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Chapter 10
Relating the Positions of a Goal Point and Design Points within the
Design Space

In Chapter 4, the concept of a design space populated by design points representing kinematic

systems was introduced, as was the concept of a goal point within that design space. Subsequent

chapters examined some aspects of kinematic systems in greater detail, and demonstrated ways in

which representations of such systems can be constructed that provide insight into how they behave. .
in both their nominal state, and in degraded states created through the action of one or more

kinematic faults.

This chapter and Chapter 11 now proceed to develop these concepts further, and to show how the

metric principles described in Chapter 6 can be used to determine the proximity relationship of

known design points, d., d2, ••• , d.,... dn, to a chosen goal region, specified by several boundaries,

and by a representative interior 'goal point', g.

10.1 Fault States and the Fault Graph

Each design point represents a hierarchical 'graph of graphs', referred to as the' fault graph'. The

fault graph itself represents all possible transitions of the system (starting from a nominal, fault-

free, state) from fault state to fault state under the degrading action of kinematic faults. The

underlying reasoning behind this concept was explored in detail in Chapter 8, which discussed the

ways in which kinematic systems degrade under kinematic fault action, the way in which the

resulting system states can be related through fault digraphs, and how these issues lead to the

concept of fault classes. Fault classes were defined as sets of fault states related by the fact that

when the individual determinants for each fault state interchange graph (derived from their

corresponding constraints matrices) are expanded symbolically, they have the same underlying

structure.
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In the fault graph, the root node is a vertex that represents the interchange graph of the kinematic

system when operating in its nominal condition, and each of the other nodes is a vertex that

represents the transformed interchange graph of the kinematic system after it is degraded by a

particular kinematic fault, or sequence of faults. Figure 10.1 illustrates how first level fault nodes

are nodes representing fault states created by a single kinematic fault applied to the nominal state.

Second level nodes represent states derived from the nominal state by a sequence of two kinematic

faults. Lower level nodes in the hierarchy represent states reached after more than two kinematic

faults have occurred in sequence. It can be seen that, in principle, the number of levels created by

sequential kinematic faults could be quite large. Each node in the fault graph is itself a graph - the

interchange graph of that particular kinematic system in that particular degraded state.
,-------------------------------- Fault Graph

1SI. level
Fault Node

Each fault node is
an interchange

graph

Root node is an
interchange graph

1 ----------------------------------------------- _

Figure 10.1: Fault Graph Concept

Chapter 4 introduced in general terms the concept of a design point and a goal point that both

comprise a set of parameters representing some of the kinematic characteristics of the systems that

the points represent, and this concept is now developed in greater detail.

10.2 The Goal Region and Comparison Principles

Consider a two dimensional design space specified by two parameters - parameter 1 and parameter

2. Any design point in the space may be defined by a pair of parameter 1 and parameter 2 values. A

goal point in this 2D space may be specified similarly by a pair of parameter values. However,

since the likelihood of any particular design point ever being exactly coincident with a single goal

point specified by one pair of parameter values is very low, a goal region is defined instead by a
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range of parameter values. Typically, in the 20 space, a rectangular goal region is specified by four

values -an upper bound and a lower bound for each parameter. This is shown in Figure 10.2.

P2, Upper Bound ----

P2, Lower Bound -----

Rectangular
Goal Regionv-

I
I

"0 "0 PI axisto: to:
=:I =:I
0 0
CO CO
.... ....
tU tU
~ 0..
0 0..
....J :J

0.. 0..

Figure 10.2: A 2D Goal Region defined as a Rectangle in a 2D Space

With a goal region defined as above, it is possible to apply the inter-system distance (ISO)

principles discussed in Chapter 6 to illustrate in this 20 design space how the proximity of a design

point to the goal region can be determined. It is convenient to adopt the centroid, g, of the

rectangular goal region as the representative of all the goal points in the goal region, as shown in

Figure 10.3.
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Figure 10.3: Representative Goal Point. g. defined as the Centroid ora Rectangular 2D Goal
Region in a 2D Space

Assuming some numerical values, it is straightforward to illustrate the calculation of the ISDs of

some design points from the goal point, g, using a Euclidean metric. The numerical values (taken

from one of the test systems - the 4-Bar open chain - that will be discussed later) assumed are:

For the goal region:

Parameter 1 lower bound = 4, parameter 1 upper bound = 23

Parameter 2 lower bound = 3, parameter 2 upper bound = 26

For a design point:

Design point parameter 1 = 12, design point parameter 2 = 17

The location of g relative to the origin of the coordinate axes, 0, is {(4 + 9.5),(3 + 11.5)} = (13.5,

14.5). Therefore, the Euclidean ISD of this design point, from g, can be calculated as:

The position of the design point, and the corresponding circle of ISD = 2.92 from g, is shown in

Figure 10.4
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Figure 10.4: Euclidean ISD ora Design Point from a Goal Point. g. in a 2D Space

The fact that the chosen example of a design point lies within the goal region in this case is a

simple matter of chance - it is equally possible that it could have been chosen to lie far outside the

goal region. For this simple 20 case, it can be seen by calculation that the chosen example design

point lies at an ISO of 0 = 2.92 from the goal point. It is obvious that by moving the representative

goal point, g, from the centroid of the goal region in turn 1 unit along the parameter 1 axis, and

then 1 unit along the parameter 2 axis, that the moves modify the ISO of the design point from the

goal point, but by different amounts:

Moving I unit in the +ve parameter 1 direction:

ISO = {( 14.5 - 12)2+ (14.5 - 17)2}1/2 = 3.54

Moving 1 unit in the -ve parameter 1 direction:

ISO = {( 12.5 -12)2 + (14.5 - 17l} 1/2 = 2.55

Moving 1 unit in the +ve parameter 2 direction:

ISO = {( 13.5 - 12)2+ (15.5 - 17)2}1/2 = 2.12

Moving 1 unit in the -ve parameter 2 direction:

ISD = {( 13.5 - I2i + (13.5 - 17)2}1/2 = 3.8 I

This 2D scenario can be extended to an n-D space, defined by n parameter. As an example, of this,

Figure 10.5 illustrates a cuboid goal region defined in 30 space.
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Figure 10.5: A 3D Goal Region defined as a Cuboid in a 3D Space

The representation of an n-dimensional goal region, using this approach, will be as an n-

dimensional hypercuboid defined by n pairs of parameter values.

10.3 Application of Metrics

Before it is possible to discuss the selection of those parameters that are to be used for the

comparison of kinematic system representations, it is necessary at this juncture to give further

consideration to the way it is intended to use these parameters in the evaluation of one or more

metrics.

Chapter 6 presented four different metrics that might now be available for the measurement of

Inter-System Distance (lSD). As stated in that chapter, there is no right and wrong metric, the

choice being down to what is appropriate, and what needs to be investigated under any particular

set of circumstances. Review of the numerical values of ISD derived (for illustrative purposes) in

Chapter 6 between the example systems and a two-bar disconnected system, shows that each metric
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exhibits distinctly different features, as would be expected, given their different mathematical

formulations. Earlier work in this thesis shows that linear, Euclidean, parabolic and hyperbolic
,

metrics all yield interesting results. However, since a demonstration of the principle of evaluating

Inter-System Distance is the primary objective at this stage, a consideration of the behaviour of

some of the forms of quadratic metric is considered a sufficient basis for investigation. The forms

of the quadratic metric utilised will vary according to the requirements of the comparison that is to

be undertaken.

The next section, 10.3.1, describes in detail the approach to the evaluation of this metric which is

subsequently undertaken in Chapter 11.

10.3.1 Quadratic Metrics and Design Space Projections

The quadratic metrics to be used for evaluation of the ISDs between pairs of test design points, and

between each test design point and the representative goal point, g, can now be defined (see Section

10.5.1). Quadratic metrics were discussed in detail in Chapter 6, and are based on the general, n-

dimensional form of Equation 6.4 in 6.1.2, as follows:

+1
...... + 0 (W2-WI)2 ......••.••... (6.4)

-I

where (Xl. Yt. ..... WI) and (X2' Y2, •...•.. W2) are the coordinates in n-dimensional space of any two

points under consideration.

The form that this distance metric takes is determined by the weights signs selected. As discussed

in Chapter 6, and stated in Equation 6.5, the form obtained by selecting all weights to be +ve is the

Euclidean metric:

Other, parabolic, forms of Equation 6.4 can be obtained by selecting one or more (but not all) of

the weights to be zero. Thus, any selection of terms, and hence any selection of kinematic system

parameters, can be included or eliminated, as required. This allows a convenient and potentially

powerful method for the comparison of kinematic system representations. If it is required to

compare systems on the basis of all parameters available, then the complete Euclidean metric can

be used. Also, it has been shown earlier in Chapter 3, Chapter 5, Chapter 6, Chapter 7, Chapter 8,
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and Chapter 9, that the behaviour of subsets of these parameters, or of individual parameters, can

be used to explore certain kinematic system behaviours. Therefore, it can be seen that the ISOs

corresponding to these behaviours can be determined by setting the appropriate weights to zero -

that is to say, by zero-weighting those parameters which are not relevant at that particular time.

This zero-weighting is, effectively, a process of 'projection', or of establishment of a sub-space of

the overall design space, and the way in which this can be applied to advantage is discussed in the

next sub-section.

Thus for any pair of points within the overall design space, or within any of the selected

projections, each term of the expression that is not zero-weighted can be evaluated in turn, and the

corresponding quadratic ISO derived.

The process can be repeated for all members of the test design point set and for the overall design

space and all its projections. An example evaluation of these metrics is given in Chapter 11.

10.4 Parameters for Design Points and Goal Region

In order to apply any metric to the determination of the mutual distances between design points

within the design space, and between design points and a goal region (with corresponding

representative goal point, g) within the same space, it is necessary to establish the parameter set

that is to be used to define that space. For the distances to be meaningful, it is necessary for this

parameter set to be the same for both types of point. Regardless of the ultimate choice of metric

that is applied for distance or for angular measures, the parameter set chosen should represent the

system kinematic behaviours which are of greatest interest.

Chapter 3, Chapter 5, Chapter 6, Chapter 7, Chapter 8, and Chapter 9 developed in some detail a

selection of parameters and associated analytical methods suitable for representing kinematic

systems that can potentially be applied for the purpose of system comparisons. Some of the key

topics discussed in the referenced chapters, and for which analytical treatments either already exist,

or have been established within this thesis, are summarised below:
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Chapter 3: kinematic mobility, characteristic polynomial coefficients, fundamental cut sets and

fundamental cycles, degree sequence, isomorphic and cospectral systems, eigenvalues and

eigenvectors, the Constraints Matrix, C.

Chapter 5: Fault paths, eigenvector rotation and reflection, points defined by sets of eigenvalues.

Chapter 6: Inter-system distance (a selection of four alternative metrics).

Chapter 7: Total, maximum and relative entropy, entropy variation with sequential kinematic fault

development.

Chapter 8: Fault digraphs, fault states, fault classes, symbolic expansion of determinants.

Chapter 9: Discrimination between cospectral systems, cospectral and isomorphic systems.

The kinematic parameters implied by the above are summarised in Table 10.1. Various

independent combinations of these can be used to calculate inter-system distances (lSOs). These

ISOs compare design points with the goal region representative goal point, g, on the basis of the

design points' ability to meet key objectives. This is achieved by evaluating the n-dimensional ISO

between each of the design points and g. Any metric can be used as the basis of this evaluation but

will not necessarily give significant evaluations - Chapter 6 provides a selection of appropriate

metrics, but many others exist. Appropriate metrics are determined partly by experience and partly

by their usefulness.
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Fault Graph Data

Ji Number of edges in the 'fault graph' of design point d, (Chapter 8).

Ni
Number of vertices (ie individual sub-system descriptions) in the 'fault graph' of
design point d, (Chapter 8).

Fi Number of fault classes in the 'fault graph' of design point di (Chapter 8).

A (I ...j), i Eigenvalues of the Adjacency Matrix of the kinematic system fault graph.

Eo ...j),i Eigenvectors of the Adjacency Matrix of the kinematic system fault graph.

Set of F numerical identifiers for the different fault classes of the design point under

f consideration - based on characteristic polynomial terms, evaluated symbolically
from Constraints Matrix, C (Chapter 8). Not subscripted 'i' because the numerical
identifiers are taken from a 'global' set of identifiers used for all systems.

Hi Total entropy of design point d, , as defined in Chapter 7.

Hmax,i Maximum entropy of design point d, , as defined in Chapter 7,

Hrel,i
Relative entropy of design point d, (= Total entropy, H / Maximum entropy, Hmax),
with Hand Hmaxcalculated as defined in Chapter 7.

Nominal State Node data

OSi Degree sequence of kinematic system nominal state interchange graph.

Sum of the number of revolute, prismatic, screw, cylindric, spherical and planar joints

Ji
(= jR + jp + jH + Ic + js + jE ). In the worked examples, only 20 coplanar systems are
considered for the example ISO evaluations, so only the sum of jR and jp is used.
(Chapter 3).

ni Size of the nominal state of design point d, - number of links / vertices(Chapter 3)

Mi
2-0imensional Mobility of design point d, (= 3(n-l) - 2jR - 2jp) (Chapter 3)

(where 3-0imensional Mobility = 6(n-l) - 5jR - 5jp -5jH -4jc -3js -3jE)

~i Number of fundamental cutsets in kinematic system interchange graph

Yi Number of fundamental cycles in kinematic system interchange graph

A(I ...k),i Eigenvalues of the Constraints Matrix of the kinematic system fault graph.

e(l ...k), i Eigenvectors of the Constraints Matrix of the kinematic system fault graph.

Table 10.1: A Selection of Available Fault Graph and Nominal State Parameters

The n-dimensional space within which these evaluations take place is that defined by those

independent parameters selected to represent the key kinematic system characteristics. This

selection is on the basis of the arguments discussed in the following sub-sections.

10.4.1 System Size

The purpose in choosing a particular parameter or parameters is to represent faithfully the

complexity of a kinematic system, including the system root node, all its fault nodes, and the

transitions between them, ie the degree to which there is a reasonably developed fault tree (ie not
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too few branches or nodes). This helps ensure that there is adequate capacity for creating substitute

kinematic systems with new or modified features and for constructing or modifying fault tree

edges. A system that has too few fault nodes (fault states), or too few edges (transitions) between

them, may not have sufficient complexity (ie potential fault states, and / or routes between them) to

allow the creation of substitute operational states, as defined in Section 8.3.2. Conversely, a system

that is too complex may be too unpredictable to provide the basis for a practical design solution.

The extent to which a kinematic system's fault graph meets this objective is represented by the

parameters J (the number of edges in the fault graph) and N (the number of vertices in the fault

graph).

10.4.2 Sufficient Number of Fault Classes

This objective in this instance is to characterise whether a system partitions into a sufficient

number of fault classes. Chapter 8 described how systems degrade under fault conditions and

transform sequentially into one or more 'fault states', each of which will fall into one ofa number

of 'fault classes' (ie fault states that have the same constraints matrix determinant when expanded

symbolically). A system's fault states may therefore be partitioned into several different fault

classes. These fault classes can be considered as indicators of flexibility for redesign, since each

fault class will have its own specific, favourable - or unfavourable - characteristics when

considered from a reconfiguration viewpoint. The reason why this is relevant is because, if a

system partitions into just one or a very small number of fault classes, then it would exhibit limited

potential for reconfiguration, or for fault mitigation strategies. The number of fault classes

exhibited by any system will depend on its nominal state constraints matrix, C, and on the topology

of the system's fault digraph (Section 0). It has also been shown in earlier sections that some of

these fault classes will be dead ends - either true 'absorbing states' in the Markov chain [88] sense,

or fault state configurations with, effectively, useless functionality. Other fault classes can be

shown to exhibit better functionality or greater potential for further evolution into a useable

configuration. Hence a key objective of any evaluation must be to compare systems on this basis.

To establish how many fault classes are present in anyone system's fault tree, first identify the

various fault states, and establish the symbolically expanded determinant of the fault states'
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constraints matrices. Following this, the number of distinct fault classes (fault states with the same

constraints matrix symbolic determinant) can be enumerated. The number of fault classes need not

be the same as the number of fault states, since several states may belong to the same class (see

Section 8.3.2). One specific combination of the different fault classes will exist for each system's

fault graph. This is illustrated using four example systems in Table 10.2, which shows that there is

no direct relationship between the number of fault states in a system, and the number of associated

distinct fault classes.

System No. of Fault No. of Fault No. of Fault Classes in
States Classes Common (with 4 Bar String)

4 Bar Open Chain 12 7 7 (in common with itself)

4 Bar Looped 31 3 I

4 Bar Branched 11 6 3

4 Bar Hybrid 10 4 I

Table 10.2: Fault State and Fault Class Characteristics of Some Typical Systems

The number of fault classes in a kinematic system's fault graph is represented by the parameter F.

Note that this is an integer counting how many fault classes there are in the fault graph, and makes

no judgement on their value in terms of usefulness for system reconfiguration purposes. That

aspect is left to Section 10.4.4 for discussion.

10.4.3 Fault Graph Eigenvalues and Eigenvectors

It was shown in Chapter 5 that the eigenvalues of the adjacency matrix, or the constraints matrix, of

the interchange graph of any given kinematic system can be used to locate that system on a straight

line, or on a plane or hyperplane, according to the dimension (number of vertices) of that system.

This allows the relationships amongst a number of kinematic systems to be visualised

geometrically, and, where a number of such systems are inter-related by a fault path, allows that

fault path to be represented also. This is true, whether one sets out to represent the relationship

using the eigenvalues derived from the fault graph of any given kinematic system, or the

eigenvalues derived from the system's nominal state interchange graph.

It was also shown in Chapter 5 that the eigenvectors of the interchange graph constraints matrix for

the root node of any fault state, lying on the fault path created by the degeneration through faults of

any kinematic system, will show either reflection or rotation relative to the original system. It can
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be seen that this is also the case for the eigenvectors of the fault graph adjacency matrices of each

of the fault states. (The fault graph of any given fault state can be considered to be a sub-graph of

the fault graph of the original, fault-free, kinematic system).

Since both the eigenvalues and eigenvectors of the fault graph have been shown to demonstrate

interesting properties when viewed collectively in the context of a kinematic system's fault graph,

it is considered valuable to include these parameters as members of the set of parameters

established for the purposes of calculating ISDs.

10.4.4 Suitable Nature of Fault Classes

This parameter (which is an ordered numerical sequence) represents whether a system partitions

into suitable fault classes - that is, that the system fault states fall into one or more fault classes that

are identified as desirable, either from experience, or based on the symbolic expansion of

determinants techniques discussed in Chapter 9. This is a different measure from that in Section

10.4.2. That in Section 10.4.2 was concerned with the quantity of fault classes, this one is

concerned with the quality of the fault classes. It is desired that particular fault classes should

embody potential for reconfiguration (for example by means of locking currently operating joints,

or by unlocking latent joints). Some fault classes will be more suitable for this than others.

