of liquid bodies
8 Mechanics of air-formed bodies
9 Applied mechanics
A Theory of machines
a General
b Hydraulic machines

en est r ô m

' s c l a s s i f i c a t i o n o f e u l e r ' s WORKS

c Other machines
B Ballistics
C Engineering
D Ship theory
IV Astronomy
1 Spherical astronomy
2 Celestial mechanics
A Gravitation and perturbation theory
B Orbit determinations
a General
b Earth
c Moon
d Other planets and satellites
e Comets
C Shape and rotation of heavenly bodies
a General and miscellaneous
b Earth
3 Astrophysics
V Physics
1 General
2 Acoustics and music
3 Optics
A Theory of light and colour
B Theory of optical instruments
4 Theory of electricity and magnetism

213

214

en est r o m

's classificatio n of e u l e r 's works

5 Thermodynamics
VI Geography and agriculture
VII Letters

E U L E R 'S L E T T E R S A N D P U B L IS H E D W O R K S O N
S H IP T H E O R Y

This appendix gives full details of Euler's writings on ship theory, as
identified in Chapter 3. In the following table, 'Letter ID' refers to the
R number assigned to the letter in the Euler Opera omnia; see (Ju§kevii,
Smirnov et al. 1975).

Table B.1: Euler's correspondence on ship theory

Letter

Correspondent

Date

Direction

Origin

ID

Related
papers

38

d'Alembert

1750-12

outgoing

Berlin

E110, EH I

91

Bernoulli, D.

1726-11

outgoing

Basel

E004

125

Bernoulli, D.

1739-03-07

incoming

Basel

E110, E l l l

126

Bernoulli, D.

1739-05-16

outgoing

St Petersburg

E110, E l l l

129

Bernoulli, D.

1739-09-26

outgoing

St Petersburg

E110, E l l l

131

Bernoulli, D.

1739-12-29

outgoing

St Petersburg

E110, E l l l

178

Bernoulli, D.

1749-08-16

incoming

Basel

E110, E l l l
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Bernoulli, J. I

1738-12-31

outgoing

St Petersburg

E110, E l l l

313

Bouguer

1751-03-20

incoming

Paris

E110, E l l l

328

Bouguer

1755-06-07

outgoing

Berlin

E415

330

Bouguer

1756-05-18

incoming

Paris

E413

335

Braun

1748-09-28

incoming

St Petersburg

E110, E l l l

345

Brown

1776-03-15

incoming

London

E426
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Clairaut

1741-04-12

incoming

Paris

E110, E111

431

Clairaut

1750-12-31

incoming

Paris

E110, EH I

432

Clairaut

1751-02-24

incoming

Paris

E110, E l ll

433

Clairaut

1751-03-16

outgoing

Berlin

E110, EH I

452

Condorcet

1775-04-01

incoming

Paris

E426

460

Cramer, G.

1743-08-03

outgoing

Berlin

E110, E l ll

568

Mairan

1752-09-28

incoming

Paris

E110, E l ll

592

Ehler, K.L.G.