Two methods are available to establish whether the fault classes of a design point match those

known, or expected, to be beneficial. Firstly, one can characterise all the available fault classes for

any system, and then compare this list with fault state configurations which are known to be

desirable, and which can then be included in the goal. Secondly, one can compare each of a design

point's fault classes in tum with the goal point fault classes. The latter approach is that adopted.

This is illustrated in Table 10.3 for the same four example systems as used in Table 10.2. It will be

noted that the fault classes are referred to using simple, arbitrary, reference numbers. Each

reference number is unique to one particular form of fault state interchange graph expanded

symbolic determinant, based on constraints matrix. Thus, occurrence of the same reference number

in one of the examples quoted in Table 10.3, indicates recurrence of the same form of expanded

symbolic determinant in more than one system. This is discussed in greater detail in Section 11.1.1,

which discusses how fault classes can be compared.
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Identifiers of Identifiers of Goal No. of Fault Classes in
System Fault Classes Region Lower Common with Goal

present Bound Fault Region Lower BoundClasses

4 Bar Open 1,2,2,2,3,4,4,5,

°Chain 5,5,6,7

4 Bar Branched 8,9,9, 10, 10, 10, 8,9,9,10 35,5,5,1,7

4 Bar Hybrid 10,9,9,9,9,11, 211,5,5,5

Table 10.3: Fault Class Comparisons using Fault Class Identifiers

The extent to which a kinematic system's fault graph embodies fault classes which are recognised

as having potential for system reconfiguration is the parameter f. This represents the number of

fault classes in a design point which also occur in the goal region specification, as described above.

10.4.5 Favourable Entropy Characteristics

This objective is to describe whether a system's entropy characteristics are favourable - that is to

say, such as to indicate acceptable probabilities of the transitions between different fault states /

classes. Chapter 7 showed that any fault graph can be characterised by an evolution of entropy as

faults occur within a system. (It is also known, that when a system's fault digraph is analysed as a

Markov chain, it is possible to identify the Transition Matrix of the system [Wilson, 1996 88]. The

transition matrix tabulates the probabilities of a change from one system state to another, and

therefore has a relationship with an entropy-based view of the system).

Entropy provides a means whereby more realistic system fault characteristics can be fed into the

ISD evaluation. Other measures discussed so far do not take account of the different choice (fault)

probabilities - that is, the probabilities of going down anyone particular fault path. Where

reference has been made to probability outside the entropy context, it has been assumed that any

fault condition is equally probable to any other, which is unlikely to be true in practice. Therefore,

by adopting a measure based on entropy, where the entropy values are derived using the

probabilities of the various fault tree branches to represent actual fault probabilities (Section 7.2). it

is possible to more closely represent the actual fault response of systems.
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The parameters chosen to represent this facet of a kinematic system's behaviour are the Total

entropy, H, and the relative entropy Hrel(= Total entropy, H / Maximum entropy, Hmax), with Hand

Hmax calculated as defined in Chapter 7.

10.4.6 Required Nominal State Configuration

The objective in this case is to describe whether a system's nominal state has a suitable kinematic

structure. In order to understand what 'suitable' implies in this context, consider that the previous

objectives have been primarily concerned with the structure and nature of the system's fault tree,

which is of critical importance. However, it is also necessary to ensure that the nominal state of a

system has the desired characteristics - there is no purpose in having a system with superior fault

characteristics if the nominal state is unsatisfactory. This objective therefore takes account of the

number of two-degrees-of-freedom joints, the number of vertices and the mobility of a system's

nominal state. It is necessary to check that the system:

• has a number of nodes that will produce a system of sufficient size to be able to provide

flexibility for the creation of edges - this information can be represented either by the

degree sequence, or by a simple count of the number of vertices - parameters DS and n in

Table 10.1.

• has a degree of mobility indicating that the system is not too constrained, and that there is

opportunity for extra mobilities to be introduced - parameter M in Table 10.1.

• has a number and type of joints that reflect the design requirements built into the goal

region - parameters jR and jp in Table 10.1.

• has a topology that is similar to that of the goal point. In essence, this means that the tree

and loop topologies of the systems need to be represented. This is carried out by using the

parameters ~ and y in Table 10.1, which represent the number of fundamental cutsets and

the number of fundamental cycles respectively.

With regard to system mobility, it should be remembered that the subject of over- and under-

constraint was identified in Chapter 9 as a potential source of error in mobility calculations. This is

because it is possible for interchange graphs to contain over-constrained 'sub-graphs' which can

cause errors in the mobility results for the overall graph. The systems analysed as part of the test
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work discussed here do not have any such constraint issues, but a 'live' system may need to utilize

more sophisticated mobility expressions in order to avoid problems.

10.4.7 Nominal State Eigenvalues and Eigenvectors

Section 10.4.3 pointed out that Chapter 5 showed how the eigenvalues of the adjacency matrix, or

the constraints matrix, of the fault graph or interchange graph of any given kinematic system can be

used to locate that system on a straight line, or on a plane or hyperplane, according to the

dimension (number of vertices) of that system, allowing system inter-relationships to be visualised

geometrically. It also observed that this is true, whether one uses the eigenvalues derived from the

fault graph of any given kinematic system, or the eigenvalues derived from the system's nominal

state graph.

Itwas also pointed out that the set of eigenvectors of both the root node and the fault graph of any

fault state, lying on the fault path created by the degeneration through faults of any kinematic

system, will show either reflection or rotation relative to the original system.

Section 10.4.3 selected the eigenvectors and eigenvalues derived from the adjacency matrix of the

fault graph of the kinematic system as members of the parameter set established for calculating

ISOs. For the same reasons, it is considered appropriate here to include the eigenvectors and

eigenvalues derived from the constraints matrix of the kinematic system's nominal state

interchange graph as members of the ISO parameter set.

10.4.8 The Parameter Set Applied to Design Points and the Goal Region

Based on the foregoing review of parameters and the objectives for which they are chosen,

consideration can now be given to construction of an ISO metric using any or all of the parameter

set discussed.

Considerations to be taken into account in establishing the parameter set include:

• Care should be taken to ensure that any dependencies between the parameters are

minimised or eliminated.

• The parameter set selected should define a space for which projections (sub-spaces) can be

created allowing reference back to the various kinematic system representations developed

in this thesis.
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lO.4.8.1Identification and Elimination of Dependencies

Before a final selection of parameters can be made, it is necessary to ensure, if possible, that there

are no dependencies existing between any parameters. In the event that there are, it is necessary to

select those parameters that provide the best kinematic system representation compliant with the

objectives outlined in the foregoing sub-sections.

The list of parameters is summarised in Table lOA. For full details, refer back to Table 10.1.
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Table 10.4: The Available Fault Graph and Nominal State Parameters Summarised

(Note that in the above table, there are F different fault class labels, where F is the number of fault

classes in the fault graph of the kinematic system under consideration (see Sections 1004.2 and

1004.4, plus Table 10.1).

On reviewing the list of candidate parameters, the following are identified as places where a

potential redundancy or dependence exists:

• Entropy measures

• Nominal State degree sequence, numbers of revolute and prismatic joints, and vertices, 20

Mobility, numbers of fundamental cutsets and fundamental cycles
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In Chapter 7 the basic principles underlying the evolution of entropy within a fault tree were

outlined. In that chapter, three entropy definitions were established, which are precised here:

Total Entropy - derived from all the possible outcomes within a system' fault tree, when actual

probabilities are applied to each of the possible edges within the tree.

Maximum Entropy - derived from all possible outcomes within a system's fault tree when all

probabilities are equal.

Relative Entropy - the ratio between Total Entropy and Maximum Entropy. Relative entropy

provides a comparison, for any fault state under consideration, between the entropy resulting from

the available choices for exit from the state when equal probabilities are applied, and when actual

probabilities are applied. Therefore, this measure in particular, provides a meaningful

representation of the choice probabilities existing at anyone state.

Of these three available entropy definitions, H, Total Entropy, Hmax,Maximum Entropy, and Hrel,

Relative Entropy, one parameter needs to be eliminated, since the three values are related by the

expression H/ Hmax= Hrel.

The arguments are finely balanced - however, Hmaxis chosen for deletion, since, alone, it conveys

less information about the real probabilities of any kinematic system than do Hand Hrel.

In the case of the nominal state degree sequence, numbers of revolute and prismatic joints, and

vertices, 20 Mobility, numbers of fundamental cut sets and fundamental cycles, the corresponding

expressions for these parameters are:

• degree sequence

• Number of revolute joints

• Number of prismatic joints

• Number of vertices

• 20 Mobility

• Number of fundamental cut sets

• Number of fundamental cycles

deg(v) for each v ~ n, where deg(v) ~ m

jR
jp
n

3(n-l) - 2jR - 2jp
n-l

m-n+ 1

(where v is any particular vertex, deg(v) is the number of edges incident on vertex v, m is the·

number of joints (edges), n is the number of vertices, jR is the number of revolute joints, and jp is

the number of prismatic joints).

Kinematic Morphology of Space Systems

Considering these expressions in greater detail, for a 20 system, m =h + jp , and since:
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(Number of fundamental cut sets ) + (Number of fundamental cycles) = m
and:

(Number of fundamental cutsets) + 1 = n

then n and m are implicit in, and related to, the other expressions, and so do not need to be included

explicitly as parameters in the representation. (It should be noted that ignoring the separate values

of jR, and jp is only possible because the analysis being undertaken only requires the total number

of joints. It can be seen that it is not possible to discriminate between revolute and prismatic joints

using any of the other expressions stated here).

Additionally, it can be seen that 2D mobility = 3(number of fundamental cut sets) - 2(number of

edges), and so this, too, is dependent, and can be excluded. An alternative to the exclusion of 20

mobility would be the exclusion of the number of fundamental cutsets, but since the distinction

between tree and looped structures is of interest, cutsets are considered the more useful measure.

10.4.8.2 Selection of Design Space Projections (Sub-Spaces)

The foregoing sections have reviewed a number of ways of representing kinematic systems that

have been discussed in this thesis, and for which parameters are available for use in providing

practical descriptions of the system characteristics. In summary:

• the numbers of fault graph vertices and edges, in combination with the fault class numbers

and types, provide an adequate representation of the topology of the fault graph.

• the entropies of the fault graph provide a means of representing the different probabilities

of kinematic system faults leading to one or another of the available fault paths.

• the eigenvalues of the adjacency matrix of the fault graph of any given kinematic system

can be used to locate the fault graph of that system on a straight line, or on a plane or

hyperplane on which the fault graph adjacency matrices of other kinematic systems may be

positioned such as to represent aspects of their proximity relationships.

• the eigenvectors of the fault graph adjacency matrix for any fault state of a kinematic

system, lying on the fault path created by the degeneration through faults of that kinematic

system, will show either reflection or rotation relative to the eigenvectors of the fault graph

adjacency matrix of the original system.
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• well known measures such as graph degree sequence and the numbers of fundamental

cutsets and fundamental cycles provide a means of representing aspects of the topology of

the nominal state for a number of kinematic systems.

• the eigenvalues of the constraints matrix of the interchange graph of any given kinematic

system can be used to locate the nominal state of that system on a straight line, or on a

plane or hyperplane on which the eigenvalues of the interchange graph constraints matrices

of other kinematic systems may be located such as to represent aspects of their proximity

relationships.

• the eigenvectors of the interchange graph constraints matrix for the root node of any fault

state, lying on the fault path created by the degeneration through faults of any kinematic

system, will show either reflection or rotation relative to the eigenvectors of the

interchange graph constraints matrix of the original system.

Based on this review, four groupings of parameters are proposed which can be used as projections

of the overall design space and for which direct reference back to the representation methods

discussed in previous chapters is possible. Thus, a method of results reduction can be created in

which the sensitivity of any given kinematic system to various influences can be established with

reference to any other chosen kinematic system.

The four parameter groupings - projections of the overall design space+ lead to four sub-spaces of

the overall design space, and so five different (essentially Euclidean) metrics can be developed,

namely, one for the overall design space, and one for each of the four sub-spaces. These are:

• ISO based on the Overall Design Space, defined by the complete, finalised parameter set

• ISO based on the Fault Graph Topology, including its eigenvalues

• ISO based on the Fault Graph Eigenvectors

• ISO based on the Nominal State Topology, including its eigenvalues

• ISO based on the Nominal State Eigenvectors

The finalised parameter set is identified in Table 10.5:
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Symbol Description Projection (Sub-Space)

Fault Graph Data

Ji Number of edges in the 'fault graph' of design point d, (Chapter 8).

Ni
Number of vertices (ie individual sub-system descriptions) in the
'fault graph' of design point d, (Chapter 8).

Fi
Number of fault classes in the 'fault graph' of design point d,
(Chapter 8).

Set of F numerical identifiers for the different fault classes of the
design point under consideration - based on characteristic

f polynomial terms, evaluated symbolically from Constraints Matrix, Fault Graph Topology
C (Chapter 8). Not subscripted 'i' because the numerical identifiers
are taken from a 'global' set of identifiers used for all systems.

Hi Total entropy of design point d, , as defined in Chapter 7.

Hrel•i
Relative entropy of design point d, (= Total entropy, H / Maximum
entropy, Hmax),with Hand Hmaxcalculated as defined in Chapter 7.

~I. ..jl. i
Eigenvalues of the characteristic polynomial derived from the
Adjacency Matrix of the kinematic system fault graph.

E(I...j).i
Eigenvectors of the characteristic polynomial derived from the Fault Graph Eigenvectors
Adjacency Matrix of the kinematic system fault graph.

Nominal State (Root Node) data

DSi
Degree sequence of kinematic system nominal state interchange
graph.

~i
Number of fundamental cutsets in kinematic system interchange
graph

Number of fundamental cycles in kinematic system interchange Nominal State Topology
t. graph

Eigenvalues of the characteristic polynomial derived from the
A(I. ..k), i Constraints Matrix of the kinematic system nominal state

interchange graph.

Eigenvectors of the characteristic polynomial derived from the Nominal State
e(l...k), i Constraints Matrix of the kinematic system nominal state Eigenvectors

interchange graph.

Table 10.5: The Selected Fault Graph and Nominal Stale Parameters. and the Chosen Design

Space Projections

Thus, a design point, d, , is defined as:

where nomenclature is as defined in Table 10.5, terminology used is defined in Figure 10.1, and i

refers to the index for enumerating the Design Points, eg Test Design Points d(, d2, d, or <4 in the

example investigated later. The semi-colon introduced into expressions 10.1, 10.2 and 10.3

indicates that there is a distinction (shown in Table 10.5) between parameters based on the 'Fault

Graph data' and parameters based on the 'Nominal State Node data', as detailed in the table.
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The goal region lower bound is defined. using the same terminology as for the design points, as:

GSmin = {Jgmin• Ngmin• Fgmin• fgmin• Hgmino Hn:lgmin. Agmin,j. Egmin,j; OSgmin. ;gmin. ¥gmin. A,gmin,j. egmin,j},

......... (10.2)

and the goal region upper bound is defined, using the same terminology as:

GSmax = {Jgmax, Ngmax' Fgmax. fgmax• Hgmax. Hn:lgmax, Agmax,(I ...j). Egmax,(I ... j); OSgmax, ;gmax. ¥gmax, A,gmax,

(I ...j), egmax,(I ... j)} ...... (10.3)

10.5 Description of Systems Used in ISD Evaluation

The ISO evaluation example which is carried out in Chapter 11 uses four 'test system design

points' and three 'actual system design points'. (It may. justifiably. be argued that the 'test systems'

as defined in the following sub-section are also 'actual' systems. Here the terminology is used to

distinguish between theoretical kinematic system structures which mayor may not have a practical

application, and kinematic structures which are known to have been applied in actual design study

or live mission situations). These 'design points' are compared with a goal region defined by a

'lower bound' system and an 'upper bound' system. The following sub-sections describe these nine

systems in greater detail.

10.5.1 Test System Design Points

As stated, the test undertaken includes both 'test' and 'actual' systems. It is to be expected that the

'actual' systems will have no a-priori kinematic relationship with one another. but in order to

facilitate checks on the results obtained, it is considered desirable for the 'test' systems to have

some common features. This is to ensure that the proposed method allows a degree of

discrimination between similar systems. Also, the systems need to be simple enough to allow

investigation of result meanings to be carried out without the system complexity being so great that

errors or interesting features are masked by the volume of data generated.

The four test system design points used are chosen both to comply with these objectives, and to

cover different topological types. All are four-bar systems. and have the interchange graph

configurations shown in Figure 10.6. Four bar systems are chosen because they are considered to

provide a reasonable compromise between kinematic systems that are so simple as to yield
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unrepresentative results, and systems that are too complex to lend themselves to ready

manipulation and comparison.

3 2

4

2 3

4

'Four-Bar Open Chain' 'Four-Bar Looped'

2

4 3 34

'Four-Bar Branched' 'Four-Bar Hybrid'

Figure 10.6: Interchange Graphs (or the Four Test Systems

A subjective consideration of the types of system likely to have good robustness to failure would

lead one to the view that systems with loops might be useful because these would give flexibility in

reconfiguration. For example, such systems could lend themselves to the locking / unlocking of

joints, or switching on and off of drives in a way that would provide new ways of configuring

faulty systems, and these are the types of operation explored in Chapter 7. The 'test system design

points' are chosen to allow further investigation of this by choosing a selection of systems with and

without loops, but all of a similar size so that the results for the various systems can be readily

compared.

• Design Point 1: The 'four-bar open chain' is used because it represents one of the

simpler possible four-bar configurations (although not the simplest, which would be a

four bar disconnected graph - ie no edges). This system can reasonably be regarded as a

basic 'building block' for other four-bar configurations because the other three test

systems can be considered to be derived from it:

o the four bar loop may be derived by adding a fourth joint between vertices (links) 4

and I
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o the four bar branched system is derived by moving one vertex and its associated

edge from the end of the chain, and attaching it to the (now) central vertex of the

chain

o the hybrid looped system is derived as for the four bar branched chain, but with the

addition of a closing edge (joint) between two of the leaf vertices (links).

These relationships should allow this system to be used as a basis for comparison with design

points 2, 3 and 4.

• Design Point 2: It has already been commented that kinematic systems with loops might

subjectively be expected to exhibit useful flexibility in reconfiguration. The 'four-bar

looped' system is very similar to design point 1, but with the addition of an extra edge to

form a loop. Consequently, results from these two systems should provide an initial

insight into whether loop flexibility in reconfiguration. is likely to be identifiable or not.

• Design Point 3: The 'four-bar branched' system is included because, as mentioned

above, it might be expected to provide a measure of flexibility in reconfiguration. It is

also a common structure for many planetary exploration systems, where trees naturally

arise from the types of symmetries caused by multiple wheels, legs etc.

• Design Point 4: The 'four-bar hybrid' system is chosen as the fourth test system because

it incorporates a single loop yet is different topologically from the previous three systems.

It is regarded as a 'hybrid' system, since it is not a simple loop involving all four vertices,

but rather a hybrid branched and looped system. It is chosen because it should provide

insight into whether such a change to a hybrid topology produces an identifiable result in

the test, different from that of the 'simple' four bar loop. It is debatable whether the

triangular loop of this system would offer any of the reconfiguration flexibility expected

to be shown by other looped systems, so this system is included to provide evidence one

way or the other.

10.5.2 'Actual' System Design Points

In addition to demonstrating the method using comparatively simple test systems, it is also

appropriate to investigate its application to 'actual' systems - that is to say, system kinematic
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topologies that have either been studied for, or actually employed in, the locomotion subsystems of

planetary exploration vehicles. In choosing these, a large element of pragmatism is adopted, since

only a limited set of such systems has been analysed. It is however, worth noting some typical

criteria to be considered, even bearing in mind that such a pragmatic approach has been adopted for

the sake of the demonstration of principle in hand here. Such criteria may require:

• the inclusion of at least one system kinematically similar to the 'test' systems so that any

relationships between results can be identified and utilised.

• the presence of at least one system complex enough to expose shortcomings in the method

when applied to more representative system sizes.

• a selection of systems that span the range of complexity of the locomotion subsystems

currently being considered by planetary exploration mission planners.

Given the wide choice of 'actual' planetary locomotion systems available, the selection is certain to

be somewhat subjective. One of the points of interest is whether, when comparing tree-based

systems and looped systems, there is any distinguishable generic difference in the ISO between a

looped and a tree configuration, and the ISO between two looped configurations. Most planetary

exploration system locomotion sub-systems are tree-based, but consideration of available

reconfiguration strategies would lead one to suspect that looped systems could have innate

advantages. Can any clues be identified to support this supposition?

The systems chosen for this investigation are as listed, with additional data provided in Appendix

H.

Design Point 5: Nanokhod is a European Space Agency-sponsored concept for a simple instrument

deployment device proposed in the late 1990s for placing small scientific packages a limited

distance (a few metres) from a lander to allow scientific measurements to be taken, free of any

contamination from the lander and I or landing event. Originally designed to operate with the

sponsons and body acting in concert to create a 'flip-flop' motion, the concept was reconfigured to

use tracks, and it is this later concept which is examined here.

Design Point 6: Waroma is a simple 'flipper' device with rigid body. This is another European

Space Agency-sponsored concept from the late 1990s. This is chosen because, although as a
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concept it was short-lived (being abandoned after about two years' development), it has a structure

that is a natural progression from the four bar systems included, and represents one of the more

basic methods of locomotion available.

Design Point 7: Lunakhod was a highly successful Russian lunar exploration vehicle which had an

eight-wheeled chassis with rigid body, and wheel pairs mounted on a simple suspension system.

The design allowed for either wheel of a wheel-pair to be explosively decoupled from its drive

motor in the event of failure, allowing the drive of the second wheel of the pair to continue

operation alone. (Two examples were landed on the Moon in 1970 and 1973. The system was not,

in fact, autonomous, but operated by a five-man crew on Earth, working 'hands-on' whilst allowing

for the transmission time delays).4X5
1

3A2
11

3 2 10 9 8 7 6 5 4 3

'Nanokhod' 'Waroma , 'Lunakhod'

Figure 10. 7:Interchange Graphs for the three 'Actual' Systems Selected

10.5.3 Goal Region Upper and Lower Bound Systems and Associated Issues

10.5.3.1 Selection of Goal Region Upper and Lower Bound Systems

Section 10.1 described the method adopted for the definition of a goal region using a set of 'upper'

and 'lower' bounds. In order to be able to carry out the intended test, it is necessary to select upper

and lower bound goal systems with which to implement the method described in Section 10.1. The

upper and lower bounds are specified by selection of two specific systems and their associated fault

graphs - one, the 'lower bound' system, GSmi'Hproviding the parameter values defining one

'corner' of the n-dimensional goal region, and the other, the 'upper bound' system, GSmax,

providing the parameter values defining the diagonally opposite 'corner' of the n-dimensional goal

region.

In a real application, the target requirements - characteristics / functionality etc. - for these

boundary systems will be known. It is also likely that in real situations, these requirements will be
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derived from the features of previous design solutions. This is the underlying assumption for the

test situation described here, which is only a simplified demonstration of principle.

The 'lower bound' specification presents few problems, and is chosen to be a simple 4-bar system

with three 1 dof joints, and a minimum of three fault nodes - see Figure 10.8. It will be noted that

the interchange graph of the nominal state of this kinematic system is the same as that of 'design

point 2', described earlier in this section. However, the difference between these two systems lies

in the way in which the configuration of their fault graphs is specified. The fault graph of 'design

point 2' is fully defined, since this is a system which, by virtue of its selection, has known

properties. In contrast, the fault graph of the lower bound is defined only to the point of stating that

it has a minimum of three fault nodes. This is because the purpose of the upper and lower bounds is

not necessarily to fully specify the nature of the solution, but only to specify the minimum content

required of the solution.

The 'upper bound' specification is taken to be that of the five-bar system based on the Attila leg

system described in Section 8.3.1.7. This is used because:

• it is a looped system - as discussed for design points 2 and 4, above, and a point of interest

is whether the introduction of kinematic systems with a different, looped, interchange

graph topology introduces any discernable difference in the results.

• it represents a real situation where a 'new' solution is being searched for to substitute for

an existing sub-system of a planetary exploration system

• it provides a further opportunity to include a kinematic system representative of real

hardware in the method. It is important not to allow the demonstration of principle being

developed here to become too artificial. The inclusion of real systems introduces a degree

of realism into the exercise.

• its characteristics have been established previously (Section 8.3.1.7), and for pragmatic

reasons, this makes it possible to maximize the benefit from previous work

The fault classes for the 'lower bound' goal system are taken to be the same as the root node and

the three first level fault nodes 'with loss of edge' of the 'four-bar branched' system. The fault
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classes for the 'upper bound' goal system are as derived for the kinematic system based on the

Attila leg mechanism (Section 8.3.1.7), and are presented in Figure 10.14.

2 3

1

4 3
5 4

'Lower Bound' 'Upper Bound'

Figure 10.8: Interchange Graphs for the Two Systems used to define the Goal Region

10.5.3.2 Issues Arising/rom the Upper and Lower Bound Concept

A difficulty that arises with the use of two systems to define the 'upper bound' and 'lower bound'

can be illustrated by considering some representative data for the 'upper bound' and 'lower bound'

systems selected. The values corresponding to these two systems for some of the parameters from

the available representative parameter set (Section lOA), are presented in Table lOA.

Symbol Parameter Name 'Lower Bound' 'Upper Bound'
Parameter Value Parameter Value

J Number of edges in fault graph 3 26

N Number of vertices in fault graph 4 23

F Number of fault classes in fault graph 3 6

J Number of revolute & prismatic joints. 3 5

n Nominal system - number of vertices. 4 5

M 2-Dimensional Mobility. 3 2

Hrel Relative entropy. 0.8962 0.6984

Table 10.4: Comparison o{Some Parameter Values {or the Selected Goal Region 'Upper Bound'

and 'Lower Bound' Systems

The fault graph of the 'upper bound' system is larger than that of the 'lower bound' system. This

can be seen by comparing the values of the J (number of fault graph edges) and N (number of fault

graph vertices) parameters. However, as an example, it can be seen that the 'upper bound' system

has a lower mobility than the 'lower bound' system. This reversal of 'upper' and 'lower' applies

also in the case of relative entropy, and, in other systems, could equally well occur in several other

parameters - thus the 'upper' and 'lower' bound systems may more usefully be referred to as
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'extremal bounds'. However, it is considered helpful to be able to distinguish between the two

parameter sets, and so the nomenclature is retained, whilst recognizing its limitations.

Considered as a real life problem, juxtaposition of which of the 'upper' and 'lower' bound

parameter values is a maximum, and which is a minimum, need not be an issue. Identification of

two systems where one system has every parameter greater than the other system will always be

difficult, maybe impossible. Furthermore, there is no need for this to be the case. The goal region

definition (Section 10.1) is predicated on the idea that the goal is defined using two systems whose

parameter sets in combination defme a goal region which represents an approximation to the design

requirement. There is nothing in the method that demands that the value of each parameter of one

system is greater than the value of the same parameter in the other system - it is the range of

parameter values that is important. The goal region concept (Section 10.1) is such that the

derivation of the representative goal point, g, can be achieved satisfactorily, regardless of which

system provides which of the parameter values. It can be argued that the issue arises from the

definition of the two systems as 'upper bound' and 'lower bound' as much as anything, however

this terminology is retained since it conveys the purpose of having two systems. It will be seen in

Chapter 11, that evaluation can proceed quite satisfactorily, and that the associated arithmetic will

produce a valid result for the position of the representative goal point, g, regardless of which

'extremal' system the parameter values come from.

10.5.4 Presentation of System Data

For illustration purposes, the following figures present the data generated for Design Points 1,2,3,

and 4, discussed previously. The results are correlated and presented in the style of Figure 10.1 to

produce the Fault Graphs shown in Figures 10.10 to 10.13. A key to the data presented in these

sheets, and the colour coding used is given in Figure 10.9.

Using these Fault Graphs, the respective fault classes are determined using methods outlined in

Section 8.3.2 and an overall fault class classification table created in Microsoft Excel. The entire

table is not reproduced here since it is 735 rows deep and 157 columns wide, and cannot be readily

included. However, an extract of the data, and a summary map of the entire spreadsheet is provided

as Figure 10.14. The reason for this very large spreadsheet is that its size is driven to a large extent
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by the number of Lunakhod fault states (77 fault states falling into 14 fault classes) and the number

of symbolically expanded determinant terms (609) in the constraints matrix necessary to represent

these.

The results of the Mathcad and Excel operations carried out to evaluate the quadratic metrics

described earlier, are presented in Chapter 11.

Header Nomenclature
J Number of edges in the overall Design Point 'graph of graphs'
N Number of vertices (ie individual sub-system descriptions) in the overall Design Point 'fault graph'
F Number of Fault Classes

Fault Graph Characteristic Polynomial eigenvalues, based on Adjacency Matrix1\0,1\1,1\2 .... An

Other Nodes

110,111,112 .... lin
Htot, Hmax, Hrel

Number of degrees of freedom
Number of revolute, prismatic, and screw joints (only 20 systems considered)
Dimension of system - number of links / vertices
20 Mobility
For Header Data: Number of Fault Classes exhibited by the various nodes in the Fault Graph
For Root Node Data: List of Fault Graph Fault Class numerical labels
For other nodes: eigenvalues
Characteristic Polynomial eigenvalues. based on Constraints Matrix
Total Entropy, Maximum Entropy, Relative Entropy

dof
j
n
M
cO, c1 .... cn

L... ...IIRoot Node

'-- --'IHeader

'-- --'Vertex identification without loss of edge

Figure 10.9: Key to Fault Graph Data and Colour Coding
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Chapter 11
Evaluation of Inter-System Distances (ISDs)

Chapter 10 discussed the definition of the design space goal region and representative goal point, to

be used in any Inter-System Distance (ISO) evaluation. This described the concepts of goal region

'lower bound' and 'upper bound', and also reviewed the definitions applied to the fault graph, fault

states and fault classes. A method for applying the metric principles discussed in Chapter 6 was

developed, and it was shown how, by zero-weighting certain terms in the chosen metric for the

overall design space, distance measures could be derived for several projections, or sub-spaces, of

the overall design space. These can be related to the various methods of representing kinematic

system behaviours developed throughout the body of the thesis. The available kinematic system

parameter set was reviewed, and a reduced set of parameters was established that could be used to

evaluate the proximity of systems within both the overall design space, and the chosen projections.

This chapter now proceeds to demonstrate how these principles are applied in practice, starting by

reviewing some of the more complex evaluation issues which arise, and identifying methods for

overcoming these. Example ISO evaluations are carried out for the overall design space, and for the

four projections (sub-spaces) which have been chosen. Following this, the ISD tables of values

obtained are presented. The results are discussed in detail in Chapter 12.

11.1 Data Used in Sample Evaluations

As specified in Chapter 10, the goal region representative point, g, is the centroid of the

hypercuboid defined by the 'extremal' parameter set values. These values are fixed for the

evaluations undertaken, and are shown in Table 11.1. The design point chosen for illustrating the

examples in this chapter is taken to be 'design point 3', d3 - the four-bar branched system, as
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described in the previous chapter. The ISO between d3 and g is calculated using the quadratic

metric expressions derived in Chapter 10.

'Lower 'Upper Design

Symbol Parameter Name Bound' Bound' Point (d)
Parameter Parameter Parameter

Value Value Value

J Number of edges in fault graph 3 26 18

N Number of vertices in fault graph 4 23 12

F Number of fault classes in fault graph 3 6 6

Classes IS,
IS, IS, IS,
IS, IS, IS,

Numerical identifiers (labels) of different Classes 8, 9, 15, 15, 15, Classes 1, 5,
f 15, 15, 15, 5,5,7,8,9,fault classes. 9,10 16,17,17, 9, 10, 10, 10

17,17,17,
17,18,19,

20

H Total entropy 0.5396 0.9996 0.9159

Hrel Relative entropy. 0.8962 0.6984 0.6823

-3.289,
3.368,0.608,
1.258-0.945,
1.618,-

0,0,1,1,1.618,0.618,
-1,

-0.618,- -1,0.721,
~l...j)

Eigenvalues of the Adjacency Matrix of 0, 1.732,0, 1.618, 1.618, -0.721,the kinematic system fault graph. -1.732 0.618, - 2.218, -
0.618,- 2.218,3.25,
1.618,0.618, -3.25
1.618, -
0.618, -
1.618,0.618,
I, -1, 1,-1

E(l ...j)
Eigenvectors of the Adjacency Matrix of Refer to Refer to Refer to
the kinematic system fault graph. Appendix G Appendix G Appendix G

DS
Degree sequence of kinematic system

3, I, I, 1 2,2,2,2,2 3, 1, 1, 1nominal state interchange graph.

~
Number of fundamental cutsets in

3 4 3kinematic system interchange graph

y
Number of fundamental cycles in

0 1 0kinematic system interchange graph

Eigenvalues of the Constraints Matrix of -0.236,

'-<l.ook) the kinematic system nominal state 3,3,6.464, -0.236, 3,3,6.464,
-0.464 4.236, 4.236, -0.464interchange graph.

7

Eigenvectors of the Constraints Matrix of
Refer to Refer to Refer toe(loo.k) the kinematic system nominal state

AppendixG Appendix G AppendixGinterchange graph.

Table 11.1: Table of Parameter Values used in Example Metric Evaluations
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. Firstly, it is necessary to deal with some practical issues that arise when undertaking the evaluation.

The table contains a mixture of integer variables, real variables, and numeric labels, and it is

important to be clear on how these are to be handled in order to establish a self-consistent method

of evaluation which is also consistent with the metric definitions so far established. In several

instances, the comparison between parameter values is not a simple case of comparing one value

with another, but requires a method to be defined in order to process arrays of values, and to arrive

at a meaningful numerical result for incorporation into the overall metric evaluation. This is

particularly the case when considering 'extremal' bound values, fault class identifiers, degree

sequences, eigenvalues and eigenvectors. The following subsections deal with these issues as

follows:

• The logic applied with regard to situations where the upper bound values are lower than the

lower bound values was discussed in detail in Section 10.5.3.2.

• The method to be adopted when comparing fault classes will be discussed in Section

11.1.1.

• The method to be adopted when comparing degree sequences will be discussed in Section

11.1.2.

• The method to be adopted when comparing eigenvalues will be discussed in Section

11.1.3.

• The method to be adopted when comparing eigenvectors will be discussed in Section

11.1.4.

11.1.1 Comparison of Fault Classes

In Table 11.1, the 'Numerical identifiers of different fault classes' parameter values require further

explanation. It was explained in Section 10.3 that system fault states fall into one or more fault

classes, and that of these fault classes, some will be identified as more desirable than others

because of their potential for facilitating system reconfiguration. Section 10.5.4 and Figure 10.14

described in general the way in which these fault classes are represented by the symbolically

expanded determinants of the fault state interchange graph constraints matrices. As a 'shorthand'
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way of processing this information, each specific variant of the symbolic determinant is given an

arbitrary numerical label so that the relevant data sets can be processed more simply.

Arguments can be made for employing a more sophisticated method for identifying these fault

classes. Consider a typical term from a symbolically expanded determinant of a fault state

interchange graph constraints matrix:

This could be represented as 'aahl ' meaning two 'self-loops' (that is 'a') plus a 'two-loop' (that is

'b') in combination #1. A combination number would be necessary to distinguish from, for

example:

which has the same structure, but could be identified as 'aab2'. It can be seen that several

variations on this scheme are possible.

A further, more complex option is to employ a system based on IUPAC (International Union of

Pure and Applied Chemistry) or similar methods, since there are parallels between the description

of the (joint) structure of kinematic systems, and the description of (in particular) the (bond)

structure of organic chemical compounds.

However, although such methods undoubtedly could be of value in more complex analyses of fault

classes, in this case, for simplicity the numerical identifier is retained, with a simple prefix of the

word 'Class' to indicate that the parameter is a label rather than an integer.

Using the data from Table 11.1, the method for comparing fault classes can now be shown in

greater detail.

The set of numerical fault class labels created by the combination of the fault class labels belonging

to both of the 'extremal bound' systems defines the goal region and hence the goal point for this

parameter, and is the set of desirable fault classes with which the fault classes of design point d) (4-

Bar branched) need to be compared. This comparison process is represented in Table 11.2, which

shows how the design point numerical fault class labels are compared with those corresponding to

the 'extremal bounds' of the goal region.
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For this parameter, a perfect match between the design point and the goal point is defined as when

the design point exhibits 100% of the fault classes exhibited by the 'extremal bounds', including
,

multiples of fault classes. That is to say, that a 100% match requires the same numbers of all the

fault classes to be present.

Thus, when there is a match between one of the fault classes for the design point and one of the

fault classes in either of the 'extremal bounds', this has the effect of reducing the ISD between the

systems. The reason for this is that the desirable fault graph structure that the comparison process is

trying to achieve relies not only on the presence of the desirable fault classes, but also on the

number of times they occur. Consequently, it is necessary to take into account the number of times

that anyone fault class occurs.