1736-09-07

outgoing

St Petersburg

E094

772

Goldbach

1742-12-15

outgoing

Berlin

E110, E lll

778

Goldbach

1743-02-26

outgoing

Berlin

E110, E lll

845

Goldbach

1748-08-06

outgoing

Berlin

E110, E l ll

846

Goldbach

1748-09-07

incoming

St Petersburg

E110, E l ll

892

Goldbach

1756-02-10

outgoing

Berlin

E415

1240

Knutzen

1750-07-20

incoming

Königsberg

E110, E lll

1316

Kratzenstein

1751-12-10

incoming

St Petersburg

E110, E l ll

1317

Kratzenstein

1752-03-04

outgoing

Berlin

E110, E lll

1354

Lagrange

1755-09-06

outgoing

Berlin

E110, E l ll

1355

Lagrange

1755-11-20

incoming

Turin

E110, E l ll

1394

Lalande

1760-05-07

incoming

Paris

E413

1401

Lalande

1764-09-12

incoming

Paris

E415

1403

Lalande

1768-02-17

incoming

Paris

E415

1466

Lulofs

1756-08-31

incoming

Leiden

E110, E l ll

1520

Maupertuis

1747-10-09

outgoing

Berlin

E110, E l ll

1523

Maupertuis

1747-11-08

outgoing

Berlin

E110, E l ll

1524

Maupertuis

1747-11-25

outgoing

Berlin

E110, E l ll
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1542

Maupertuis

1749-02

outgoing

Berlin

E110, EH I

1559

Maupertuis

1750-02-20

outgoing

Berlin

E116

1569

Maupertuis

1750-10-14

outgoing

Berlin

E110, E H I

2001

Poleni

1736-12-04

outgoing

St Petersburg

E110, E l l l

2043

Razumovskii

1747-11-18

outgoing

Berlin

E110, E l l l

2045

Razumovskii

1748-06-22

outgoing

Berlin

E lio , E l l l

2050

Razumovskii

1750-08-22

outgoing

Berlin

E110, E l l l

2064

Rumovskii

1757-03-04

incoming

St Petersburg

E110, E l l l

2119

Schumacher

1742-04-14

incoming

St Petersburg

E110, E l l l

2147

Schumacher

1747-07-18

outgoing

Berlin

E110, E l l l

2148

Schumacher

1747-08-05

incoming

St Petersburg

E110, E l l l

2151

Schumacher

1747-12-02

incoming

St Petersburg

E110, E l l l

2153

Schumacher

1747-12-19

outgoing

Berlin

E110, E l l l

2154

Schumacher

1748-01-31

outgoing

Berlin

E110, E l l l

2155

Schumacher

1748-02-13

incoming

St Petersburg

E110, E l l l

2157

Schumacher

1748-03-09

outgoing

Berlin

E110, E l l l

2160

Schumacher

1748-04-09

outgoing

Berlin

E137

2164

Schumacher

1748-06-04

outgoing

Berlin

E110, E l l l

2166

Schumacher

1748-06-22

outgoing

Berlin

E110, E l l l

2167

Schumacher

1748-06-29

outgoing

Berlin

E110, E l l l

2172

Schumacher

1748-08-13

incoming

St Petersburg

E lio , E l l l

2173

Schumacher

1748-09-10

outgoing

Berlin

E110, E l l l

2176

Schumacher

1748-11-09

outgoing

Berlin

E110, E l l l

2177

Schumacher

1748-11-26

incoming

St Petersburg

E110, E l l l

2180

Schumacher

1749-01-25

outgoing

Berlin

Elio, E l l l
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2181

Schumacher

1749-03-01

incoming

St Petersburg

E110, E111

2183

Schumacher

1749-03-25

incoming

St Petersburg

E110, E lll

2184

Schumacher

1749-04-19

incoming

St Petersburg

E110, E lll

2186

Schumacher

1749-05-06

outgoing

Berlin

E110, E lll

2192

Schumacher

1749-08-09

incoming

St Petersburg

E110, E lll

2198

Schumacher

1749-11-18

outgoing

Berlin

E110, E lll

2199

Schumacher

1749-12-09

incoming

St Petersburg

E110, E lll

2201

Schumacher

1750-01-13

incoming

St Petersburg

E110, E lll

2217

Schumacher

1750-07-21

incoming

St Petersburg

E110, E lll

2635

Teplov

1748-04-09

outgoing

Berlin

E110, E lll,
E137

2654

Turgot

1775-10-15

incoming

Fontainebleau

E426

2661

Volckov

1743-02-12

outgoing

Berlin

Elio, E lll

2705

Weggersloff

1740-04-23

outgoing

St Petersburg

E110, E lll

2754

Wettstein

1747-05-20

outgoing

Berlin

E110, E lll

2757

Wettstein

1747-12-05

outgoing

Berlin

E110, E lll

2815

Winsheim

1748-11-21

incoming

St Petersburg

E137

2816

Winsheim

1748-12-21

outgoing

Berlin

E137

Euler's printed works on ship theory, according to Enestrom's sys
tem of classification by topic, are (in chronological order of publica
tion):
• Leonhard Euler (1728), Meditationes super problemate nautico, de
implantationemalorum quae proximo accessere ad premium anno 1727.
cl Regia Scientiarum Academia promulgatum, E004, Parisiis: apud
Claudium Jombert, Bibliopolam
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• Leonhard Euler (1747), 'De motu cymbarum remis propulsarum
in fluviis', E094, Commentarii academiae scientiarum imperialis Petropolitanae, 10, pp. 22-39
• Leonhard Euler (1749a), 'Mémoire sur la force des rames', El 16,
Histoire de l'Académie Royale des Sciences et des Belles-Lettres de
Berlin, année 1747, pp. 180-213
• Leonhard Euler (1749b), Scientia navalis, seu tractatus de construendis ac dirigendis navibus, E110-111, 2 vols., Petropoli, typis aca
demiae scientiarum
• Leonhard Euler (1750b), 'Examen artificii navis a principio motus
intemo propellendi quod quondam ab acutissimo viro Iacobo
Bernoulli est propositum', E137, Novi commentarii academiae scien
tiarum imperialis Petropolitanae, 1, pp. 106-123
• Leonhard Euler (1771a), 'Examen des efforts qu'ont à soutenir
toutes les parties d'un Vaisseau dans le Roulis & dans le Tangage.
Ou recherches sur la diminution de ces mouvemens', E415, Pièces
qui ont remporté le prix de l’Académie des Sciences, 8, pp. 1-47
• Leonhard Euler (1771b), 'Mémoire sur la manière la plus avant
ageuse de suppléer à l'action du vent sur les grands vaisseaux
(De promotione navium sine vi venti)', E413, Pièces qui ont rem
porté le prix de l'Académie des Sciences, 8, pp. 1-47
• Leonhard Euler (1773), Théorie complette de la construction et de
la manœuvre des vaisseaux, mise à la portée des [sic] ceux, qui s’ap
pliquent à la navigation, E426, Imprimerie de l'Académie Impériale
des Sciences, St. Pétersbourg
• Leonhard Euler (1781), 'Essai d'une théorie de la Résistance
qu'éprouve la Proue d'un Vaisseau dans son mouvement', E520,
Histoire de l’Académie Royale des Sciences, année 1778, pp. 597-602
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• Leonhard Euler (1783), 'De vi fluminis ad naves sursum trahendas applicanda', E545, Acta academiae scientiarum imperialis Petropolitanae, anno 1780, pars prior, pp. 119-131
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em
e
matiere</bibl>; que j ’ ai composé et achevé i l y a
quelque tems, pour <rs type="org" ref="SPA">l'Academie
de Petersbourg</rs>. Mais la Situation de cette
Academie s'étant fort changée: et cette matière étant
ic i fort peu regardée, je crois, que je ne puisse
mieux placer mes recherches, qu’ auprès la <rs
type="org" ref="RS">Societé Royale</rs>. Mon ouvrage
contiendra deux Volumes in Quarto <add
rendition="#super">en Latin</add>, et comme celui de
<rs type="person" ref="PB">M<hi
rendition="#super">r</hi>. Bouguer</rs> sera asses
connu, je puis dire, que j ’ ai traité presque les memes
matières, et que nous nous sommes rencontres fort
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souvent; quoique j ’ aie achevé le mien longtems
auparavant. Cependant i l m
e semble, qu'outre quelques
matières importantes que <rs type="person"
ref="PB">M<hi rendition="#super">r</hi>. Bouguer</rs>
n’ a pas touchées, j ’ ai traité les autres pour la
pluspart un peu plus soigneusement, et avec plus de
clarté, l ’ ai aussi remarqué que celui de <rs
type="person" ref="PB">M<hi rendition="#super">r</hi>.
Bouguer</rs> contient plusieurs propositions fausses,
sur tout sur la force des rames, ou i l

est obligé

d’ avouer Lui meme, que l ’ experience n’ est pas d’ accord
avec ses decisions: au lieu que ce, que j ’ ai d it sur
cette matière <pb n="2" facs="../images/5152-7-2.jpg"
break="yes"/> s’ accorde parfaitement avec
1'expérience. La détermination de la force des rames
est un sujet extrêmement d iffic ile , et je crois
l ’ avoir développé le premier conformement aux
principes de la mécanique. Si Vous juges digne cet
ouvrage de l ’ Attention de la <rs type="org"
ref="RS">Societé</rs>, je Vous prie de Vous en charger
de la proposition, et en cas qu’ i l

soit agréé, de m
e

marquer, comment je dois envoier mon <foreign
xml:lang="EN" rendition="#u">manuscript</foreign> à la
<rs type="org" ref="RS">Societé</rs>: et si Elle
voudroit bien se charger de 1 'Impression.</p>

<p>Dans ma lettre precedente, que je ne voudrois pas
perdue, je Vous ai fa it mille complimens de la part de
<rs type="person" ref="BdV">M<hi
rendition="#super">r</hi>. le Baron de
Vemezobre</rs>; je Vous ai fa it aussi une très humble
demande pour <rs type="person" ref=”CdK">M<hi
rendition="#super">r</hi>. le Comte de Kaiserling
Ambassadeur de Russie</rs>, qui souhaite avoir les
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meilleures cartes géographiques dressées en
Angleterre. Cette lettre renfermoit aussi mes très
humbles remercimens pour le Tabac, que Vous m’ aves
bien voulu faire tenir: et je Vous priois d’ en
rabattre le payement sur les 50 Ecus des Allmanacs,
aussi bien que les 10 Ecus, que je Vous dois de
l ’ année passée, et encore davantage pour environs une
vingtaine ou trentaine de Livres, que je Vous priai de
m’ envoier encore par le Canal de <rs type=”person"
ref="JRIF">M<hi rendition=”#super">r</hi>. F3sch</rs>
à <settlement>Amsterdam</settlement>.</p>