Fault Classes Present

Fault Design

Class Terms of Fault Class
Lower Upper Point dJ Difference (Difference )1Symbolic Determinant (4-BarNo. Bound Bound Branched

Chain)
(dll)(d22)(d33)(dw)
(d12d21)(d34~3)

1 (dll)(d22)(d34 ~3) ..J 1 1
(d11)(dw)(d23 d32)
(d33)(~)(dI2 d'l)

5 ..J
5 (dll)(d22)(dI2 d21) ..J 3 9
5 ..J
7 id11) ..J I 1

(dll)( dzz)(d33)(dw)

8 (d33)(dw)(dI2 d21)
..J ..J 0 0(d22)(~)(dI3 d31)

(d22)(d33)(dI4~I)
9

(d11)(d22)(d33) (d33)(d12
..J ..J

9 ..J ..J 1 1
9

d21) (d22)(dI3 d31)
..J

(dll)(d22)(d33)(dw) (d12
d2d(d34 ~3)
(dll)( d22)(d34~3)

10 (d33)(~)(dI2 d21) ..J ..J 0 0
(d22)(dw)(d13 d31) (d22
(d14 ~3 d31) (d22)(~1 d13
d34) (d'2)(d33)(dI4 ~I)

15 (dll)(dd(d33)(~)(dss) ..j -13
15 (dll)(d22)(d33)(~S dS4) ..J

169
15 (dll)(d22)(dss)(d34 ~3) ..J
15 (dll)(~)(dss)(d23 dn) ..j
15 (dll)(d23 d32)(~5 dS4) ..j
15 (d33)(~)(dss)(dI2 d21) ..j(d33)(dI2 d21)(~S dS4)15 (dss)(d12 d21)(d34~3) ..j
15 (dIs dS4 ~3 d32d21) ..j
15 (dsl dl2 d23d34~s) ..j
15 (d22)(d33)(dw)(dls dsl) ..J
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15 (d22)(dls dSI)(d34~3) ..j
15 (~)(dls dSI)(dz3d3Z) ..j
15 ..j

(dll)( dzz)(d33)( ~)( dss) ,
(dll)(dzz)(d33)(~S d54)
(dll)(dzz)(dss)(d34 ~3)

16
(d33)(~)(dss)(dlz dzl) ..j -1 1
(d33)(d12dZI)(~s dS4)
(dss)(dlz dZI)(d34~3)
(d22)(d33)(~)(dls dsl)
(d22)(dls dSI)(d34 ~3)

17 (dl.)( dzz)( d33)(~)( dss) ..j
17 (dll)(dz2)(d33)(~S dS4) ..j
17 (dll)(~)(dss)(dz3 d32) ..j
17 (dll)(d23 d32)(~S d54) ..j

(d33)(~)(dss)(dl2 d21) ..j -6 3617 (d33)(d12dZI)(~s dS4)
(dsl dl2 d23d34~s) ..j17 (d22)(d33)(~)(dls dsl)
(~)(dls dSI)(d23d32)
(dll)( dZ2)(d33)(~)( dss)
(dll)(dz2)(dss)(d34 ~3)
(dll)(~)(dss)(dz3 d32)

18 (d33)(~)(dss)(dl2 d21) ..j -1 1
(dss)(dI2 d21)(d34~3)
(d2Z)(d33)(~)(dls dsl)
(dZ2)(dlSdSI)(d34~3)
(~)(dI5 dSI)(d'3 d32)
(dl.)( dZ2)(d33)( ~)( dss)
(dll)( d22)(d33)(~s d54)
(dll)( d22)(dss)( d34~3)

19 (dll)(~)(d55)(d23 d32) ..j -1 1
(dll)(d23 d32)(~S dS4)
(d33)(~)(dss)(dI2 d21)
(d33)(dI2 d21)(~S dS4)
(dss)(dI2 d'I)(d34 ~3)
(d 11)(d22)(d33)(~)( dss)
(dll)(d22)(d33)(~S d54)
(dll)(d22)(dss)(d34 ~3)

20
(dll)(~)(dss)(d23 d32) ..j -1 1
(dll)(d23 d32)(~S dS4)
(d22)(d33)(~)(dls dsl)
(d22)(dls dSI)(d34~3)
(~)(dls dSI)(d23 dd
(dll)( d22)(d33)(~)
(dl3.d31)(d24'~2)
(dll)(d33)(d24 ~2)

36 (d33)(~)(dlz dzl) ..j 1 1
(d33)(dI4'~2.d21)
(d22)(~)(dl3 d31)
(d33)(~1.dI2.d24)
(d22)(d33)(dI4~I)
(dll)(dd(d33)(~)
(dI4'~I)( d23.d32)
(dll)(~)(d23 d32)

37 (d33)(~)(dI2 d21) ..j 1 1
(~)(d21.dl3.dd
(~)(dI2.d23.d31)
(d22)(~)(dl3 d31)
(d22)(d33)(dI4~I)

I(Difference )2 223
Table 11.2: Method of Assessing Matches between Fault Classes in Di{{erent Svstems
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The table lists, in column l, the numeric labels of the fault classes that are present in either of the

extremal bounds, or in design point d3. Where there is more than one occurrence of anyone fault

class, multiple rows are entered to show this. Column 2 shows the terms of the expanded symbolic

determinant of the adjacency matrix of the fault graph fault state that defines that particular fault

class. The third and fourth columns identify which of the fault classes are present in which of the

two extremal bounds - it is the combination of these two with which the list of d, fault classes

(column 5) has to be compared. Column 6 identifies the difference between the numbers of anyone

fault class present in the extremal bounds and the design point. Column 7 calculates the squares of

these differences, and at the foot of this column, the sum of the squares of the differences is

calculated. It is this last value which is equivalent to, and which has to be substituted for, the

corresponding (d3a-ga) 2 terms in the appropriate evaluation metrics (Section 11.2).

11.1.2 Comparison of Degree Sequence

The degree sequence of a graph was defined in Section 3.2.6 as a sequential list of the degrees (ie

number of connections) of the vertices of the interchange graph of a kinematic system, and in

Chapter 10 this parameter was chosen as providing one useful way of describing aspects of a

system's kinematic structure.

Using the example below, it can be seen that the difference between the degree sequences of the

interchange graphs of two kinematic systems could provide an insight into the similarity or

otherwise of their structures. Consider the simple example of comparing design point 6 (Waroma)

and design point 3, the four-bar branched:

Design Point 6 (Waroma) Design Point 3 (four-bar branched)

4

3 2

'Conventional' order of enumeration

Degree Sequence = 1, 1, 1, 1,4 Degree Sequence = 1, 1, 1, 3

Sum of the Squares of the Differences = (1-1)2 + (1_1)2+ (1-1)2 + (1-3)2 + (4-0f = 20

'Reversed' order of enumeration
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Degree Sequence = 4, 1, 1, 1, 1 I Degree Sequence = 3, 1, 1, 1

Sum of the Squares of the Differences = (4_3)2 + (1_1)2 + (1_1)2 + (1_1)2+ (1_0)2 = 2

Table 11.3: Alternative Comparison Methods for Degree Sequence

It is important to note that, although, conventionally, degree sequence is enumerated from the

vertex with the lowest degree to the vertex with the highest degree, the decision was made to

reverse the conventional order of enumeration, since this appears to give a better representation of

the topological difference between the two structures.

The method appears to have potential, and in order to provide further insight, a number of

additional examples are analysed in Table 11.4:

4-Bar Loop 3-Bar Loop

2 3 1\
4 3I 1

Degree Sequence = 2, 2, 2, 2 Degree Sequence = 2, 2, 2

Sum of the Squares of the Differences = (2_2)2 + (2_2)2+ (2_2)2 + (2_0)2 = 4

4-Bar Chain 3-Bar Loop

2 3 1\4_
4 3I 1 -

Degree Sequence = 2, 2, 1, I Degree Sequence = 2, 2, 2

Sum of the Squares of the Differences = (2_2)2 + (2_2)2+ (1_2)2 + (1-0)2 = 2

4-Bar Chain 4-Bar Loop

2 3 2 3

I 4 4 4I

Degree Sequence = 2, 2, 1, 1 Degree Sequence = 2, 2, 2, 2

Sum of the Squares of the Differences = (2_2)2+ (2_2)2 + (1_2)2 + (1_2)2 = 2
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4-Bar Branched 4-Bar H brid

2

2 2

3

3

The results determined in Table 11.4 can be checked to see whether they comply with a simple test

34 3

Degree Sequence = 3, 1, 1, 1 Degree Sequence = 3, 2, 2, 1

Sum of the Squares of the Differences = (3_3)2 + (l_2)2 + (1_2)2 + (l-1)2 = 2

4-Bar Branched Lunakhod

2

34 9 8 7 6 5 410
Degree Sequence = 3, 1, 1, 1 Degree Sequence = 4,3,3,3,3, 1, 1, 1, 1, 1, 1, 1, 1

Sum of the Squares of the Differences = (3_4)2 + (l-3)2 + (1-3f + (l-3)2 + (0_3)2 + (0_1)2 +
(O-lf + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 = 30

4-Bar H brid Lunakhod

2

3 9 8 7 6 5 410
Degree Sequence = 3, 2, 2, 1 Degree Sequence = 4,3,3,3,3, 1, 1, 1, 1, 1, 1, 1, 1

Sum of the Squares of the Differences = (3_4)2 + (2_3)2 + (2_3)2 + (l-3)2 + (0-3)2 + (0-1)2 +
(0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 + (0_1)2 = 24

Table 11.4: Further Examples of Difference Between Degree Sequences

for a valid distance measure, such as the triangular inequality, as shown in Figure 11.1.
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4-BarLoop 4-Bar

3-Bar 10 1 4-Bar 1 1.-1_4_-B_ar____,10 1 Lunakhod

Figure J J. J: Comparison of Distances Between Kinematic Systems Based On Degree Sequence

It can be seen that the results derived do not comply with triangular inequality, and so it has to be

accepted that this method of determining distance between kinematic systems using degree

sequence is not valid. Moreover, even if this test were verified there is still the odd result that the

Lunakhod and 4-bar branched systems are further from each other (using this measure) than are the

Lunakhod and 4-bar-hybrid systems despite the fact that the former are both tree structures whereas

the hybrid system has a loop. For these reasons, this type of 'distance measure' based on degree

sequence has to be deleted from the metric relationships.

11.1.3 Comparison of Eigenvalues

In Chapter 5, it was shown how the eigenvalues of the characteristic polynomial derived from the

interchange graph of a kinematic system's adjacency (or, alternatively, constraints) matrix provide

a useful means of visualising the system as a point located within an eigenvalue space. A distance

measure based on a comparison of two sets of such eigenvalues, therefore, should provide a useful

descriptor of how near or far apart two systems are.

Consider two, three-bar, kinematic systems represented in 3D eigenvalue space by two points

defined by the eigenvalues (A.I, A.2, A.3) aand (f..ll, f..l2. f..l3) of their respective characteristic

polynomials as derived from the interchange graphs of their adjacency (or, alternatively,

constraints) matrices.
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Eigenvalue 3

,f ,,'
,I ,
, I ,
, I,
, I,__________________ ~ __ _L __ ,

I ,
I ,

: "I,'---------------------~

Eigenvalue 2

Eigenvalue 1

Figure 11.2: Kinematic System Representative Design Points in a 3-Dimensional Eigenvalue Space

The distance, d, between the two points defined by the eigenvalues is determined using the

Euclidean metric:

d = {(AI - J.lli + (A2 -J.l2) 2+ (A3 - J.l3)2} 1/2 •••••••••••••••••••••••• (11.1)

This expression can be evaluated directly within the spreadsheet based on the system parameters

database.

11.1.4 Accommodating Differences in Eigenvalue and Eigenvector Order

In situations such as those that arise where automated routines, typically those embedded within

spreadsheets or other computer tools, are being used to calculate (in this case) a measure of the

difference between sets of numbers, great care has to be exercised to ensure that valid results are

returned. A key area where errors can arise is where the input data does not conform in format to

that assumed by the routine. In particular, this applies where for example two sets of eigenvalues or

eigenvectors being considered are not of the same cardinality. The only realistic way of avoiding

this issue is to 'force' the cardinalities of the eigenvalue or eigenvector sets to be the same by

'padding' the smaller set of eigenvalues or eigenvectors with zeros so that it artificially acquires the

same cardinality as the larger one. A very simple example of this situation is illustrated in Figure

11.3 for two sets of eigenvalues, one for a one-bar system, and one for a two-bar system.
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Eigenvalue 2

System 2 0"1, A2)

o
Eigenvalue 1

System 1 (111) 0)
(zero padded)

Figure 11.3: Zero Padding Applied Where Kinematic Systems ofDi{ferent Cardinality are to be
Compared

The question that immediately arises is whether the position where these zeros are inserted is of

significance to the results.

Consider the sets of eigenvectors for design point l, which is a four-bar open chain (System 4.l.2

in Appendix E), and for an open three-bar chain (system 3.1.2 in Appendix D). In Table 11.5, the

right hand eigenvectors are 'zero-padded' to match the cardinality of the left-hand eigenvectors.

Additionally, the right hand eigenvectors have the padding inserted in differing positions

(identified as 'System 3.l.2a' to 'System 3.l.2g'). The values highlighted in the table are the

squares of the differences of the eigenvector columns, followed at the right by the sum of the

squares of the differences, and at the extreme right-hand end of each line, by the resulting ISD.
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2.76 1.68 1.25 1.00 6.68 2.584662

System 4.1.2 (open 4 bar chain) System 3.1.2d (open 3 bar chain) ISO
0.602 0.372 0.602 -0.372 0.5 0 0.7:07 0.5
0.372 0.602 -0.372 0.602 0.707 0 0 -0.707
-0.372 0.602 -0.372 -0.602 0.5 0 -0.707 0.5
-0.602 0.372 0.602 0.372 0 0 0 0

1.25 1.00 I" 0.62 3.83 6.70 2.587988

System 4.1.2 (open 4 bar chain) System 3.1.2e (open 3 bar chain) ISO
0.602 0.372 0.602 -0.372 0.5 0.707 0 0.5
0.372 0.602 -0.372 0.602 0.707 0 0 -0.707
-0.372 0.602 -0.372 -0.602 0.5 -0.707 0 0.5
-0.602 0.372 0.602 0.372 0 0 0 0

1.25 2;33., b 1.00 3.83 .:' 8.40 2.8983

System 4.1.2 (open 4 bar chain) System 3.1.2f (open 3 bar chain) ISO
0.602 0.372 0.602 -0.372 0 0 0 0
0.372 0.602 -0.372 0.602 0.5 0 0.707 0.5
-0.372 0.602 -0.372 -0.602 0.707 0 0 -0.707
-0.602 0.372 0.602 0.372 0.5 0 -0.707 0.5

2.76 1.00' 1"3.38 0.18 17.31 2.704388

System 4.1.2 (open 4 bar chain) System 3.1.29 open 3 bar chain) ISO
0.602 0.372 0.602 -0.372 0 0 0 0
0.372 0.602 -0.372 0.602 0.5 0.707 0 0.5
-0.372 0.602 -0.372 -0.602 0.707 0 0 -0.707
-0.602 0.372 0.602 0.372 0.5 -0.707 0 0.5

2.76 1.68 1.00 0.18, 5.61 2.36881

Table 11.5: Importance ofthe Location of Blank Padding Zeros when Dealing with Sets of

Eigenvectors of Unequal Cardinalitv

Since changing the order in which the coordinates of a point are specified has the effect of defining

an entirely new point, so then, the result obtained by re-ordering eigenvectors is only to be

expected. For the example chosen, the ISD obtained is different according to the position chosen

for the zero-padding, and so it can be seen that the results are not independent of the positioning

chosen, and that whatever convention is adopted for insertion of padding zeros, it is important that

it be maintained consistently throughout the work.

Although only one example is illustrated, clearly this situation applies throughout the systems

within the example database. (Note that the discussion above pre-empts certain decisions on the

method of comparing eigenvectors which is to be adopted. This is discussed in the next section).

Based on the result presented, it is decided to adopt what would seem to be the most logical

convention, which is to add zero-padding columns at the right-hand side of the existing columns of
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matrix, when it is necessary to achieve consistent eigenvector cardinality.

the eigenvector matrix, and to add zero-padding rows below the existing rows of the eigenvector

11.1.5 Method for Comparison of Eigenvectors

Since a standard method exists, based on the Euclidean metric, for the calculation of the distance

between two points defined by two vectors (Figure 11.4), it is considered reasonable to adopt this

approach without further investigation:

y

'I " x
,I "
" l/I I,__________________ ~ __ _L __ ,

I ,
I ,

l/1/---------------------~
z

Figure 11.4: Eigenvectors in a Three-Dimensional Eigenvector Space

Standard vector algebra defines the (Euclidean) length of the difference vector, (El - FI), to be

and this is also the distance between the points for which El and FI are position vectors.

11.2 Example Metric Evaluations

It is now possible to proceed with the example evaluations of the ISDs using the overall design

space and the four design space projections (sub-spaces) derived in Chapter 10. The expressions to

be evaluated were identified in that chapter, and are based on the general form of the quadratic

metric given by expression 6.4:

+1

...... + 0 (W2-Wli (6.4)
-I
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where (XI, YI, ..... WI) and (X2. Y2, ....... W2) are the coordinates of the design point under

consideration, and of the goal point, g, respectively, in n-dimensional space.

The form that this distance metric takes is determined by the particular moduli signs (weightings)

selected. As discussed in Chapter 6, and stated in Equation 6.5, the form obtained by selecting all

moduli to be +ve is the Euclidean metric:

8 = {(X2 - Xli + (Y2 - YI)2} +(W2 - WI)2} 112 (6.5)

This can be rewritten for the ISO between any design point d, and the goal point, gas:

where dix represents the X coordinate of the ith. design point, and gx is the x coordinate of the

representative goal point, g.

11.2.1 Overall Design Space Metric

The metric specified by expression 11.3 is that applied for evaluation of ISO for the overall design

space, since it takes into account all parameters in the space. Expression 10.1 defined a design

point in terms of the complete, selected, parameter set as:

Hence, stating each parameter explicitly, removing degree sequence as required by Section 11.1.2,

and assuming an example evaluation of the ISO between design point 3 and the goal point, g,

expression 11.3 becomes:

o = {(d3x-gxi+ (d3y-gy)2+ (d3z-gz)2 + (d3a-8a) 2 + (d3p-gp) 2 + (d3q-gq) 2 + (d3r-gr) 2+ (d3s-gs) 2+ (d3t-

gt)2 + (d3u-gu)2 + (d3v-gv)2 + (d3w-gw)2}112

.................... (11.4)

where the subscript axis identifiers are allocated as follows: x is the number of edges in the d, fault

graph, y is the number of vertices in the d, fault graph, z is the number of fault classes in the d3 fault

graph, a represents the set of numerical identifiers of the different fault classes present in the d,

fault graph, p is the total entropy of the d, fault graph, q is the relative entropy of the d, fault graph,

r represents the set of eigenvalues of the adjacency matrix of the d, fault graph, s represents the set

of eigenvectors of the adjacency matrix of the d, fault graph, t represents the number of
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fundamental cutsets of the d, nominal state, u represents the number of fundamental cycles of the

d, nominal state, v represents the set of eigenvalues of the constraints matrix of the d, nominal state

interchange graph, and w represents the set of eigenvectors of the constraints matrix of the d,

nominal state interchange graph.

The expression can now be evaluated for the parameter values shown in Table 11.1, utilising the

techniques described in 11.1.1 to 11.1.5, as follows:

o = [{«26+3)/2)-18}2 + {«23+4)/2)-12}2 + {«6+3)/2)-6}2 + (223)(see 11.1.1) +

{«0.5396+O.9996)/2)-0.9159}2 + {«0.8962+0.6984)/2)-0.6823}2 + {«-3.289+0)/2)-0}2 +

{«3.368+1.732)/2)-0}2 + {«0.608+0)/2)-1}2 + {«1.258-1.732)/2)-1}2 + {«-0.945+0)/2)+1}2 +

{«1.618+O)/2)+1}2 + {«-1.618+0)/2)-0.721}2 + {«0.618+O)/2)+O.721}2 + {«-0.618+0)/2)-2.218}2

+ {«-1.618+0)/2)+2.218}2 + {«1.618+0)/2)-3.25}2 + {«0.618+0)/2)+3.25}2 + {«-O.618+0)/2)-0}2

+ {«-1.618+0)/2)+0}2 + {«0.618+0)/2)-0}2 + {«1.618+0)/2)-0}2 + {«-0.618+0)/2)-0}2 + {«-

1.618+0)/2)-0}2 + {«O.618+O)/2)-0}2 + {«1+0)/2)-0}2 + {«-1+0)/2)-0}2 + {«1+0)/2)-0}2 + {«-

1+0)/2)-0}2 + {I.54 + 1.00 +1.26 + 1.64 + 1.37 + 1.27 + 1.30 + 1.33 + 1.51 + 1.11 + 1.25 + 1.61

+ 0.25 + 0.25 + 0.25 + 0.25 + 0.25 + 0.26 + 0.25 + 0.25 + 0.25 + 0.25 + 0.25} + {«3+4)/2)-3}2

+ {«0+1)/2)-0}2 + {«3-0.236)/2)-3}2 + {«3-0.236)/2)-3}2 + {«6.464+4.236)/2)-6.464}2 + {«-
0.464+4.236)/2)-0.464}2 + {«0+7)/2)-0}2 + {0.72 + 0.30 + 0.61 + 0.82 + 0.25}]112

Therefore

0= (12.25 + 2.25 + 2.25 + 223 + 0.0214 + 0.0132 + 0.223 + 53.74 + 18.94 + 0.25 + 0.25 + 24.25

+ 2.7) Yo

and so finally

0= 18.44

(Note: the values in italics are extracted from the spreadsheet calculations, which are carried out in

accordance with the eigenvector and degree sequence methodologies described in Sections 11.1.5

and 11.1.2)
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11.2.2 Sub-Space Projections

Applying the definition of specific projections or sub-spaces of the overall design space by the

process of zero-weighting specific parameters, as described in 10.4.8, the following expressions

can be derived for the specific projections adopted:

11.2.2.1 Fault Graph Topology Projection (including eigenvalues)

() = {(d3x-g,i + (d3y-gy)2 + (d3z-gz)2 + (d3a-&)2 + (d3p-gp)2 + (d3Q-Sq)2 + (d3r-gr) 2} 112 ... (11.5)

Repeating the overall design space calculation, and zero weighting the necessary terms to match

expression (11.5), it can be shown that:

() = [{«26+3)/2)-18}2 + {«23+4)/2)-12}2 + {«6+3)/2)-6}2 + (223)(see 11.1.1) +

{«0.5396+0.9996)/2)-0.9159}2 + {«O.8962+O.6984)/2)-O.6823}2 + {«-3.289+0)/2)-0}2 +

{«3.368+1.732)/2)-0}2 + {«O.608+0)/2)-1}2 + {«1.258-1.732)/2)-1}2 + {«-0.945+0)/2)+1}2 +

{«1.618+0)/2)+1}2 + {«-1.618+0)/2)-0.721}2 + {«0.618+O)/2)+O.721}2 + {«-0.618+0)/2)-2.218}2

+ {«-1.618+O)/2)+2.218}2 + {«1.618+0)/2)-3.25}2 + {«0.618+0)/2)+3.25}2 + {«-0.618+0)/2)-0}2

+ {«-1.618+0)/2)+0}2 + {«0.618+0)/2)-0}2 + {«1.618+0)/2)-0}2 + {«-0.618+0)/2)-0}2 + {(-

1.618+0)/2)-0}2 + {«0.618+0)/2)-0}2 + {«1+0)/2)-0}2 + {«-1+0)/2)-0}2 + {«1+0)/2)-0}2 + {«-
1+0)/2)-0} 2] 112

Therefore

()= (12.25 + 2.25 + 2.25 + 223 + 0.0214 + 0.0132 + 0.223 + 53.74) Yo

and so finally

3 = 17.13

11.2.2.2 Fault Graph Eigenvector Projection

() = {(d3s-Ss) 2} 112 (11.6)

Repeating the overall design space calculation, and zero weighting the necessary terms, it can be

shown that:
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8 = [{1.54 + 1.00 +1.26 + 1.64 + 1.31 + 1.21 + 1.30 + 1.33 + 1.51 + 1.11 + 1.25 + 1.61 + 0.25 +

0.25 + 0.25 + 0.25 + 0.25 + 0.26 + 0.25 + 0.25 + 0.25 + 0.25 + 0.25}]"2

Therefore

0= (18.94)112

and so finally

6 = 4.35

11.2.2.3 Nominal State Topology Projection (including eigenvalues)

0= {(d3t-gt) 2 + (d3u-gu) 2 + (d3v-gv) 2} 112 (11.7)

Repeating the earlier calculation, and zero weighting the necessary terms, it can be shown that:

0= [«3+4)/2)-3}2 + {«0+1)/2)-0}2 + {«3-0.236)/2)-3}2 + {«3-0.236)/2)-3}2 + {«6.464+4.236)/2)-

6.464}2 + {«-0.464+4.236)/2)-0.464}2 + {«0+7)/2)-0}2 + {0.12 + 0.30 + 0.61 + 0.82 + 0.25}f12

Therefore

o = (0.25 + 0.25 + 24.25) 112

and so finally

6 = 4.97

11.2.2.4 Nominal State Eigenvector Projection

0= {(d3w-gw)2}1/2 (11.8)

Repeating the earlier calculation, and zero weighting the necessary terms, it can be shown that:

0= {0.12 + 0.30 + 0.61 + 0.82 + 0.25}112

Therefore

0= (2.7) 112

and so finally
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0= 1.64

The evaluations presented in the previous section demonstrate that it is possible to apply the

methods described to achieve an ISD evaluation using the chosen metrics. The following section

now proceeds to evaluate ISDs for all pairings of kinematic systems within the test database, and to

consider what inferences can be drawn from them.

(The results of the foregoing evaluations can be identified in the top row, seventh column from the

left in Tables 11.6 to 11.10).

11.3 Presentation of Results Obtained from Evaluation Spreadsheet

It is now possible to present in detail the results of the Mathcad and Excel operations carried out to

evaluate the metrics previously defined. The results are presented in the form of five 'distance

charts', corresponding to the Overall Design Space, plus the four Design Space projections. These

charts show the ISDs between any pair of design points (kinematic systems) within the test

database, including the ISDs between each design point and the goal point, g.

(Note: evaluation of the data was carried out using Mathsoft Mathcad Professional 2001 where

necessary for the determination of the various kinematic system parameters, and Microsoft Excel

2000 for the correlation of the data into the Design Space and Design Space projections).

Inter-System Distances - Overall Design Space

c
'C 'iij

'C 'C Cl)- 'C 'C 'i: Cl) s: ~c 0 CIS 0 .c Cl. (,,) U
'0 ~ E ~ >- 0 e C
D. ~ 0 ~ I 0 CIS Cl)

CIS "- 0 ....I "- Cl.iij C CIS C "- "- CO 0CIS0 :::l 3: CIS co CIS
e ....I Z . co

~ I~

0.00
anokhod

Hybrid
Looped
Branched
Open Chain

Table 11.6: Inter-System Distance for Kinematic Systems within the Overall Design Space
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Inter-System Distances - Fault Graph Eigenvalue Projection

I:
'C C'O'C 'C GI- 'C 'C ..:: GI .I: .I:

I: 0 C'O 0 .Q C. CJ U·0 .I: E .I: >- 0 I: I:
D.. ~ 0 ~ J: 0 ~ GI

C'O ... 0 ..J C.iii ... mI: C'O I: C'O ... 00 :;:, ~ C'O m C'O
C) ..J Z I m

'lOt I

'lOt

127.31 18.33 18.38
0.00 122.56 134.26

0.00 16.20
0.00

-Bar Hybrid
Looped
Branched
Open Chain

Table 11.7: Inter-System Distance for Kinematic Systems within the Fault Graph Eigenvalues

Projection

Inter-System Distances - Fault Graph Eigenvector Projection

-I:·0
D..

C'Oo
C)

'Co
.I:~o
I:
C'O
Z

'C
GI
C.oo
..J...
C'Om
I

'lOt

I:
C'O
.I:
U
I:
GI
C.o

6.66 4.89
6.17 4.25
6.39 4.88 r Hybrid
0.00 6.57 r Looped

0.00 Branched

Table 11.8: Inter-System Distance for Kinematic Systems within the Fault Graph Eigenvectors

Projection
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Inter-System Distances - Nominal State Eigenvalue Projection

c:
'C 'jij

'C 'C Q)- 'C 'C ''::: Q) s: .r:.
c: 0 cu 0 .0 Co U U
'0 .r:. E s: >- 0 c: c:
D.. ~ 0 ~ :I: 0 cu Q)

cu ... 0 ...J ... Cojij c cu c: ... ... cc 00 :::l ~ cu cu cu ...
C) ...J Z cc cc cu• cc~ .~ •~

14.65
21.42
11.79 ma
16.94 anokhod

0.00 10.26 Hybrid
0.00 Looped

4-Bar Branched
4-Bar Open Chain

Table 11.9: Inter-System Distance (or Kinematic Systems within the Nominal State Eigenvalue

Projection

Inter-System Distances - Nominal State Eigenvector Projection

c:
'C 'jij

'C 'C Q)- 'C 'C ''::: Q) .r:. .r:.
e 0 cu 0 .0 Co U U
'0 .r:. E s: >- 0 c: c:
D.. ~ 0 ~ :I: 0 cu Q)

cu ... 0 ...J ... Cojij e cu c: ... ... cc 00 :::l ~ cu cu cu ...
C) ...J Z cc cc cu ...• cc cu~ .~ . cc~ .

0.00 roma
Nanokhod

I~~~I
Hybrid
Looped
Branched
Open Chain

Table 11.10: Inter-Svstem Distance (OrKinematic Systems within the Nominal State Eigenvector

Projection

As a visual aid, the results in the tables presented above are colour coded. Yellow is used to

identify the minimum ISD on any line in the space / projection concerned, and green is used to

identify the lowest ISD in that space / projection.
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11.4 Detailed Review of Results based on System Proximities

As a means of presenting the results given in Tables 11.6 to 11.10 in a more easily assimilated

form, Table 11.11 provides a summary overview of what the stated results show in terms of system

proximities for the overall design space, and for each of the design space projections.

When reviewing the results within the different spaces, it is useful to remember the relationships

between these spaces and the comments made throughout this thesis:

• The overall design space provides a 'comprehensive' metric including all those parameters

selected to represent some significant aspects of kinematic system behaviours

• The fault graph 'eigenvalue' space includes, as well as the eigenvalues, the relationships

between the fault classes, and so is of relevance to the robustness to faults of a kinematic

system.

• The fault graph eigenvector space, since it is derived from the adjacency matrix of the fault

graph, is a representation of the complexity of the fault graph, and so is also relevant to

kinematic system robustness to faults, but based on different parameters to those from the

'eigenvalue' space.

• The nominal state 'eigenvalue' space provides a visualisation of the spatial inter-

relationships of the representations of individual kinematic systems, or fault paths

comprising several such systems (Section 5.4).

• The nominal state eigenvector space provides a visualisation of the transformations such as

rotation or reflection of nominal state or fault state eigenvectors occurring along fault paths

(Section 5.2).

(For reference purposes, where the systems have reference numbers allocated from within the

dataset comprising the systems analysed in Appendix C, Appendix 0 or Appendix E, these are

quoted in the table, although this only applies to four systems which come from Appendix E. Each

of these four systems will lie on the same hyperplane, as described in Section 5.4, and of these four,

systems 4.2.2 and 4.1.2 may be considered to lie on the same fault path, since one can be derived

from the other, and this also applies to systems 4.1.4 and 4.1.3, as described in Section 5.2).
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A simple count shows eight instances across the five spaces I sub-spaces within the table of

systems being closest to the goal point, and a further nine instances where the nearest system is one

containing a loop. It is also very apparent that, in the Fault Graph Eigenvector Projection, most

systems in the dataset are closest to the goal point, although the goal point itself is consistently

nearest to Nanokhod in all but one projection.

In several instances within the text, reference has been made to the fact that loops might be

considered to offer improved potential for robustness within kinematic systems, and so it is of

interest to establish whether it is possible to discern the effect of loops within the results. Although

looped systems are well represented in Table 11.11, it is not easy to discern any particular pattern

in the outcome. However, there is a proximity between the four-bar looped system and the goal

point and four-bar hybrid systems in the fault graph eigenvector, nominal state 'eigenvalue' and

nominal state eigenvector projections. This relationship is also partially reciprocated by the four-

bar hybrid proximities to the goal point and four-bar looped systems in the fault graph eigenvector,

and nominal state eigenvector projections.

Space I Projection (Sub-Space)

Overall Fault Graph Fault Graph Nominal Nominal
Nearest to State StateDesign Space Eigenvalue Eigenvector Eigenvalue Eigenvector

4-Bar Open Chain 4-Bar 4-Bar Goal Point 4-Bar 4-Bar
(4.1.2) Branched Branched Branched Looped

4-Bar Branched 4-BarOpen 4-BarOpen Nanokhod Nanokhod Goal Point(4.1.3) Chain Chain

4-Bar Looped Waroma Waroma Goal Point 4-Bar Hybrid 4-Bar Hybrid(4.2.2)

4-Bar Hybrid Nanokhod Nanokhod Goal Point Waroma 4-Bar
(4.1.4) Looped

Nanokhod 4-Bar Hybrid 4-Bar Hybrid Goal Point 4-Bar WaromaBranched

Waroma 4-Bar 4-Bar Nanokhod 4-Bar Hybrid NanokhodBranched Branched

Lunakhod 4-Bar Looped 4-Bar Looped Goal Point Goal Point Goal Point

4-Bar 4-Bar
4-BarGoal Point Branched & 4- Nanokhod NanokhodBranched Bar Hybrid Branched

Table J 1.J J: Kinematic System Proximities as Determined from Inter-System Distance
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For the reason that relationships between looped systems are not strongly apparent, an experimental

modification is made to the evaluation source dataset by suppressing the goal region lower bound,

which is a tree, and using only the goal region upper bound, which is a loop - in other words,

setting the representative goal point, g, to be identical to the upper bound, and establishing a goal

point that is only a loop, and which has no tree influences.

The revised results summary table resulting from this modification is shown as Table 11.12.

Space I Projection (Sub-Space)

Overall Fault Graph Fault Graph Nominal Nominal
Nearest to State State

Design Space Eigenvalue Eigenvector Eigenvalue Eigenvector

4-Bar Open Chain 4-Bar 4-Bar Nanokhod
4-Bar 4-Bar

(4.1.2) Branched Branched Branched Looped

4-Bar Branched 4-BarOpen 4-BarOpen Nanokhod Nanokhod 4-Bar Hybrid
(4.1.3) Chain Chain

4-Bar Looped Goal Point Goal Point Nanokhod 4-Bar Hybrid 4-Bar Hybrid
(4.2.2)

4-Bar Hybrid Nanokhod Nanokhod Nanokhod Waroma
4-Bar

(4.1.4) Looped

Nanokhod 4-Bar Hybrid 4-Bar Hybrid Waroma
4-Bar Waroma

Branched

Waroma
4-Bar 4-Bar Nanokhod 4-Bar Hybrid Nanokhod

Branched Branched

Lunakhod 4-Bar Looped 4-Bar Looped Nanokhod Waroma Nanokhod

Goal Point Waroma
4-Bar Nanokhod 4-Bar Hybrid 4-BarOpen

Branched Chain

Table 11.12: Kinematic System Proximities as Determined from Inter-System Distance with Goal

Point Changed to Upper Bound

Interestingly enough, this experimental manipulation of the data does not result in any marked

'improvement' of the results, although, in/our of thefive spaces / sub-spaces, the nearest match 10

the 4-Bar looped system now becomes another system containing a loop. The matching exhibited

by the 4-Bar Hybrid system is worse, and that for the goal point, changed, but no better. Based on

this experiment, therefore, it is not possible to say that there is evidence that selection of particular

kinematic system types can be achieved by adjustment of the goal point.

At this stage, it is important to remember that the evaluations carried out so far have used

parameter values as they 'naturally' occur. As an example, entropy values will always be less than
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one, whereas the number of unmatched fault classes may be considerably higher than this. There is

no reason to suppose that the values that 'naturally' arise for the chosen parameters will be in
,

proportion to one another - some key parameters may be insufficiently influential in their

unfactored form. It is to be expected that some form of weighting system for the parameters may

need to be developed - up to this point, the only weightings that have been applied to the terms

within the metric expressions have been zero or one, in order to arrive at the required projections.

Thus, it can be argued that the key to the successful future development of this technique may lie in

the development of a suitable set of weightings for the parameters, and that such weightings may

well be different for each of the different projections.

As a further experiment, the modified dataset used to generate Table 11.12 is further modified by

weighting the parameter value related to fundamental cycles by 100.

Space / Projection (Sub-Space)

Overall Fault Graph Fault Graph Nominal Nominal
Nearest to State StateDesign Space Eigenvalue Eigenvector Eigenvalue Eigenvector

4-Bar Open Chain 4-Bar 4-Bar
Nanokhod 4-Bar 4-Bar

(4.1.2) Branched Branched Branched Looped

4-Bar Branched 4-BarOpen 4-BarOpen Nanokhod Nanokhod 4-Bar Hybrid(4.1.3) Chain Chain

4-Bar Looped Goal Point Goal Point Nanokhod 4-Bar Hybrid 4-Bar Hybrid(4.2.2)

4-Bar Hybrid
Nanokhod Nanokhod Nanokhod Goal Point 4-Bar

(4.1.4) Looped

Nanokhod
4-Bar

4-Bar Hybrid Waroma 4-Bar
WaromaBranched Branched

Waroma 4-Bar 4-Bar
Nanokhod

4-BarOpen
NanokhodBranched Branched Chain

Lunakhod 4-Bar Looped 4-Bar Looped Nanokhod Waroma Nanokhod

Goal Point Waroma 4-Bar
Nanokhod 4-Bar Hybrid 4-BarOpen

Branched Chain

Table 11.13: Kinematic System Proximities as Determined from Inter-System Distance with Goal

Point Changed to Upper Bound and Weighted Fundamental Cycles Parameter

Numerically, it can be shown that alteration of the weighting modifies the ISD values quite

noticeably (see later), although the result as it affects the summary table is very limited - see Table

11.13. In the table it will be seen that the four-bar looped proximities are unchanged - this can be
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viewed as good, since the relationship in Table 11.12 was comparatively good. Also, the

relationships for the four-bar hybrid are slightly improved, although those for the goal point are

unaltered. For the reasons discussed above, it can be seen that the effect on the relative positioning

of the different kinematic systems by altering weighting is slight, and cannot be regarded as at all

indicative of any major advantages likely to accrue from this technique albeit only based on one

simple test. Considering that the effect of changing a weighting is only to 'stretch' the relevant

parameter axis, it can be understood that any effect on positioning is likely to be minor, and the

results obtained from a limited investigation bear this out.