<p>Toute ma famille se porte encore, Dieu en soit Loué,
fort bien, et Vous fa it ses très humbles complimens:
<rs type="person" ref="KE”>ma femme</rs> vient
d’ accoucher <rs type="person" ref="HFE">d’un
fils</rs>, de sorte que nous avons en tout 4 f ils et
deux fille s . J'attend avec beaucoup d’ impatience des
nouvelles de Votre prospérité, ayant l ’honneur d’ être
avec la plus parfaite consideration</p>

<closer>
<signed>
Monsieur Votre très humble &amp; très obéissant
serviteur <rs type="person" ref="LE">L. Euler</rs>.
</signed>
<dateline>
<settlement>Berlin</settlement> ce <date
when="1747-85-2S”>2® Maj 1747</date>.
</dateline>
</closer>
</body>
<back>
<pb n="2v" facs="../images/5152-7-3.jpg"/>
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<div>
<p>
<handShift resp="JCW"/>
<settlement>Berlin</settlement>
<date when="1747-85-28">28. May 1747</date>. <rs
type="person" ref="LE">Prof. Euler</rs>.
</p>
</div>
<div>
<P>
<handShift re s p = "L E "/ >
A Monsieur<lb/>
<rs type="person" ref="JCW">Monsieur
Wetstein</rsxlb/> Chappellain &amp;
Bibliothécaire de<lb/>
<rs type="person" ref="PW">S.A.R. Mons<hi
rendition="#super">yr</hi> Le Prince de
Galles</rsxlb/> et Membre de la <rs type="org"
re£="RS">Societé Royale des Sciences</rsxlb/> de
<settlement>Londres</settlement> et <lb/> à <lb/>
<settlement>Londres</settlement>
</p>
</div>
</back>
</text>
</TEI>
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If. lrl

Sir,

I am a little worried about the slowness of your response to the
last letter that I had the honour of sending you: for, as it contained
my very humble thanks to President Folkes and to Mr Mortimer and
particularly to you, I would be extremely cross if that letter were lost on
its way, and I would not know nearly how to repair the fault of which
you might believe me culpable. Meanwhile, as such an accident has not
yet happened to me, I hope that this will not be the first time, on such an
important occasion. I want with all my power to render myself worthy
of the honour that the Royal Society of London has kindly bestowed
upon me: and having lately seen an excellent work on navigation and
the Manoeuvre of vessels, that Mr Bouguer has just published, I believe
that I could in some way pay my debt to the Royal Society, if I were
to present a work on the same subject, that I composed and finished
some time ago, for the Petersburg Academy. But the situation of that
Academy being much changed, and that subject being here much less
regarded, I believe, that I could not better place my researches than
with the Royal Society. My work will contain two Volumes in Quarto
in Latin, and as that of Mr Bouguer will be quite well known, I can say
that I have treated almost the same topics, and that we are in agreement
very often, though I finished mine a long time previously. Meanwhile,
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it seems to me that aside from some important topics that Mr Bouguer
has not touched upon, I have treated the others a little more carefully,
and with more clarity. I have also remarked that that of Mr Bouguer
contains many false propositions, above all on the force of oars, where
he is obliged to say himself that experiment is not in agreement with
his decisions: whereas what I have said on this topic [f lv] agrees
perfectly with experiment. The determination of the force of oars is
an extremely difficult subject, and I believe I have developed the first
[theory] conforming to the principles of mechanics. If you judge this
work worthy of the attention of the Royal Society, I ask you to charge
yourself with its proposition, and in the event that it is agreed to, to
tell me how I must send my manuscript to the Society, and whether it
wants to manage the printing itself.
In my last letter, which I hope is not lost, I paid you a thousand
compliments on behalf of the Baron of Vemezobre; I made also a very
humble request for the Count of Kaiserling, Ambassador of Russia,
who wishes to have the best geographical maps made in England.
This letter also contained my very humble thanks for the tobacco that
you kindly got for me: and I asked you to deduct the payment on the
50 Ecus of Almanacs, as well as the 10 Ecus that I owe you from last
year, and yet more for about twenty or thirty books that I asked you to
send me once more through the channel of Mr Fasch in Amsterdam.
All my family is still, praise God, very well, and they send you their
very humble compliments: my wife has just given birth to a son, so we
now have 4 sons and two daughters. I wait with much impatience for
news of your prosperity, having the honour of being, with the most
perfect consideration,

Your very humble and very obedient servant L. Euler
Berlin this 20 May 1747
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[f. 2r is blank]
[f.2v]
To Mr Wetstein, Chaplain and Librarian of H.R.H. the Prince of
Wales, and Member of the Royal Society of Sciences of London, and in
London.
[Different hand (Wettstein?)] Berlin 20. May 1747.
Prof. Euler.
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Figure F.l: Wellcome Library (London), Ms. 5152, item 7, folio lr
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Figure F.2: Wellcome Library (London), Ms. 5152, item 7, folio lv

P AGE I M A G E S F O R R . 2 7 5 4

Figure F.3: Wellcome Library (London), Ms. 5152, item 7, folio 2v

243

B IB L IO G R A P H Y

Alliance of Digital Humanities Organizations (2015a), ADHO centerNet,
h t tp : //c e n t e r n e t . adho. o rg /c e n te rs , accessed 26th November
2015.
Alliance of Digital Humanities Organizations (2015b), ADHO Public
ations, h ttp : //a d h o . org/p u b lication s, accessed 26th November
2015.
Archibald, Tom (2003), 'Differential equations: A historical overview
to circa 1900', in A history of analysis, ed. by Hans Niels Jahnke,
American Mathematical Society, pp. 325-354.
Archimedes Palimpsest Program (2004-), The Archimedes Palimpsest,
h ttp : //www. archimedespalimpsest. o rg /, accessed 26th Novem
ber 2015.
Baltus, Christopher (2007), Notes on Euler's continuedfractions, accessed
26th November 2015, h ttp : //www. oswego. edu/Documents/mathem
atics/E u lercfp ro ceed in gs.p d f.
Barrow-Green, June and Reinhard Siegmund-Schultze (2015), "The his
tory of applied mathematics', in The Princeton Companion to applied
mathematics, ed. by Nicholas J. Higham, Princeton University Press,
pp. 55-79.
Beery, Janet and Jacqueline Stedall (eds.) (2009), Thomas Harriot’s doc
trine of triangular numbers: The 'Magisteria Magna’, European Math
ematical Society.
Bernoulli, Daniel (1724a), Exercitationes quaedam mathematicae, Venetiis:
apud Dominicum Lovisam.
Bernoulli, Daniel (1724b), 'Notata in praecedens schediasma 111. Co.
Jacobi Riccati', Actorum eruditorum supplementa, 8 (2), pp. 73-75.

245

Bibliography

Bibliothèque Nationale de France (n.d.), Gallica Mathdoc, http : / / s i t e
s .mathdoc. fr/OEUVRES/, accessed 26th November 2015.
Biermann, K. R. (2007), 'Was Leonhard Euler driven from Berlin by
J. H. Lambert?', in Euler and modem science, ed. by N. N. Bogolyubov, G. K. Mikhailov and A. P. Yushkevich, trans. by Robert Bums,
Mathematical Association of America, pp. 87-96.
Birkhâuser History of Science (n.d.), The Euler Edition, h ttp : //www. s
pringer.com/birkhauser/history+of+science?SGWID=®-4®29512- 122S69-®, accessed 26th November 2015.
Bittanti, Sergio (ed.) (1989), Count Riccati and the early days of the Riccati
equation, Pitagora.
Bodenmann, Siegfried (2008), 'La république des sciences vue à travers
le commerce épistolaire de Léonhard Euler', Dix-huitième siècle, 40 (1),
pp. 129-151.
Bodenmann, Siegfried (2013), 'Faux accords et vrais désaccords: Rhét
oriques et stratégies de la controverse dans le réseau de correspond
ance de Leonhard Euler', Revue d'histoire des sciences, 66 (2), pp. 361394.
Boehm, Carl and Georg Faber (eds.) (1925), Commentationes analyticaead
theoriam serierum infinitarum pertinentes, volumen primum, Leonhardi
Euleri opera omnia 1.14, B. G. Teubner.
Bogolyubov, N. N., G. K. Mikhailov and A. P. JuSkevii (eds.) (2007),
Euler and modern science, trans. by Robert Bums, Mathematical As
sociation of America, from the Russian original by Bogolyubov,
Mikhailov and Yushkevich (1988).
Bogolyubov, N. N., G. K. Mikhailov and A. P. Yushkevich (eds.) (1988),
Razvitie idei Leonharda Eulera i sovremennaya nauka, Nauka; trans. by
Robert Bums as Euler and modem science (Mathematical Association
of America, 2007).

Bibliography

Boncompagni, Baldassarre (1877), Lettres inédites de Joseph-Louis Lag
range à Léonard Euler, tirées de la salle des conférences de l'Académie
Impériale des Sciences de Saint Pétersbourg, Atelier héliographique di
rigé par G. Scamoni, Saint-Pétersbourg.
Bopp, Karl (1916), Johann Heinrich Lamberts Monatsbuch, mit den zuge
hörigen Kommentaren, sowie mit einem Vorwort über den Stand der Lam
bertforschung, Verlag der Königlich Bayerischen Akademie der Wis
senschaften.
Bopp, Karl (ed.) (1924), Leonhard Eulers und Johann Heinrich Lamberts
Briefwechsel aus den Manuskripten herausgegeben, Verlag der Akademie
der Wissenschaften.
Bottazzini, Umberto (1996), 'The mathematical writings from Daniel
Bernoulli's youth', in Die Werke von Daniel Bernoulli, ed. by David
Speiser, Birkhäuser, vol. I, pp. 129-197.
Bottazzini, Umberto and Jeremy Gray (2013), Hidden harmony—geomet
ric fantasies: The rise of complexfunction theory, Springer.
Bouguer, Pierre (1746), Traité du navire, Paris: chez Jombert.
Bradley, Robert E., Lawrence A. D'Antonio and C. Edward Sandifer
(eds.) (2007), Euler at 300: An appreciation, Mathematical Association
of America.
Bradley, Robert and Lee Stemkoski (2011), 'When nine points are worth
but eight: Euler's resolution of Cramer's Paradox', Convergence, 8,
d o i:

1 8 .4169/loci® 83651.

Burckhardt, J. J., E. A. Fellmann and W. Habicht (eds.) (1983), Leonhard
Euler 1707-1783: Beiträge zu Leben und Werk, Birkhäuser.
Burrows, Simon, Mark Curran, Vincent Hiribarren, Sarah Kattau and
Henry Merivale (2012-), The French Book Trade in Enlightenment Eu
rope Project, http : / / f b t e e . uws. edu. a u /s tn /, accessed 26th Nov
ember 2015.

Bibliography

Calinger, Ronald (1996), 'Leonhard Euler: The first St Petersburg years
(1727-1741)', Historia mathematica, 23 (2), pp. 121-166.
Calinger, Ronald S. (2015), Leonhard Euler: Mathematical genius in the
Enlightenment, Princeton University Press.
Cambridge University Library (2011-), Cambridge Digital Library,
h ttp : //c u d l . l i b . cam. a c . uk, accessed 26th November 2015.
Cataldi, Pietro (1613), Trattato del modo brevissimmo di trovar la radice
quadra delli numeri, Bologna: Appresso Bartolomeo Cochi.
Codd, E. F. (1970), 'A relational model of data for large shared data
banks', Communications of the ACM, 13 (6), pp. 377-387.
Costabel, Pierre, Asot T. Grigorijan and Adolf P. JuSkevif (eds.) (1986),
Correspondance de Leonhard Euler avec P.-L. M. deMaupertuis et Frederic
II, Leonhardi Euleri opera omnia IV.A.6, Birkhäuser.
Cotes, Roger (1714), 'Logometria', Philosophical Transactions of the Royal
Society of London, 29 (338), pp. 5-45.
Cramer, Gabriel (1750), L'introduction à l'analyse des lignes courbes al
gébriques, Genève: chez les Frères Cramer et Cl. Philibert.
d'Avezac-Macaya, Marie Armand Pascal (1863), 'Coup d'oeil histo
rique sur la projection des cartes de géographie', Bulletin de la Société
de Géographie, 5th ser., 5, pp. 257-361,428-485.
Dry, Sarah (2014), The Newton papers: The strange and true odyssey of Isaac
Newton's manuscripts, Oxford University Press.
Du Pasquier, Louis-Gustave (1927), Léonard Euler et ses amis, J. Her
mann.
Dunham, William (ed.) (2007), The genius of Euler: Reflections on his life
and work, Mathematical Association of America.
Eneström, Gustav (1913), Die Schriften Eulers chronologisch nach den
Jahren geordnet, in denen sie verfasst worden sind, B. G. Teubner.
Epple, Moritz, Tinne Hoff Kjeldsen and Reinhard Siegmund-Schultze
(eds.) (2013), 'From 'mixed' to 'applied' mathematics: Tracing an