11.5 Detailed Review of Results based on ISD Numerical Values

The previous section showed that, whilst some indications of trends may be obtained from a review

of the various system proximities, a more useful indication of relationships is more likely to be

obtained by considering the numerical values of the ISOs obtained. The following sub-sections

present a series of five sets of figures, corresponding to the overall design space and the four

projections (sub-spaces) selected, analysed as 'radar plots'. The figures are presented in turn,

together with an overview of trends.

11.5.1 Review of Overall Design Space Results

Reference to Figure 11.5 shows that, in the overall design space, several of the charts are

dominated by the large ISO between the Lunakhod kinematic system and several other systems. In

the overall design space, it is to be expected that the ISOs between the more complex systems and

others in the database will have the largest numerical values.

A point of note is that it is evident that both the Lunakhod and the four-bar looped system form a

much more symmetrical plot - the Lunakhod because it is a long way from most of the other

systems, and the four-bar looped system because similarly it lies at almost equal distances from all

other systems.
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Overall Design Space - ISDs Relative to Goal Point

Overall Design Space - ISDs Relative to Waroma

Overall Design Space - ISDs Relative to 4-Bar Hybrid

Overall Design Space - ISDs Relative to 4-Bar Branched

Overall Design Space - ISDs Relative to Lunakhod

Overall Design Space - ISDs Relative to Nanokhod

Overall Design Space - ISDs Relative to 4-Bar Looped

Goal Point

Overall Design Space - ISDs Relative to 4-Bar Open Chain

Figure 11.5: Inter System Distances (or a Selection o[Kinematic Svstems within the Overall
Design Space

The results for this space show that, whilst it may be desirable to include as wide a range of

kinematic systems as possible when selecting against any particular set of requirements, there is

also a strong argument for carrying out a preliminary selection of more likely candidates in order

to analyse the results in greater detail without distortion being introduced by systems that have very

large ISDs between themselves and the goal point.

11.5.2 Review of Fault Graph Eigenvalue Projection Results

The plots obtained for the Fault Graph 'Eigenvalue' projection, as shown in Figure 11.6, follow

much the same trend as those for the overall design space.
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L__ L

Figure 11.6: Inter System Distances for a Selection o(Kinematic Systems within the Fault Graph
'Eigenvalue' Projection

Fault Graph Eigenvalue Projection - ISOs Relative to Goal
Point

Fault Graph Eigenvalue Projection - ISOs Relative to Waroma

Fault Graph Eigenvalue Projection - ISOs Relative to 4-Bar
Hybrid

Goal POint

4_Ba,opeOCha~oakhod

4-Bar Brandied Waroma

4-Bar looped an~hod

Fault Graph Eigenvalue Projection - ISOs Relative to 4-Bar
Branched

4-Bar Looped Waroma

Faut Graph Eigenvalue Projection - ISOs Relative to
Lunakhod

Goal Point

Fault Graph Eigenvalue Projection - ISOs Relative to
Nanokhod

Fault Graph Eigenvalue Projection - ISOs Relative to 4-Bar
Looped

Goat Point

II
I

! I

I

Fault Graph Eigenvalue Projection - ISOs Relative to 4-Bar
Open Chain

4-Bar Looped Waroma

In this projection, the symmetry of the ISDs for the Lunakhod and four-bar looped systems is less

marked than previously. This is to be expected since the sets of eigenvalues for these two systems

contain many more terms than those for other systems in the database.

11.5.3 Review of Fault Graph Eigenvector Projection Results

The results for the fault graph eigenvector projection are presented in Figure 11.7. Here again, there

is a strong bias to the results caused by the Lunakhod values. However, it is quite noticeable that

this is much less marked in this projection.
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Fault Graph Eigenvector Projection - ISOs Relative to Goal
Point

Fault Graph Eigenvector Projection - ISOs Relative to
Waroma

4-Bar Open

Fault Graph Eigenvector Projection - ISOs Relative to 4-Bar
Hybrid

Goal Pomt

-- --------

Fault Graph Eigenvector Projection - ISOs Relative to 4-Bar
Branched

Goal POint

Fault Graph Eigenvector Projection - ISOs Relative to
Lunakhod

Fault Graph Eigenvector Projection - ISOs Relative to
Nanokhod

Fault Graph Eigenvector Projection - ISOs Relative to 4-Bar
Looped

Goal Pomt

Fault Graph Eigenvector Projection - ISOs Relative to 4-Bar
Open Chain

4-Bar looped

Figure 11.7: Inter System Distances [or a Selection o(Kinematic Systems within the Fault Graph
Eigenvector Projection

The reason for the ambiguities in the previous section's discussion on proximities is especially

apparent when considering, for example, the plot for the four-bar looped system. Considering the

ISDs between systems and the four-bar looped plot, it is apparent that several systems have very

similar ISD values, indicating that there is not a great deal to differentiate between these kinematic

systems on the basis of the parameter set chosen. In situations where this is the case, tabulations

such as those in Tables 11.11, 11.12, and 1l.13 may not give such a satisfactory representation of

the results as in the 'radar plots', Figures 11.5, 1l.6 and 1l.7 (and Figures 11.8 and 1l.9,

following). This shows that it is not sufficient to consider this situation on the basis of which
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system has a minimum ISO relative to another alone, but rather the situation must be judged taking

the complete set ofISOs into account, and not simply separate pairs of values.

11.5.4 Review of Nominal State 'Eigenvalue Projection' Results

Since this Nominal State 'Eigenvalue projection' also contains the number of fundamental cutsets

parameter, it is to be expected that this projection should show the strongest affinities between pairs

of kinematic systems containing loops - the four-bar looped, the four-bar hybrid and the goal point.

--------
Nominal State Eigenvalue Projection - ISOs Relative to Goal

Point I I Nominal State Eigenvalue Projection - ISOs Relative to
Lunakhod

Goal Point

i I

Nominal State Eigenvalue Projection - ISOs Relative to
Waroma

Nominal State Eigenvalue Projection - ISOs Relative to
Nanokhod

I
L_

Goal Point

o4-BarOpenCha unakhodo

4-Bar Branched Nanokhod

4-Bar L pe Ba Hybrid I I
I

! l
Nominal State Eigenvalue Projection - ISOs Relative to 4-Bar

Hybrid
Nominal State Eigenvalue Projection - ISDs Relative to 4-Bar

Looped

Goal Point

I I
I

Nominal State Eigenvalue Projection - ISOs Relative to 4-Bar
Branched

Nominal State Eigenvalue Projection - ISDs Relative to 4-Bar
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Figure 11.8: Inter Svstem Distances for a Selection o[Kinematic Systems within the Nominal State
'Eigenvalue' Projection

Examination of the plots in Figure 1l.8 shows that, in several instances, there are marked

proximities, and even in those situations where the ISO is not a minimum, the looped systems are,
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nonetheless, close. The main exception to this is the ISD between the goal point and the four-bar

looped system (refer to the plot at the top left of the figure), where it can be seen that other systems

are much closer. This is attributed to the goal point being a merging of two extremal systems, one

of which is a tree, and the other a loop. (Note that, although the previous section investigated the

effect of manipulating the extremal bounds to eliminate the effect of the tree bound, this set of

results being examined here is based on the original extremal bounds definition).

11.5.5 Review of Nominal State Eigenvector Projection Results

The results for the Nominal State Eigenvector projection are shown in Figure 11.9.
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Figure 11.9: Inter System Distances (or a Selection of Kinematic Systems within the Nominal State
Eigenvector Projection
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These results are, to an extent, similar to those for the Fault Graph Eigenvector projection, and

show much less marked differences between the systems than in some other projections.

One interesting point is the clear indication shown in the plots 'Relative to 4-Bar Hybrid' and

'Relative to 4-Bar Looped' of a bias of these two systems towards one another - that is to say, low

ISDs between these pairs. It was discussed earlier in Section 10.5.1 whether the method would

allow similarities to be demonstrated between systems with similar topologies. The presence of this

bias is evidence that such relationships may be discernible.

11.5.6 Effect of Changing Extremal Bounds to a Single, Looped, System Only

In Section 11.4, the effect of modifying the extremal bounds defining the goal point away from

two, fairly disparate, kinematic systems to a single, looped kinematic system was discussed. On the

basis employed in the referenced section, is was unclear whether there was any marked effect

resulting from this. The effects of this change can now be examined on the basis it makes to the

disposition of ISDs around the radar plots _ Table 11.6 is repeated from Section 11.4 for ease of

reference, and Table 11.14 shows the same relationships when the extremal bounds are modified to

a single looped system. The values of interest are enclosed by a red rectangle.

Inter-System Distances - Overall Design Space
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Table 11.6: Reference: Inter-System Distance (or Kinematic Systems within the Overall Design

Space when the Extremal Bound Kinematic System Topologies are a Tree and a Loop
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Table 11.14: Inter-Svstem Distance for Kinematic Systems within the Overall Design Space when

the Extremal Bound is a Single Looped System

The relevant radar plots are presented as Figures 11.10 and 11.11. From these figures it can be seen

that the effect of the modification of the goal point is as expected - that the ISDs between the goal

point and kinematic systems with tree structures increase, and that between the goal point and the

4-Bar looped system decreases - not marked effects, but significant, nonetheless. It will be seen

that the 4-Bar hybrid is included in those that move outwards, indicating that it acts more as a tree

structure than as a looped structure - this is as one would expect, since the loop is triangulated and

has zero mobility.

Overall Design Space - ISDs
Relative to Goal Point

Overall Design Space - ISDs
Relative to 'Loop Only'Goal Point

4-Bar Branched

Lunakhod

Nanokhod 4-Bar Branched Nanokhod

4-Bar

Figure 11.9: Radar Plots for Inter System Distances for a Selection o[Kinematic Systems within
the Overall Design Space, Before and After Modification ofthe Goal Point

Kinematic Morphology of Space Systems 280



This investigation can now be repeated for the Nominal State 'Eigenvalue Projection'. If the results

behave as expected, then the trend identified above should be repeated. Table 11.9 (unmodified

goal point) is repeated below for reference, followed by the equivalent table with a loop-only goal

point (Table 11.15).

Inter-System Distances - Nominal State Eigenvalue Projection
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Table 11.9: Reference: Inter-System Distance for Kinematic Systems within the Nominal State

Eigenvalue Projection
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Table 11.15: Inter-System Distance for Kinematic Systems within the Nominal State 'Eigenvalue

Projection' when the Extremal Bound is a Single Looped System
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Nominal State Eigenvalue Projection - ISOs
Relative to Goal Point

Overall Design Space - ISDs
Relative to Loop Only Goal Point

4-Bar Branched

Lunakhod

Nanokhod 4-Bar Branched Nanokhod

4-Bar 4-Bar

Figure 11.10: Radar Plots {or Inter System Distances {or a Selection o[Kinematic Systems within
the Nominal State 'Eigenvalue Projection', Be{ore and After Modification ofthe Goal Point

In this example, it can be seen that the ISD values have the same behaviour as exhibited in the

Overall Design Space. The radar plot is of a noticeably different shape, and inspection of Tables

11.9 and 11.15 shows that this is due to the ISDs between the goal point and tree based systems

increasing, and the ISD between the goal point and the 4-Bar Looped system decreasing (slightly).

Kinematic Morphology of Space Systems 282



Kinematic Morphology of Space Systems

PART IV

CONCLUSION

283



Chapter 12
Discussion

Chapter 10 and Chapter 11 described the way in which metrics based on the methods of

representing kinematic systems that were discussed earlier in the thesis could be applied to derive

Inter-System Distances (ISDs). Also described was the choice of systems used for the

demonstration of ISD evaluation, and the selection from the available kinematic system parameters

of those used to comprise the overall design space. A set of projections (sub-spaces) of the overall

design space was defined, and the method of evaluating these demonstrated through various

examples. Chapter 11 concluded by presenting the ISDs derived in the form of a set of distance

charts, corresponding to the overall design space and its four projections, and also in the form of a

set of 'radar charts', together with a review of the results.

This chapter now proceeds to review the overall outcome from this thesis, by presenting a general

summary of the work undertaken and of the results derived.

12.1 General Summary of the Work presented

This section now provides an overview of the work presented in this thesis in chapter order.

12.1.1 Review of Key Aspects and Outcomes in Chapter Order

The basic tenet underlying this thesis is that, with control theory, artificial intelligence, solid state

electronics and computing technologies surging ahead, as much in the space industry as elsewhere,

it is important to ensure that the advances being made are matched by new developments in the

mechanical design arena, so that full advantage can be taken of the latest technologies. This is

particularly the case with the robotic exploration of planetary surfaces, where any weakness in one

aspect of the design can cancel out years of good work in the others.
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For this reason, it is considered that considerable scope exists within the space exploration context

for the development of mechanical design methods aimed at ensuring that the mechanical design

principles applied allow new designs to maximise the benefit arising from the latest technological

developments in other fields. In support of this argument, Chapter 1 of this thesis provided an

overview of some of the relevant academic and engineering background in a selection of relevant

disciplines. Chapter 2 followed this with a detailed summary of the space exploration context, the

place within it for the application of autonomous systems, and the relevance of these to planetary

exploration, and, in particular, to the autonomous exploration of planetary surfaces. The chapter

concluded with an introduction to the types of locomotion system that are employed on planetary

exploration vehicles, and discussed typical design requirements for such kinematic systems.

Having introduced the topic of locomotion system morphology in general terms in Chapter 2,

Chapter 3 took a more detailed look at some of the key aspects of this, and techniques that can be

brought to bear on the subject. Fundamental to the design of locomotion subsystems is the way in

which the kinematic system morphology enables and dictates the terrainability (that is, the ability

to move over planetary surfaces) of any vehicle. Terrainability is conventionally described by

defining the suitability of a kinematic system's morphology for dealing with accepted categories of

obstacle such as lateral and longitudinal slopes, holes and steps. The chapter also discussed the

significance of different 'types' of locomotion subsystem morphologies, and in particular the

differences and similarities between wheeled and legged systems. The topic of the way in which

legged and wheeled systems deal with obstacles, and the effect of simple failures on the two

morphologies is discussed. The additional element of the gait of legged systems is also of direct

relevance, and such systems are frequently based on the physiology of animals, in particular,

arthropods (spiders, centipedes, millipedes, insects, etc.). The need to describe the gait of such

legged systems is shown to lead naturally to the application of topological diagrams (graphs) to

describe the kinematic behaviours involved.

Although legged systems may provide the most obvious link to the application of topological

diagrams, and, by extension, to the application of graph theory, the chapter shows that this

technique is well suited to the analysis of planetary locomotion systems in general. This general

applicability is demonstrated by describing a number of established graph theoretical methods and
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associated parameters, plus identifying additional relevant, non graph-theoretical methods,

especially several taken from linear algebra. Of particular relevance are Franz Reuleaux's
,

definition of the six types of surface contact joints between rigid bodies (the so-called 'lower

kinematic pairs'), the graph theoretical concepts of the interchange graph, fundamental cutsets and

fundamental cycles of a kinematic system, plus the linear algebra concept of the characteristic

polynomial of the adjacency matrix of the interchange graph. The latter was shown, as the thesis

developed to be of considerable use when the eigenvalues and eigenvectors of the characteristic

polynomial are derived. Chapter 3 examined how graph theoretical and linear algebra methods can

be brought to bear on the representation of kinematic systems, and identified a number of areas

where novel methods need to be introduced, particularly in relation to the description of joint

characteristics and driven joints. For the reason that the graph theoretical adjacency matrix concept

is unable to represent the number of degrees of freedom of the joints within a kinematic system, the

idea of a 'constraints matrix' was developed which allows this representation, and the chapter

examined in some detail a number of options for applying this method.

In order for any design method to be of practical advantage, it is necessary for it to embody some

means whereby potential design solutions can be compared with a set of initial requirements, such

as those discussed in Chapter 3. The comparison ofa number of kinematic systems requires that the

representations of these systems must exist either within one common n-dimensional space, or in

two (or more) spaces between which there is I are known mapping(s) I transformations. Both these

methods were assessed in Chapter 4, and it was decided that, whilst either approach could be

applicable, that of dealing with all systems within a single design space was preferable for the

purposes of this thesis. (Later in the work, it was demonstrated that there are significant advantages

in subdividing the parameter set defining the overall design space into parameter sets specifying

projections (sub-spaces) of the design space).

In Chapter 5, the concept of the mechanical design space was explored in greater detail. Much of

the work in this thesis is predicated on the idea that the robustness to failure of any kinematic

system is directly related to the fault paths exhibited by that system. The term 'fault path' refers to

the concept of a nominal, fault-free, kinematic system degrading progressively under the action of

consecutive faults from one fault state to another, until ultimate failure. Anyone system may have
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several fault paths, and these may be interconnected, the overall result being termed a 'fault graph'.

The design space is populated by any number of design points, which represent individual

kinematic systems, defined by their nominal state and by their fault graph and associated fault

states.

Three key themes were explored in this chapter in relation to the fault path. The first of these was

the development of an understanding of the behaviour of the eigenvectors of the characteristic

polynomials derived from the constraints matrices of the interchange graphs of the nominal and

fault states of a kinematic system. It was shown that, as consecutive faults occur to any kinematic

system nominal state, or subsequent fault states, so these result in a reflection or rotation of the

orthonormal set of eigenvectors. This rotation or reflection can be related to the form of the

expanded symbolic determinant of the constraints matrix of the interchange graph of the nominal or

fault state.

The second of the three key themes in Chapter 5 explored the relevance of the eigenvalues of the

characteristic polynomials derived from the constraints matrices of the interchange graphs of the

nominal and fault states. It was shown that, using their eigenvalues as co-ordinates, kinematic

systems are located on lines, planes or hyperplanes, and that such geometrical representations

provide useful means of visualising the relationship between groups of kinematic systems, and

particularly for depicting their associated fault paths.

The final key theme of Chapter 5 investigated the geometrical implications of the eigenvalue and

eigenvector investigations earlier in the chapter. The investigations carried out showed that when a

combination of 2, 3 and 4-Bar kinematic systems comprising anyone fault path are located on a

number of lines, planes, or hyperplanes according to the dimension of the systems, there is,

nevertheless, no single line, plane, or hyperplane on which all these systems lie. Thus it is

concluded that either a more complex relationship than lines, planes or hyperplanes exists within

Euclidean space, or alternative geometries should be investigated for their suitability for

representing such relationships.