Bibliography

important dimension of mathematics and its history', Oberwolfach
Reports, 10 (1), pp. 657-733.
Euler, Leonhard (1728), Meditationes super problemate nautico, de implantatione malorum quae proximè accessere ad præmium anno 1727. à Regia
Scientiarum Academia promulgatum, E004, Parisiis: apud Claudium
Jombert, Bibliopolam.
Euler, Leonhard (1733a), 'Constructio aequationum quarundam differentialium, quae indeterminatarum separationem non admittunt',
E011, Nova acta eruditorum, pp. 369-373.
Euler, Leonhard (1733b), 'Nova methodus innumerabiles aequationes
differentiales secundi gradus reducendi ad aequationes differen
tiales primi gradus', E010, Commentarii academiae scientiarum imperialis Petropolitanae, 3, pp. 124-137.
Euler, Leonhard (1738a), 'Constructio aequationis differentialis
axndx = dy + y2dx', E031, Commentarii academiae scientiarum imperialis Petropolitanae, 6, pp. 231-246.
Euler, Leonhard (1738b), 'Specimen de constructione aequationum differentialium sine indeterminatarum separatione', E028, Commentarii
academiae scientiarum imperialis Petropolitanae, 6, pp. 168-174.
Euler, Leonhard (1741a), 'Inquisitio physica in causam fluxus ac refluxus maris', E057, in Pièces qui ont remporté le prix de l'Académie des
Sciences en MDCCXL, sur leflux et reflux de la mer, Martin, Coignard
et les frères Guerin, Paris, pp. 235-350.
Euler, Leonhard (1741b), 'Nova methodus innumerabiles aequationes
differentiales secundi gradus reducendi ad aequationes differen
tiales primi gradus', E051, Commentarii academiae scientiarum imper
ialis Petropolitanae, 8, pp. 66-85.
Euler, Leonhard (1744a), 'De constructione aequationum', E070, Com
mentarii academiae scientiarum imperialis Petropolitanae, 9, pp. 85-97.

250

Bibliography

Euler, Leonhard (1744b), 'De fractionibus continuis dissertatio', E071,
Commentarii academiae scientiarum imperialis Petropolitanae, 9, pp. 98137; trans. by Myra F. Wyman and Bostwick F. Wyman as 'An essay
on continued fractions', in Mathematical systems theory, 18 (4) (1985),
pp. 295-328.
Euler, Leonhard (1745a), 'Dissertation sur la meilleure construction du
cabestan', E078, in Pièces qui ont remporté le prix de l'Académie des
Sciences en MDCCXLI, Martin, Coignard et les frères Guerin, Paris,
pp. 29-87.
Euler, Leonhard (1745b), Neue Gründsatze der Artillerie, E077, Berlin
bey A. Haude, Königl. und der Akademie der Wissenschaften privil.
Buchhändler.
Euler, Leonhard (1746-1757), 'Letters from Leonhard Euler to Johann
Caspar Wettstein', Wellcome Library, London, Ms. 5152.
Euler, Leonhard (1747), 'De motu cymbarum remis propulsarum in fluviis', E094, Commentarii academiae scientiarum imperialis Petropolitanae,
10, pp. 22-39.
Euler, Leonhard (1748), Introductio in analysin infinitorum, E101-102,
2 vols., Lausannae: apud Marcum Michaelum Bousquet & socios;
trans. by J. B. Labey as Introduction à l'analyse infinitésimale (Paris:
Barrois, 1796-1797).
Euler, Leonhard (1749a), 'Mémoire sur la force des rames', El 16, His
toire de l’Académie Royale des Sciences et des Belles-Lettres de Berlin,
année 1747, pp. 180-213.
Euler, Leonhard (1749b), Scientia navalis, seu tractatus de construendis
ac dirigendis navibus, E110-111, 2 vols., Petropoli, typis academiae
scientiarum.
Euler, Leonhard (1750a), 'De fractionibus continuis observationes',
E123, Commentarii academiae scientiarum imperialis Petropolitanae, 11,
pp. 32-81.

Bibliography

Euler, Leonhard (1750b), 'Examen artificii navis a principio motus in
terno propellendi quod quondam ab acutissimo viro Iacobo Ber
noulli est propositum', E137, Novi commentarli academiae scientiarum
imperialis Petropolitanae, 1, pp. 106-123.
Euler, Leonhard (1753), 'Praefatio', E205, in Atlas geographicus omnes
orbis terrarum regiones in XLI tabulis exhibens, jussu academiæ regiæ
scient, et eleg. litt, boruss. Berolini: ex officina Michaelis.
Euler, Leonhard (1755), lnstitutiones calculi differentialis, E212, Impensis
academiae imperialis scientiarum Petropolitanae.
Euler, Leonhard (1764), 'Specimen algorithmi singularis', E281, Novi
commentarti academiae scientiarum imperialis Petropolitanae, 9, pp. 5369.
Euler, Leonhard (1767), 'De usu novi algorithmi in problemate pelliano
solvendo', E323, Novi commentarti academiae scientiarum imperialis Pet
ropolitanae, 11, pp. 29-66.
Euler, Leonhard (1770), Institutionum calculi integralis, E385, Petropoli,
Impensis academiae imperialis scientiarum.
Euler, Leonhard (1771a), 'Examen des efforts qu'ont à soutenir toutes
les parties d'un Vaisseau dans le Roulis & dans le Tangage. Ou
recherches sur la diminution de ces mouvemens', E415, Pièces qui
ont remporté le prix de l'Académie des Sciences, 8, pp. 1-47.
Euler, Leonhard (1771b), 'Mémoire sur la manière la plus avantageuse
de suppléer à l'action du vent sur les grands vaisseaux (De promotione navium sine vi venti)', E413, Pièces qui ont remporté le prix de
l'Académie des Sciences, 8, pp. 1-47.
Euler, Leonhard (1771c), Vollständige Anleitung zur Algebra: erster Theil,
E387, St. Petersburg: bey der Kayserlichen Akademie der Wissen
schaften.
Euler, Leonhard (1773), Théorie compiette de la construction et de la man
œuvre des vaisseaux, mise à la portée des [sic] ceux, qui s'appliquent à la

Bibliography

navigation, E426, Imprimerie de l'Académie Impériale des Sciences,
St. Pétersbourg.
Euler, Leonhard (1778a), 'De proiectione geographica superficiei sphaericae', E491, Acta academiae scientiarum imperialis Petropolitanae, anno
1777, pars prior, pp. 133-142.
Euler, Leonhard (1778b), 'De proiectione geographica superficiei sphaericae', E492, Acta academiae scientiarum imperialis Petropolitanae, anno
1777, pars prior, pp. 143-153.
Euler, Leonhard (1778c), 'De repraesentatione superficiei sphaericae
super plano', E490, Acta academiae scientiarum imperialis Petropolitanae,
anno 1777, pars prior, pp. 107-132.
Euler, Leonhard (1781), 'Essai d'une théorie de la Résistance qu'ép
rouve la Proue d'un Vaisseau dans son mouvement', E520, Histoire
de l'Académie Royale des Sciences, année 1778, pp. 597-602.
Euler, Leonhard (1783), 'De vi fluminis ad naves sursum trahendas
applicanda', E545, Acta academiae scientiarum imperialis Petropolitanae,
anno 1780, pars prior, pp. 119-131.
Euler, Leonhard (1796-1797), Introduction à l’analyse infinitésimale, trans.
by J. B. Labey, 2 vols., Barrois, Paris, from the Latin original (Euler
1748).
Euler, Leonhard (1985), 'An essay on continued fractions', trans. by
Myra F. Wyman and Bostwick F. Wyman, Mathematical systems theory,
18 (4), pp. 295-328, English translation of (Euler 1744b).
Faber, Georg (1935), 'Übersicht über die Bände 14,15,16,16* der ersten
Serie', in Commentationes analyticae ad theoriam serierum infinitarum
pertinentes. Volumen tertium. Sectio altera, ed. by Carl Boehm, Leonhardi Euleri opera omnia 1.16.2, Teubner, pp. VII-CXII.
Fellmann, Emil A. (2007), Leonhard Euler, Birkhäuser.

Bibliography

Fellmann, Emil A. and Gleb K. Mikhajlov (eds.) (1998), Briefwechsel von
Leonhard Euler mit Johann I Bernoulli und Niklaus I Bernoulli, Leonhardi
Euleri opera omnia IV.A.2, Birkhâuser.
Ferreiro, Larrie D. (2007), Ships and science: The birth of naval architecture
in the scientific revolution, 1600-1800, MIT Press.
Ferreiro, Larrie D. (2011), Measure of the Earth: The Enlightenment exped
ition that reshaped our world, Basic Books.
Fowler, D. H. (1991), 'An approximation technique and its use by Wallis
and Taylor', Archive for history of exact sciences, 41 (3), pp. 189-233.
Fowler, D. H. (1994), 'Continued fractions', in Companion encyclopedia
of the history and philosophy of the mathematical sciences, ed. by Ivor
Grattan-Guinness, Routledge, vol. 1, pp. 730-740.
Fowler, David H. (1999), The mathematics of Plato's Academy: A new
reconstruction, 2nd edition, Clarendon Press.
Fuss, Nicolas (1783), Éloge de Monsieur Léonard Euler, lu à l'Académie
Impériale des Sciences, dans son assemblée du 23 octobre 1783, St. Pétersbourg.
Fuss, Paul Heinrich (1843), Correspondance mathématique et physique de
quelques célèbres géomètres du XVIIIème siècle, 2 vols., sous les aus
pices de l'Académie Impériale des Sciences de Saint-Pétersbourg,
St.-Pétersbourg.
Gold, Matthew K. (ed.) (2012), Debates in the digital humanities, Univer
sity of Minnesota Press, open access edition at h ttp : //d h d eb ates.
gc.cuny.edu/.
Goldstein, Catherine (2004), 'L'arithmétique de Pierre Fermat dans le
contexte de la correspondance de Mersenne: Une approche microso
ciale', Sciences et techniques en perspective, 2nd ser., 8, pp. 14-47.
Goldstein, Catherine (2007), A basic introduction to Thamous, h ttp : / /
webusers. im j-p rg. f r /~ c a th e rin e . goldstein/BasicIntroTham o
us .pdf, accessed 26th November 2015.

254

Bibliography

Goldstein, Catherine (2013), 'Routine controversies: Mathematical chal
lenges in Mersenne's correspondence', Revue d'histoire des sciences,
66 (2), pp. 249-273.
Gowing, Ronald (1983), Roger Cotes—Natural philosopher, Cambridge
University Press.
Guicciardini, Niccolò (2014), 'Digitizing Isaac Newton', Isis, 105(2),
pp. 403-409.
Habicht, Walter (1978), 'Leonhard Eulers Schiffstheorie: Einleitung und
Kommentar zu den Bänden 11.18 und 11.19 von Eulers Werken', in
Commentationes mechanicae et astronomicae ad scientiam navalem per
tinentes, volumen posterius, ed. by Walter Habicht, Füssli, pp. VIICXCVI.
Harriot, Thomas (1631), Artis analyticae praxis, Londini: apud Robertum
Barker, Typographum Regium: Et Hæred. Io. Billi.
Havil, Julian (2014), John Napier: Life, logarithms, and legacy, Princeton
University Press.
Hébrail, Jacques and Joseph de la Porte (1769), La France littéraire, Duch
esne, Paris, vol. 1.
Heine, George W. (2012), Leonhard Euler's works on cartography, http : / /
www. mathrunaps. com/eul e r / index. html, accessed 26th November
2015.
Henry, John (2012), 'Why Thomas Harriot was not the English Galileo',
in Thomas Harriot and his world: Mathematics, exploration, and natural
philosophy in early modem England, ed. by Robert Fox, Ashgate Pub
lishing, p p .113-137.
Herreman, Alain (2006-), Thamous, http : //tham ous. u n iv -rennes 1.
f r / , accessed 26th November 2015.
Heyne, Andreas K., Alice K. Heyne and Elena S. Pini (2007), Leonhard
Euler: A man to be reckoned with, Birkhäuser.

Bibliography

Huygens, Christiaan (1888), Oeuvres complètes de Christiaan Huygens,
publiées par la Société Hollandaise des Sciences, Martinus Nijhoff, La
Haye.
Hiffe, Rob (2004), 'Digitizing Isaac', in Newton and Newtonianism, ed. by
J. E. Force and S. Hutton, Kluwer Academic Publishers, pp. 23-38.
Iliffe, Rob and Scott Mandelbrote (1998-), The Newton Project, http :
//www. new tonproject. su sse x . a c . uk, accessed 26th November
2015.
International GeoGebra Institute (2015), CeoGebra, version 5.0, h ttp /
/ www. geogebra. org.
Jaquel, Roger (1979), 'La jeunesse de Jean-Henri Lambert en Alsace
(1728-1746), La famille, la formation, les problèmes', in Colloque in
ternational et interdisciplinaire Jean-Henri Lambert : Université de HauteAlsace, Mulhouse, 26-30 Septembre 1977, ed. by Roger Jaquel, Editions
Ophrys, pp. 43-74.
Joyce, David E. (1996-1998), Euclid’s Elements, h ttp : //a le p h Q . d a r
ku. ed u /~ d jo yce/jav a/elem en ts/elem en ts. html, accessed 26th
November 2015.
JuSkevii, Adolf P. and René Taton (eds.) (1980), Correspondance de Leon
hard Euler avec A. C. Clairaut, J. d'Alembert et J. L. Lagrange, Leonhardi
Euleri opera omnia IV.A.5, Birkhäuser.
JuSkevié, Adolf P. and Eduard Winter (eds.) (1959), Die Berliner und
die Petersburger Akademie der Wissenschaften im Briefwechsel Leonhard
Eulers, Akademie-Verlag.
JuSkevii, Adolf P. and Eduard Wmter (1965), Leonhard Euler und Chris
tian Goldbach: Briefwechsel 1729-1764, Akademie-Verlag.
JuSkevii, Adolf, Vladimir Smimov and Walter Habicht (eds.) (1975),
Briefwechsel von Leonhard Euler: Beschreibung, Zusammenfassungen der
Briefe und Verzeichnisse, Leonhardi Euleri opera omnia IV.A.1, Birk
häuser, Basel.