Chapter 6 presented a review of some of the available options for metrics which can be applied to

the representation of inter-system distance (ISO). The basic features of the linear taxicab metric,
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and the quadratic elliptic (Euclidean), parabolic, and hyperbolic (pseudo-Euclidean) metrics were

reviewed, and the implications of using these metrics for defining the distance between two points
,

discussed by means of examples based on 2-Bar and 3-Bar systems. Since the examples developed

involved the inclusion of isomorphic systems, it was noted in passing that the introduction of the

concept of the constraints matrix introduces the concept of adjacency isomorphism and constraints

isomorphism. This is because the constraints matrix takes into account the degrees of freedom of

any edge (joint) and this will in turn modify the corresponding isomorphism characteristics.

In Chapter 7, an alternative way of looking at the representation of fault paths was explored based

upon the application of the entropy concept and communication theory. This chapter demonstrated

that it is possible to analyse the fault path of a kinematic system in order to determine values for the

total, maximum and relative entropies for each of the states within the fault graph. This method

allows an alternative way of viewing the fault graph to be developed to complement those based on

eigenvalues and eigenvectors.

Chapter 8 gave detailed consideration to the classification of system fault states, and began by

providing a review of the nature of the terms of the expanded symbolic determinant of a kinematic

system's adjacency or constraints matrix as derived from its interchange graph. The chapter gave a

detailed description of how these terms can be represented, and moved on to show how these

representations can be used to develop a 'coefficients by inspection' methodology for characteristic

polynomials derived from a constraints matrix, paralleling the method developed for adjacency

matrices by Van and Hall [90]. The chapter continued by analysing the fault states and

corresponding fault digraphs for several example systems, and then by developing and defining the

concept of 'fault class' which is a term introduced to represent groupings of fault states, all of

which share the same expanded symbolic determinant. This led on to the derivation of a method

whereby any fault state can be expressed in terms of lost relationships that are determined by the

structure of the characteristic polynomial. This method makes it possible to group potential system

fault states into fault classes, based on the retention or loss of specific relationships. The fault

classes into which a system can degenerate are subsequently used as part of the definition of the

overall design space and its associated projections. These results can also be correlated with those
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of Chapter 5 which showed that there is only a limited set of expanded symbolic determinants that

controls the behaviour of the eigenvectors.

Chapter 9 developed the methodology of Chapter 8 by applying it to the topic of cospectral graphs,

and showed that the method can be used to discriminate between these. Thus it was shown that the

concepts proposed in Chapter 8 for the representation of system fault paths using fault classes and

fault categories can be reliably applied, knowing that any occurrence of cospectral graphs will be

catered for by the method.

Chapter 10 reviewed the definition of the design space goal region and representative goal point, to

be used in any Inter-System Distance evaluation. This described the concepts of goal region 'lower

bound' and 'upper bound' - the 'extremal bounds', and also reviewed the definitions applied to the

fault graph, fault states and fault classes. How to apply the metrics principles of Chapter 6 was

discussed, and it was shown that by zero-weighting certain terms in the metric expressions for the

overall design space or its projections (sub-spaces), these can be related to the various methods of

representing kinematic system behaviours developed throughout the body of the thesis. A listing of

the possible parameters that can be used to represent some of the behaviours of kinematic systems

was identified and reviewed in detail and then trimmed to provide the parameter listing that defines

the overall design space, and also the projections of that space. Some of the key parameters in this

listing are:

Number of edges in the Design Point Fault Graph - describes how complete in graph theoretical

terms the fault graph is - it reflects directly how many fault paths exist for the system, and therefore

the potential ability of the system to be reconfigured, since each edge represents a potential

'reconfiguration trajectory'

Number of vertices in the Design Point Fault Graph - this describes how many fault states exist

for the system, regardless of whether or not these are functionally viable. This shows the richness

of the system in terms of how many configurations it can degrade into.

Number of Fault Classes in the Design Point Fault Graph - identifies how many of the fault

states for the system have distinct topologies. This has significance for robustness because it affects

how easily a reconfiguration strategy can be implemented in hardware. Since the fault class
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concept is based on the fact that all states in anyone class have the same underlying structure, it is

considered that a single recovery strategy should be possible for all fault states in the same fault

class. However, each fault class may require a distinct recovery strategy. A high number of fault

classes can be viewed as good or bad, depending on whether the designer wishes to solve many of

the same faults with one solution, or prefers a design with many different faults requiring different

solutions.

Fault Graph Characteristic Polynomial Eigenvalues, based on Adjacency Matrix - these can

be used to derive inter-system distances which indicate directly the proximity between pairs of

kinematic systems. The significance of this is that, providing allowance is made for the

characteristics of the metrics used, it allows an insight into how similar the fault behaviour of a new

system may be to the known behaviour of an established design.

List of Fault Classes determined symbolically from the Fault State constraint matrices -

whereas the number of fault classes (above) indicates only how many fault topologies exist, this

parameter is intended to label these topologies so that they can be compared across systems. This

allows for a 'lessons learned' design process to be implemented such that beneficial topologies can

be identified based on (for example) in-service experience, and searched for.

Total, Maximum and Relative Entropies - the entropy definition process adopted uses the fault

graph structure established, in conjunction with fault probabilities, to establish measures of the

latent reconfiguration information available within a given system topology.

Chapter 10 progressed to define the 'test' and 'actual' systems, and these were used in Chapter 11

for the example evaluation of ISDs. This latter chapter then proceeded to present a sample extract

of data from the overall database, and then to examine how this is used to evaluate the metrics.

Particular issues that raise particular evaluation difficulties were discussed. The methods for how to

establish differences in fault class labels were examined, and a method for treating the difference

between two degree sequences investigated. In the case of degree sequence, it was decided that a

reliable way of defining this difference was not immediately apparent, since the proposed method

proved to be flawed, and so degree sequence was deleted as one of the design space parameters.
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The method of calculating the difference between sets of eigenvalues and eigenvectors was also

defined.

Chapter 11 concluded by presenting the evaluated ISOs in the form of distance charts, and

presented both a qualitative and a quantitative analysis of the results with corresponding

commentary .

12.1.1.1 Results of the Qualitative Review

The qualitative review of the results was undertaken by means of creating a tabulated list of

'nearest neighbours' - that is to say the systems with minimum ISOs between themselves and each

of the other seven kinematic systems in the sample database. This table covered each of the five

metrics - the overall database, and the four selected projections. The results of this analysis are

mixed inasmuch as those systems which one would expect to be close do exhibit some of the ISO

relationships that are expected, but not to the extent that they are clearly distinct from the other

systems. One particular trait that is of interest is whether pairs of systems containing loops show

any tendency to have low ISOs. The results do provide some evidence for this being the case, but

only to a limited extent.

In order to investigate the results further using this method, the goal point was modified so that,

instead of being defined by means of two 'extremal systems', one of which is a tree and one a loop,

the goal point was forced to be coincident with the looped bound, in order to see if this produced

any marked improvement in the results. This change caused a deterioration in the results as judged

on the basis of proximity between pairs of looped systems. This would seem to indicate that the

proximity of the systems is being affected by combinations of the parameters, and not being driven

by anyone feature. A second experiment was also undertaken, which consisted of heavily

weighting the fundamental cutsets parameter to see if this introduced a favourable bias to the

results. Again, no improvement resulted, which is explicable since this change is only likely to

scale one parameter axis, and not change the relative positions of systems along it.

12.1.1.2 Results of the Quantitative Review

The quantitative review was carried out by means of producing a series of 'radar plots' showing in

tum the ISOs between one of the example systems, and each of the other members of the dataset.
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Thus, eight plots were produced for the overall design space, and also for each of the projections -

forty plots in all.

Review of this data goes a long way towards explaining the ambiguous results of the qualitative

review, since it highlights the fact that in many cases the ISDs between different pairs of systems

are quite close. When a simple binary decision is made as in the qualitative review - nearest yes /

no? - the close proximity of other systems tends to be masked, and this is shown much better by

the radar plots. In this latter case, the proximity of systems with loops to one another is more

clearly shown, and in line with expectations.

The results were further analysed by varying the nature of the goal point, and considering the effect

this had on the ISDs. It was found that when the goal point was modified by defining it as a single

looped system, this caused tree based systems to move away from the goal, and a looped system to

move closer towards it.

Thus, on the basis of these two results reviews, it can be stated that the approach is fundamentally

sound, and may be considered to have potential for the representation of some of those

characteristics of kinematic systems that influence a system's robustness to faults, and its potential

for reconfiguration. However, further attention needs to be given to metric construction and to the

weightings applied within these metrics in order to enhance the clarity of the results obtained.

12.2 Suggested Themes for Further Work

This section sets out to draw together and clarify the various comments made throughout the main

body of the thesis regarding further work - both in the nature of consolidation, and of development

- that may be carried out. The suggestions have been grouped into six themes which are presented

in summary form. Reference is made to the location of the relevant points in the thesis where the

topics are first raised so that the original context may be established, and thoughts are provided on

possible ways forward.

12.2.1 'Fault Path' Geometry

Topic: Search for 'fault path' loci in Euclidean and non-Euclidean space, and consideration of the

appropriateness of alternative geometries when deriving 'inter-system distance'.
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Thesis References: See Section 5.5.1, Alternative Geometries, page 109 and Section 5.5.3, The

Nature of Multi-Dimensional Fault Paths, page 114.

Discussion: The referenced sections of the thesis discuss the fact that there are a number of

geometries that may prove equally suitable, or better suited, to the establishment of parametric

representations of kinematic system topology. The evaluations of the 'inter-system distance'

metrics undertaken so far are all based on Euclidean geometry, and the appropriateness of this

choice is not proven in the thesis. Also, in the referenced material, it is shown that it has not been

possible at this stage to identify any simple locus on which the 'fault states' comprising any

particular kinematic system's 'fault path' may lie. This is not to say that Euclidean geometry is

inappropriate, simply that the point is not proven either way at this time.

It is suggested that a fruitful line of enquiry might arise from either of the following:

a) Continuing the search for undiscovered 'fault path' loci that lie in Euclidean space

b) Recasting the representations of kinematic system topology in one or more alternative

geometries to see if these would yield better or complementary representations to those

achieved so far.

These two approaches are not equivalent in the effort required. (a) above may yield results

comparatively quickly, ifthere are Euclidean relationships available to be found, whilst (b) would

probably require some considerable effort to achieve usable results, but may yield a more solidly

based result in the longer term.

12.2.2 Co spectral and Isomorphic Kinematic Systems

Topic: Further investigation into the application of symbolic determinants to cospectral and

isomorphic systems

Thesis References: Section 6.5.2.1, 2D Systems, page 133, and Section 9.4, Commentary, page

210

Discussion: The referenced sections show that there is good evidence that when cospcctral

kinematic systems are analysed using the symbolic expansion of a kinematic system's interchange

graph constraint matrix or adjacency matrix, there are clear differences between the two systems.
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This indicates that it should be possible to extend the analyses in the thesis to cover examples of

cospectral systems, and to confirm whether or not the 'inter-system distance' approach

demonstrates the expected discrimination between the two.

An additional observation made in the material referenced is that the introduction of the concept of

the constraints matrix leads to the fact that kinematic systems may demonstrate both 'adjacency

isomorphism' and 'constraints isomorphism' characteristics. This topic is not explored in the thesis,

but points to the possibility that the analysis methods developed in this thesis may also provide a

useful discriminator when dealing with isomorphic systems.

The combination of these two topics is considered to hold out considerable potential for

development of the 'fault path' and 'fault state' methodologies developed in this thesis ..

12.2.3 Additional Metric Evaluations

Topic: Evaluate 'inter-system distance' using a wider selection of metrics, so as to more fully

explore the potential of different metrics in providing improved measures of 'inter-system distance'

Thesis References: Section 10.5, Description of Systems Used in ISD Evaluation, page 234, and

Section 11.3, Presentation of Results Obtained from Evaluation Spreadsheet, page 266.

Discussion: The sections referenced describe in overall terms what systems were selected for

analysis and the results that were obtained. What is clear is that for the techniques developed in this

thesis to be matured sufficiently for usable applications to be developed, considerable further

investigation of example systems needs to be undertaken in order to validate the results obtained,

and to allow the definition of the underlying rules. For this reason, it is recommended that the study

be extended to include a wider range of systems in order to provide a sufficiently comprehensive

results database to support such a definition.

Note: It is strongly recommended that if this topic is worked on further, early attention should be

given to allocating time for the development of automated computer-based derivation of the

necessary kinematic system parameters, since very considerable effort is necessary to derive this

information using 'manual' methods, even when evaluation using computer based tools such as

Mathcad and Excel is adopted. Computer tools able to process graph data are now known to be

available, and would be well worth investigation.
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12.2.4 The Meaning of Symbolic Relationships

Topic: Further investigation into the meaning of lost relationships as faults progress. (In this
,

context, relationship has the meaning used in the sections referenced below).

Thesis References: Section 8.4.1, Symbolic Interpretation of Characteristic Polynomials, page

183, Section 8.4.2, Method Applied to Fault States, page 186, and Section 8.4.3, Commentary,

page 188.

Discussion: - The referenced sections introduce the concept that, when two 'fault states" adjacent

to one another on one of a kinematic system's 'fault paths', are represented using the symbolic

expansion of that kinematic system's interchange graph constraints matrix, then the difference

between these two states can be represented as a 'lost relationship'. This concept of 'lost

relationship' arises since the difference in the two 'fault states' can be represented as a set of terms,

comprising that part of the 'earlier' 'fault state' representation that does not appear in the second,

or 'later' 'fault state'. It is possible that this 'lost relationship', which is especially of interest where

'loss of edge with node identification' takes place, may be of particular significance to the

development of fault mitigation strategies. The reason why this should be of interest is that the 'lost

relationship' represents the physical change in mechanical function between the two adjacent 'fault

states', and once a representation of this change can be established, then a means of mitigating this

may potentially be found.

12.2.5 Representation of Fault Mitigation Strategies

Topic: Extension of the kinematic system representation methods developed so far to the

description of fault mitigation strategies.

Thesis References: Section 8.3.1,

Fault Digraphs and Transition Paths of Sample Systems, page 164, and Section 8.3.2, Classes of

System Fault State, page 179.

Discussion: The material referenced discusses the way in which the various 'fault states' of a

kinematic system can be categorised according to the potential, or lack of potential, of a particular

'fault state' for responding to fault mitigation methods. In particular, it seem probable from the
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work completed so far that certain 'fault categories' can be identified that are amenable to fault

mitigation, and within these categories, certain 'fault states' will be amenable to specific strategies
,

for regaining system function. The work suggested here is to analyse in greater depth the symbolic

determinant representations of 'fault classes' with reference to the 'fault categories' into which

they fall, and investigate ways in which the kinematic structure of 'fault states' 'earlier' in the

'fault path' can be regained.

12.2.6 Investigation into the Applicability of Markov Chains

Topic: Carry out an investigation into whether the established theory of Markov Chains can be

integrated with the work in this thesis on entropy variation in 'fault trees', and also with the work

on 'fault categories'.

Thesis References: Section 7.1, Entropy, Information and Probability, page 143, and Section 0,

Fault Digraphs and Transition Paths of Sample Systems, page 164.

Discussion: The sections of the thesis referenced above point out areas of commonality between

the established theory of Markov Chains, and (a) the work in this thesis on the representation of

available choice between alternative 'fault states' using entropy theory and the way in which this

treatment can be integrated with the concept of 'fault trees' comprising one or more 'fault paths',

and (b) the notion of' fault categories' describing the potential or otherwise of' fault classes' to lead

to further system evolution. In particular, there is considered to be considerable potential for

investigation into the synergies between the Markov Chain concept of transition matrices, which

are effectively, adjacency matrices populated with transition probabilities, and the concept put

forward in this thesis of 'fault trees', or 'fault digraphs' on which the entropy of the different 'fault

states' can be overlaid.

Note that some of the above topics have common elements, and so it may be possible to

amalgamate some of these, or for the selection of particular ideas to construct further novel lines of

enquiry.
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BNSC

C
CCNR

CNES

CP

(d)on

(d)off
DAE
dof

E

ESA
ESTEC

GT
H

IMAR
ISD

LH

MMS
MTF

NASA

P
PM

R
R(d)
RDS
RGS
RH

S

UDS
UGS
UK
UWE
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Acronyms and Abbreviations

British National Space Centre

Undriven cylindric joint (Reuleaux pair)
(Sussex University) Centre for Computational Neuroscience and
Robotics
Centre Nationale d'Etudes Spatiales

Characteristic Polynomial

Driven joint with drive operative

Driven joint with drive inactive or inoperative
(University of Glasgow) Department of Aeronautical Engineering
Degree(s) of freedom

Undriven planar joint (Reuleaux pair)(from the German 'Ebene' - plain,
plateau, plane, level)
European Space Agency
European Space research and Technology Centre (ESA)

Graph Theory / Graph Theoretical
Undriven screw (helical) joint (Reuleaux pair)

Improved Mission Autonomy and Robustness
Inter-system distance

Left Hand

Matra Marconi Space
(when used in Bond Graph) Modulated Transformer

National Aeronautics and Space Administration

Undriven prismatic joint (Reuleaux pair)
Project Milestone

Undriven revolute joint (Reuleaux pair)
Driven revolute joint
Restricted Design Space
Restricted Goal Space
Right Hand

Undriven spherical joint (Reuleaux pair)

Universal Design Space
Universal Goal Space
United Kingdom
University of the West of England
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Mathematical Nomenclature and Symbology

~ Change in

8 Inter-System Distance (ISO)

~J Jh Eigenvalue of the ilhpoint /system

A Adjacency matrix

Amn Adjacency matrix identification used in Mathcad calculations, where n is
a system discriminating scalar index

AT Transition matrix (based on Adjacency matrix)

C Constraints matrix

Cmn Constraints matrix identification used in Mathcad calculations, where n
is a system discriminating scalar index

tf Element of set I parametric description of a conceivable real system

d Element of set Iparametric description of an actual system

(/) Universal Design Space

D Restricted Design Space

f Number of potential freedoms in a system

F Number of fault classes in a fault graph

H Entropy, Total Entropy

He Final Entropy

Hi Initial Entropy

Hmax Maximum Entropy

Hrel Relative Entropy

Imaginary scalar v-I
I Information

Ie Final Information

I, Initial Information

J Scalar index (as subscript)

Je Number of cylindric joints in a system

JE Number of planar joints in a system

JH Number of screw (helical) joints in a system

Jp Number of prismatic joints in a system

JR Number of revolute joints in a system

Js Number of spherical joints in a system

k Scalar constant

m (as subscript) scalar index

M Mobility (20 or 3D according to context)

N2 Number of joint '2-loops' in symbolically expanded Characteristic
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n

P

peA)
Wi

•
•

Polynomial

Number of joint '2.2-loops' in symbolically expanded Characteristic
Polynomial

Number of joint '3-loops' In symbolically expanded Characteristic
Polynomial

Number of joint '4-loops' In symbolically expanded Characteristic
Polynomial

Scalar index /' dimension' of a system = number of links / vertices

Probability (0 ::;p ::; 1)

Characteristic polynomial

Coordinate in the W (nth) dimension

Coordinate in the x (first) dimension

Coordinate in the y (second) dimension

Coordinate in the z (third) dimension

Vertex in System Diagram

Vertex in Interchange Graph

Vertex in Fault State Digraph
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Appendix A
Summary of Definitions Used

This appendix provides a summary statement of the major definitions assumed in this thesis.

artificial intelligence - a system competence achieved primarily through advanced programming

techniques, mimicking aspects of human logic, reasoning and inference capabilities, and allowing

the system to achieve enhanced levels of independent operation.

automatic - designed to execute a predefined sequence of actions, either irrespective of

circumstances, or through a predefined set of responses to foreseeable alternative conditions.

autonomous - able to achieve a predetermined objective without external command or remedial

intervention, and to respond to unforeseen circumstances in a way that permits continued operation

in pursuit of the objective, or identification and accomplishment of new objectives, consistent with

the original constraints in respect of system life and mission duration.

characterisation - the mathematical representation of aspects of a system and its functionality to

facilitate comparison with other systems.

design point - A representation, existing within the (mechanical) design space, and expressed in

parametric form, of the mechanical attributes of an existing or novel/potential kinematic system.