255

Bibliography

Karsten, Wenceslaus Johann Gustav (1768), 'Theorie von den Projectionen der Kugel zum astronomischen und geographischen Geb
rauch', Abhandlungen der Churfürstlich-baierischen Akademie der Wis
senschaften, 5, pp. 109-164.
Kleinert, Andreas and Martin Mattmüller (2007), 'Leonhardi Euleri
opera omnia: A centenary project', European Mathematical Society
Newsletter (Sept. 2007), pp. 25-31.
Klyve, Dominic, Lee Stemkoski and Erik Tou (2002-), The Euler Archive:
A digital library dedicated to the work and life of Leonhard Euler, http :
/ / www. eu lerarch ive. com.
Knobloch, Eberhard (1989), 'Leonhard Eulers mathematische Notiz
bücher', Annals of Science, 46 (3), pp. 277-302.
Lacroix, Sylvestre François (1797-1798), Traité du calcul différentiel et du
calcul intégral, 2 vols., J. B. M. Duprat, Paris.
Lagrange, Joseph-Louis (1781), 'Sur la construction des Cartes Géo
graphiques: premier et second mémoire', Nouveaux mémoires de l'Aca
démie Royale des Sciences et Belles-Lettres, année 1779, pp. 161-210.
Lagrange, Joseph-Louis (1867), Oeuvres de Lagrange, ed. by Joseph Al
fred Serret, Gauthier-Villars, Paris.
Lambert, Johann Heinrich (1772), " Anmerkungen und Zusätze zur Entwerfung der Land- und Himmelscharten', in Beiträge zum Gebrauche
der Mathematik und deren Anwendung vol. 3, Verlag und Buchhand
lung der Realschule, pp. 105-199; trans. by Waldo R. Tobler as Notes
and comments on the composition of terrestrial and celestial maps (Esri
Press, 1972).
Lambert, Johann Heinrich (1972), Notes and comments on the composition
of terrestrial and celestial maps, trans. by Waldo R. Tobler, Esri Press,
from the German original (Lambert 1772).

Bibliography

Lemmermeyer, Franz and Martin Mattmiiller (eds.) (2015), Correspond
ence of Leonhard Euler with Christian Goldbach, 2 vols., Leonhardi
Euleri opera omnia IV.A.4, Birkhauser.
Libri, Guglielmo (1846), 'Correspondance mathématique et physique de
quelques célèbres géomètres du XVIIIème siècle, précédée d'une notice sur
les travaux de Léonard Euler, tant imprimés qu'inédits, et publiée sous
les auspices de l'Académie impériale des sciences de Saint-Pétersbourg,
par P. H. Fuss, secrétaire perpétuel de l'Académie impériale des
sciences de Saint-Pétersbourg.—Saint-Pétersbourg, 1843,2 volumes
in 8°', Journal des savants, année 1846, pp. 51-62.
Maindron, Ernest (1881), Les fondations de prix à l'Académie des Sciences:
Les lauréats de l’Académie, 1714r-1880, Gauthier-Villars, Paris.
Malcolm, Noel and Jacqueline A. Stedall (2005), John Pell (1611-1685)
and his correspondence with Sir Charles Cavendish: The mental world of
an early modem mathematician, Oxford University Press.
Martin, Ursula and Alison Pease (2013a), 'Mathematical practice,
crowdsourcing, and social machines', Computing Research Repository,
h ttp : / / a r x i v . o rg /a b s/13® 5 .Q9Q®.
Martin, Ursula and Alison Pease (2013b), 'What does mathoverflow
tell us about the production of mathematics?', Computing Research
Repository, http : / / a r x i v . o rg /a b s /13®5. ®9®4.
Massachusetts Institute of Technology (2006), SIMILE Exhibit, h ttp :
//www. sim ile-w idgets, o rg /, accessed 26th November 2015.
Mayer, Uwe and Siegmund Probst (2012), Gottfried Wilhelm Leibniz:
Mathematische Schriften. Sechster Band, 1675-1676: Arithmetische Kreisquadratur, http : //www. gwlb. de/L eibniz/Leibnizarchiv/V eroef
fentlichungen/VII6.pdf.
Napier, John (1614), Mirifici logarithmorum canonis descriptio, Edinburgh
ex officinâ Andreæ Hart, Bibliopôlæ.

258

Bibliography

National Air and Space Agency: Goddard Institute for Space Studies
(2015), G.Projector, version 1.8, h ttp ://w w w .g iss.n asa.g o v /to o ls/
g p ro jecto r/.
Neumann, Peter M. (2015), "In memoriam: Jacqueline Anne Stedall
(4 August 1950-27 September 2014)', Historia mathematica, 42(1),
pp. 5-13.
Newman, William R. (2005-), The chymistry of Isaac Newton, http : / /
webappl. dlib . indiana. edu/newton/, accessed 26th November
2015.
O'Connor, John J. and Edmund E Robertson (1995-), MacTutor history
of mathematics archive, h ttp ://w w w -h is to ry .m cs .s t-a n d .a c .u k /,
accessed 26th November 2015.
OpenMath Society (2001-), The OpenMath Standard 2.0, http://w w w .
openmath.org/standard/, accessed 26th November 2015.
Peiffer, Jeanne (1998), 'Faire des mathématiques par lettres', Revue
d'histoire des mathématiques, 4 (1), pp. 143-157.
Pell, John ([1617-1681]), 'Pell papers', British Library, London, Add.
Ms. 4278-4280,4394-4404,4407-4431.
Petrie, Bruce J. (2012), 'Leonhard Euler's use and understanding of
mathematical transcendence', Historia mathematica, 39 (3), pp. 280291.
Polymath, D. H. J. (2014), 'The "Bounded gaps between primes" Poly
math project: A retrospective analysis', European Mathematical Society
Newsletter, 94 (Dec. 2014), pp. 13-23.
Priesner, Claus (1997), 'Müller, Gerhard Friedrich von', in Neue Deut
sche Biographie, Duncker & Humblot GmbH, vol. 18, pp. 394-395.
Revue d'histoire des sciences (2010), 63 (1): Pierre Bouguer (1698-1758): Un
savant et la marine dans la première moitié du XVIIIème siècle.
Richmann, Georg Wilhelm (1751), 'De perficiendis mappis geographicis, inprimis universalibus, per idoneas scalas metiendis distantiis

Bibliography

inservientes', Commentarii academiae scientiarum imperialis Petropolitanae, 13, pp. 300-311.
Rivaud, Albert (ed.) (1914-1924), Catalogue critique des manuscrits de
Gottfried Wilhelm Leibniz: Fascicule II, Mars 1672-Novembre 1676, Poit
iers.
Rockwell, Geoffrey, Stefan Sinclair, Kirsten C. Uszkalo and Milena
Radzikowska (2014), TAPoR: Text Analysis Portal for Research, version
2.0, h ttp : //www. ta p o r. c a /, accessed 26th November 2015.
Sandifer, C. Edward (2007a), How Euler did it, Mathematical Associ
ation of America.
Sandifer, C. Edward (2007b), The early mathematics of Leonhard Euler,
Mathematical Association of America.
Sandifer, C. Edward (2014), How Euler did even more, Mathematical
Association of America.
Schemmel, Matthias (2008), The English Galileo: Thomas Harriot's work
on motion as an example of preclassical mechanics, Springer.
Schröder, Kurt (ed.) (1959), Sammelband der zu Ehren des 250. Geburts
tages Leonhard Eulers der Deutschen Akademie der Wissenschaften zu
Berlin vorgelegten Abhandlungen, Akademie-Verlag.
Schwenter, Daniel (1617), Geometría practica nova, Nürnberg: bei Simon
Halbmayem.
Schwenter, Daniel (1623), Geometriae practicae novae et auctae. Tractatus
II, Nürnberg, bey Jeremía Dümlem.
Scriba, Christoph (2008), 'Lambert, Johann Heinrich', in Complete Dic
tionary of Scientific Biography, Charles Scribner's Sons, pp. 595-600.
Simón Calero, Julián (2008), The genesis of fluid mechanics, 1640-1780,
Springer.
Smith, David Eugene (1959), A source book in mathematics, Dover Pub
lications.

Bibliography

Snyder, John P. (1993), Flattening the Earth: Two thousand years of map
projections, University of Chicago Press.
Spalt, Detlef D. (2011), 'Welche Funktionsbegriffe gab Leonhard Euler?',
Historia mathematica, 38 (4), pp. 485-505.
Spiess, Otto (1929), Leonhard Euler: Ein Beitrag zur Geistesgeschichte des
18. Jahrhunderts, Huber.
Stanford University Humanities + Design Laboratory (2014-), Palladio,

http: / /hd lab. Stanford. edu/projects/palladio/, accessed 26th
November 2015.
Stedall, Jacqueline A. (2000), 'Catching Proteus: the collaborations of
Wallis and Brouncker. I: Squaring the circle', Notes and Records of the
Royal Society of London, 54 (3), pp. 293-316.
Stedall, Jacqueline A. (2002), A discourse concerning algebra: English al
gebra to 1685, Oxford University Press.
Stedall, Jacqueline A. (2003), The greate Invention of Algebra: Thomas
Harriot's Treatise on equations, Oxford University Press.
Stedall, Jacqueline A. (2008), Mathematics emerging: A sourcebook 15401900, Oxford University Press.
Stedall, Jacqueline, Matthias Schemmel and Robert Goulding (2012),
Digital edition of Thomas Harriot's manuscripts, h t tp : / / e c h o . mpiw
g -b e rlin .m p g . d e /c o n te n t/s c ie n tif ic _ r e v o lu tio n /h a r r io t,
accessed 26th November 2015.
Steele, Brett D. and Tamera Dorland (eds.) (2005), The heirs of Archime
des: Science and the art of war in the Age of Enlightenment, MIT Press.
St£n, Johan C.-E. (2014), A comet of the Enlightenment: Anders Johan
Lexell’s life and discoveries, Birkhäuser.
TEI Consortium (2007-), TEIP5: Guidelines for electronic text encoding
■and interchange, h t t p ://w w w .t e i - c .o r g /r e l e a s e /d o c /t e i - p 5 doc/en/G uidelines.pdf, accessed 26th November 2015.

Bibliography

Terrall, Mary (2002), The man whoflattened the Earth: Maupertuis and the
sciences in the Enlightenment, University of Chicago Press.
Terras, Melissa, Julianne Nyhan and Edward Vanhoutte (eds.) (2013),
Defining digital humanities: A reader, Ashgate Publishing.
Thiele, Rudiger (1982), Leonhard Euler, Teubner.
Truesdell, C. (1984), An idiot'sfugitive essays on science: methods, criticism,
training, circumstances, Springer-Verlag.
Truesdell, Clifford A. (1960), The rational mechanics offlexible or elastic
bodies 1638-1788: Introduction to Leonhardi Euleri opera omnia Vol. X et
XI seriei secundae, Leonhardi Euleri opera omnia II. 11.1, Fiissli.
Turnbull, H. W., J.F. Scott, A.R. Hall and L. Tilling (eds.) (1959-1977), The
correspondence of Isaac Newton, 7 vols., Cambridge University Press.
Tweddle, Ian (1988), James Stirling: ‘This about series and such things',
Scottish Academic Press.
Van Brummelen, Glen (2012), Heavenly mathematics: The forgotten art of
spherical trigonometry, Princeton University Press.
Verdun, Andreas (2015), Leonhard Eulers Arbeiten zur Himmelsmechanik,
Springer Spektrum.
Wallis, John (1656), Arithmetica infinitorum, Oxonii: typis Leon. Lich
field Academiae Typographi, Impensis Tho. Robinson.
Wallis, John (1685), A treatise of algebra, both historical and practical, Lon
don: printed by John Playford, for Richard Davis, Bookseller, in the
University of Oxford.
Wallis, John (1693), De algebra tractatus, historicus et practicus, e teatro
Sheldoniano, Oxoniae.
Walsh, John, Grant Simpson and Saeed Moaddeli (2013), TEI Boilerplate,
h t tp : / / d e l . i l s . indiana. ed u /teib p /, accessed 26th November
2015.

261

262

Bibliography

Wardhaugh, Benjamin (2009), 'Mathematics in English printed books,
1473-1800: A bibliometric analysis', Notes and Records of the Royal
Society, 63 (4), pp. 325-338.
Werner, Sarah (2012), 'Where material book culture meets digital hu
manities', Journal of digital humanities, 1 (3), h ttp ://jo u m a lo fd ig i
talh u m an ities.o rg /l-3/w h ere-m aterial-b o o k -cu ltu re-m eetsd igital-h um anities-by-sarah-w erner/.
Werrett, Simon (2010), 'The Schumacher Affair: Reconfiguring
academic expertise across dynasties in eighteenth-century Russia',
Osiris, 25 (1), pp. 104—126.
Whiteside, D.T. (ed.) (1967-1981), The mathematical papers of Isaac New
ton, 8 vols., Cambridge University Press.
World Wide Web Consortium (2014), Mathematical Markup Language
(MathML) Version 3.0 2nd Edition: W3C Recommendation 10 April 2014,
h ttp : //www . w3 . org / TR/ MathML3 / mathml. pdf, accessed 26th
November 2015.
World Wide Web Consortium (2015), W3C MathML 3.0 approved as
ISO/IEC International Standard, http : //www . w3 . o r g / 2 8 1 5 / 8 6 /
mathmlpas.html. en, accessed 26th November 2015.