(mechanical) design space - a space defined by parametric representations of kinematic systems

appropriate to the planetary exploration task, where appropriate' is taken to imply kinematic

systems created specifically for use within planetary locomotion subsystem development or

application programmes.

dynamics - concerned with the physical causes of motion.
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entropy - a quantity representing the uncertainty or 'lack of information' that exists regarding the

selection of one particular fault path from its available fault tree - that is, it is a measure of the
,

range of alternative configurations - 'freedom of choice' - available to the system. It is defined

quantitatively in terms of the logarithm of the number of available choices I options of system fault

configurations.

A 'functional' relationship within a system, or the 'functionality' of a system describe the various

operating characteristics that the system incorporates which allow it to achieve its primary or

subsidiary objectives. Additionally, 'functionalities' may exist within a system which are

incidental to the system's primary purpose, and an accidental by-product of the system's

construction. In the context of this thesis, the terms are used to apply to mechanical

functionalities, although this need not be the case.

geometry - the branch of mathematics concerned with the properties of space, and of figures in

space. Throughout most of the thesis, Euclidean geometry, concerned with points, lines, planes,

hyperplanes, circles, polygons, polyhedra and conic sections, is assumed as the main background

space.

goal point - a representation in parametric form of the particular attribute values required of a

kinematic system fulfilling the identified requirements of a specific mission.

inter-system distance - a specific instance of a metric, referring to a distance measure between

two kinematic systems represented in an abstract space.

kinematics - concerned with the analysis and synthesis of motion.

locomotion - mechanical or other means devised principally to enable a system to move from one

location to another on a (planetary) surface.

mechanics - concerned with the motion and the causes of motion of physical objects.

metric - a function within a space used to define the distance between any two points, based on the

coordinates of the points.

morphology - the study of physical or mechanical structure and form.
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planetary - designed for operation on the surface of planets (excluding Earth in the context of this

thesis).

robotic - able to achieve a predetermined objective within a stable environment, with minimal

external intervention.

statics - concerned with the conditions under which either equilibrium or no motion occurs.

subsystem - a sub-division of a system by form, function, or by operational principles.

(mechanical) system - an assemblage of rigid structural elements interconnected by kinematic

joints, and which mayor may not include the means to drive one or more of these joints.

system description is taken to mean 'a collection of kinematic system (mission) parameters

deemed to represent kinematic system behaviour and to provide inter-system (mission)

discrimination sufficient for the purposes of the analysis being undertaken'. In the context of this

thesis, a kinematic system description comprises a pre-defined set of parameters.

terrainability - characterisation of the ability of a locomotion system to negotiate variations in

terrain, specified by the ability of the system to cater for defined categories of obstacle.

topology - here used to refer to the study of those properties relating to the mechanical

interconnections of systems.
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Appendix B
List of Actual Planetary Missions involving the Use of Planetary
Exploration Vehicles

Although many designs for planetary exploration vehicles have been proposed, and many

developed and extensively trialled, the number that have seen 'active service' is comparatively

small. Indeed, those that have actually been used on the surface of another planet (Mars), or on the

Moon, are of only three different types.

Table B I summarises these missions and the planetary exploration vehicles involved, and which

are typical of those that are the subject of this thesis. The 'Vehicle Classification' used is that

suggested in Chapter 2, Table 2.4. A 'Lunar handcart' was also used on Apollo 14 in February

1971, but is excluded as being not relevant in this context.

Further details of Lunakhod, and of the Generic Rocker Bogie, which is the basis of the Sojourner,

Spirit, and Opportunity designs, are given in Appendix H.
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Mission Vehicle
Organisation /

Vehicle Vehicle
Name Name

Country Date
Classitlcation Description Comment

OfOriein
Entered
Lunar Simple 10 Yz

Luna 17 Lunakhod 1 USSR orbit 15 Type 1(8) Chassis,8 months /10
Nov Wheel Yzkm
1970

Lunar NASAlJPL Landed Simple
Human

Apollo 15 Roving USA 07 Aug Type 1(4) Chassis,4
controlled

Vehicle 1971 Wheel
Lunar NASAlJPL

Landed Simple
Human

Apollo 16 Roving USA 27 Apr Type 1(4) Chassis,4
controlled

Vehicle 1972 Wheel

Lunar NASAlJPL Landed Simple
Human

Apollo 17 Roving USA
10Dec Type 1(4) Chassis,4

controlled
Vehicle 1972 Wheel

Entered Simple
Lunar 4 months /

Luna 21 Lunakhod2 USSR orbit 12 Type 1(8) Chassis,8
37km

Jan 1973
Wheel

Landed Rocker Bogie
Mars NASAlJPL on Mars

Pathfinder
Sojourner USA 04 Jul

Type 2(6) Chassis,6 2 Yz months

1997
Wheel

Mars
Landed Rocker Bogie

NASAlJPL on Mars
Exploration Spirit USA 03 Jan

Type 2(6) Chassis,6
Rover A 2004

Wheel

Mars
Landed Rocker Bogie

NASAlJPL on Mars
Exploration Opportunity USA 24Jan

Type 2(6) Chassis,6
Rover B 2004

Wheel

Table BJ:List of Actual Planetary Exploration Vehicles
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Appendix C
2-Bar Kinematic System Characterisation Reference Material

A simple kinematic system numbering method is adopted throughout this thesis, and which is used

for the organisation of the kinematic systems presented in this appendix and in Appendix D and

Appendix E. This is shown in Figure Cl:

n.n.n

i
No. of Links in System Type of System Simple Scalar Sequence Number

o = Disconnected

1 = Open

2 = Closed

Fi~re Cl:Kinematic System Numbering Method

Note that this numbering system is also applied to the section numbers in this appendix and in

Appendix D and Appendix E, to facilitate location of systems that are referenced in the body of this

thesis within these appendices.
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2.0. DISCONNECTED TWO BAR LINKAGE

2.0.1 Adjacency Matrix Treatment

Interchange Graph

•
2

•
Adjacency Matrix

AmI:= (~ ~)

Eigenvalues

eigenvals (Am I) = ( ~ )

Eigenvectors

eigenvecs (Am I) = (~ ~)

Characteristic Equation Matrix

Characteristic Polynomial

),,?
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2.0.2 Constraints Treatment

Interchange Graph

2

• •
Constraints Matrix

Eigenvalues

Eigenvectors

Characteristic Equation Matrix

(
Ie - 6 0)

o '" - 6

Characteristic Polynomial

2
'" -12·",+ 3('

Kinematic Morphology of Space Systems 31



2.1 TWO BAR OPEN CHAIN

2.1.1 Adjacenc¥ Matrix Treatment

Interchange Graph

J 2

•
]

•
Adjacency Matrix

Eigenvalues

eigenvals (Am20 J = ( ~
1
)

Eigenvectors

(
0.707 0.707)

eigenvecs (Am20 J =
-0.707 0.707

Characteristic Equation Matrix

(
Ie -1)
-1 le

Characteristic Polynomial

2
A - 1
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2.1.2 Constraints Treatment for a Two-Bar Open Chain, containing one Revolute or
Prismatic or Screw Joint with undriven or active driven joint

Interchange Graph

or

R,P,H (d) on R,P,H

• • • •
1 2

1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20 0 = c\ )
Eigenvectors

(
0.707 0.707)

eigenvecs (cm20\ =
1) -0.707 0.707

Characteristic Equation Matrix

(
",-6 -5 )

-5 '" - 6

Characteristic Polynomial

2
'" - 12·",+ II
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2.1.3 Constraints Treatment for a Two-Bar Open Chain, containing one Revolute or
Prismatic or Screw Joint with inactive driven joint

Interchange Graph

R,P,HCd)off
.---------e
1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20~ = ( 1°2)

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm2d =
-0.707 0.707

Characteristic Equation Matrix

(
A.-6 -6)
-6 A.- 6

Characteristic Polynomial

2A. - 12·).
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2.1.4 Constraints Treatment for a Two-Bar Open Chain, containing one Cylindric Joint with
undriven or active driven joint

Interchange Graph
or

1

c

<=>
2 1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20~ = ( 1
2
0)

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm203\ =
V -0.707 0.707

Characteristic Equation Matrix

(A-6 -4)
-4 A - 6

Characteristic Polynomial

2
A - 12'A + 2C
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2.1.5 Constraints Treatment for a Two-Bar Open Chain, containing one Cylindric Joint with
1 dof of the driven joint inactive

Interchange Graph

C(d)off
~--.....-<->

1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20~ = ( /1 )

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm20 .\ =
4' -0.707 0.707

Characteristic Equation Matrix

().-6 -5)
-5 ). - 6

Characteristic Polynomial

2
). -12·).+ 11
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2.1.6 Constraints Treatment for a Two-Bar Open Chain, containing one Cylindric Joint
with 2 dof of the driven joint inactive

Interchange Graph

C( d)off

1 2

Constraints Matrix

Eigenvalues

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm20~ =
-0.707 0.707

Characteristic Equation Matrix

("--6 -6)
-6 "-- 6

Characteristic Polynomial

2
"- - 12·"

Kinematic Morphology of Space Systems 319



2.1.7 Constraints Treatment for a Two-Bar Open Chain, containing one Planar or Spherical
Joint with undriven or active driven joint

Interchange Graph
or

E,S E,S(d)on

1 2 1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20J = ( : )

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm20 j =(:j -0.707 0.707

Characteristic Equation Matrix

(
A - 6 -3 )

-3 A- 6

Characteristic Polynomial
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2.1.8 Constraints Treatment for a Two-Bar Open Chain, containing one Planar or Spherical
Joint with one dof of the driven joint inactive

Interchange Graph

E,S(d)off

1 2

Constraints Matrix

Eigenvalues

eigenva1s (Cm207) = ( :0 )

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm207) =
-0.707 0.707

Characteristic Equation Matrix

(A-6 -4)
-4 A- 6

Characteristic Polynomial

2
A - 12·A + 2C
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2.1.9 Constraints Treatment for a Two-Bar Open Chain, containing one Planar or pherical
Joint with two dof of the driven joint inactive

Interchange Graph

E,S(d)off
~---........

~

1 2

Constraints Matrix

Eigenvalues

eigenvals (cm20~ = ( 1\ J

Eigenvectors

(
0.707 O.707J

eigenvecs (Cm20~ =
-0.707 0.707

Characteristic Equation Matrix

(A-6 -5)
-5 le - 6

Characteristic Polynomial

2
Ie -I2·1e+ II
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2.1.10 Constraints Treatment for a Two-Bar Open Chain, containing one Planar or
Spherical Joint with three dof of the driven joint inactive

Interchange Graph

E,S( d)off
...~_'---""".--------~...... -., ~.,.... ..._ ...... _ ...

1 2

Constraints Matrix

Eigenvalues

eigenvals (Cm20~ = ( 1°2)

Eigenvectors

(
0.707 0.707)

eigenvecs (Cm20~ =
-0.707 0.707

Characteristic Equation Matrix

('" - 6 -6)
-6 "'- 6

Characteristic Polynomial

2
'" - 12·"
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Appendix D
3-Bar Kinematic System Characterisation Reference Material

Note: See start of Appendix C for details of system numbering methodology adopted.

3.1 THREE BAR OPEN CHAIN

3.1.1 Adjacency Matrix Treatment

Interchange Graph

J

J

3

1
Adjacency Matrix

o ~J
1 0

Eigenvalues

[

1.414 J
eigenvals (Am30J = 0

-1.414
Eigenvectors

[

0.5 0.707 0.5 J
eigenvecs (Am30J = 0.707 0 -0.707

0.5 -0.707 0.5

Characteristic Equation Matrix

Characteristic Polvnomial

3
A - 2·/._
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3.1.2 Constraints Treatment for a Three-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with undriven or active driven joint

Interchange Graph
or

R.P.H
3

R,P,H(d)on

3

Constraints Matrix

Eigenvalues

[

13.071J
eigenvals(Cm30V = 6

-1.071

Eigenvectors

[

0.5 0.707 0.5 J
eigenvecs (Cm30V = 0.707 0 -0.707

0.5 -0.707 0.5

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A. - 18·A. + 58·A. + 84
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3.1.3 Constraints Treatment for a Three-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with inactive or inoperative driven joint

Interchange Graph

2
RP,H(d)off-----. 3

1

Constraints Matrix

[

6 5

Cm302:= 5 6

o 6

Eigenvalues

[

13.81]
eigenvals (Cm30~ = 6

-1.81

Eigenvectors

[

-0.453 -0.768 0.453]

eigenvecs (Cm30~ = -0.707 0 -0.707

-0.543 0.64 0.543

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - I8'A + 47'A + 15C
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3.1.4 Constraints Treatment for a Three-Bar Open Chain, containing Cylindric Joints with
undriven or active driven joints

Interchange Graph
or

c

c 3
c 3

1 1

Constraints Matrix

Eigenvalues

[

11.657J
eigenvals (Cm30~ = 6

0.343

Eigenvectors

[

0.5 0.707 0.5 J
eigenvecs (Cm3d = 0.707 0 -0.707

0.5 -0.707 0.5

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A. - 18·A. + 76·A. - 24
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3.1.5 Constraints Treatment for a Three-Bar Open Chain, containing one driven Cylindric
Joint with one dof of the driven joint inactive or inoperative

Interchange Graph

c
1

Constraints Matrix

Eigenvalues

[

12.403J
eigenvals (Cm304 = 6

-0.403

Eigenvectors

[

-0.442 -0.781

eigenvecs (Cm304 = -0.707 0
-0.552 0.625

Characteristic Equation Matrix

Characteristic Polynomial

3 2/... -18·/... + 67-/...+ 3C

Kinematic Morphology of Space Systems
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0.442 J
-0.707

0.552
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3.1.6 Constraints Treatment for a Three-Bar Open Chain, containing one driven Cylindric
Joint with two dof of the driven joint inactive or inoperative

Interchange Graph

2 J"'~--~"
,- .tI

3
c

1
Constraints Matrix

Eigenvalues

eigenvals(Cm30~ = [13.:11J
-1.211

Eigenvectors

[

-0.832 0.392 0.392 J

eigenvecs (Cm30~ = 0 0.707 -0.707

0.555 0.588 0.588

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18·A + 56-A + 9~
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3.1.7 Constraints Treatment for a Three-Bar Open Chain, containing undriven or active
driven Planar and/or Spherical Joints

Interchange Graph
or

E,S

E.S
3

1

Constraints Matrix

~306=l~: ~J
Eigenvalues

(
10.243;

eigenvals (Cm30J = 6

1.757

Eigenvectors

(

0.5 0.707 0.5 J
eigenvecs (Cm30J = 0.707 0 -0.707

0.5 -0.707 0.5

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18·A + 9()' A-I O~

Kinematic Morphology of Space Systems
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E,S(d)on

1

3
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3.1.8 Constraints Treatment for a Three-.Bar Open Chain, containing Planar and/or
Spherical Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

E,S

3

1
Constraints Matrix

Eigenvalues

Eigenvectors

[

-0.8 0.424 0.424)
eigenvecs (Cm30~ = 0 0.707 -0.707

0.6 0.566 0.566

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18· A + 83- A - 6t
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3.1.9 Constraints Treatment for a Three-Bar Open Chain, containing Planar and/or
Spherical Joints with two dof of a driven joint inactive or inoperative

Interchange Graph

E,S

E,S
3

1

Constraints Matrix

Eigenvalues

eigenvals (Cm30~ = [ II ~83IJ
0.169

Eigenvectors

[

-0.857 0.364 0.364 ]

eigenvecs (Cm30~ = 0 0.707 -0.707
0.514 0.606 0.606

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18'A + 74", - 12
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3.1.10 Constraints Treatment for a Three-Bar Open Chain, containing Planar and/or
Spherical Joints with three dof of a driven joint inactive or inoperative

Interchange Graph

E,S

2 ~:-::::::...
.......... -_,~ 3

E,S

1
Constraints Matrix

Eigenvalues

eigenvals (Cm30~ = (12.~08J
-0.708

Eigenvectors

(

0.894 -0.316 0.316 J
eigenvecs (Cm30~ = 0 -0.707 -0.707

-0.447 -0.632 0.632

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A. - I8·A. + 6JA. + 54
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THREE BAR CLOSED CHAIN

3.2.1 Adjacency Matrix Treatment

Interchange Graph

J

J

3

1
Adjacency Matrix

Aru02=[: 0 ]
Eigenvalues

Eigenvectors

[

0.638 0.509 -0.577J

eigenvecs (Am3d = -0.76 0.298 -0.577

0.122 -0.807 -0.577

Characteristic Equation Matrix

[
~I ~I =~J
-I -I /...

Characteristic Polynomial

3
/... -3·/...-2
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3.2.2 Constraints Treatment for a Three-Bar Closed Chain, containing undriven or active
driven Revolute and/or Prismatic and/or Screw Joints

Interchange Graph

or

2 R.P.H
3 2 RP,H(d)on

1
RP.H

3

1
RP.H

Constraints Matrix

Eigenvalues

eigenva1s (c",31 d = [ 1:6J

Eigenvectors

[

-0.46 0.675 -0.577J

eigenvecs (Cm31d = -0.355 -0.735 -0.577

0.814 0.061 -0.577

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A -18'A + 33-A- It
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3.2.3 Constraints Treatment for a Three-Bar Closed Chain, containing Revolute and/or
Prismatic and/or Screw Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

2

1
R.P.H

Constraints Matrix

Eigenvalues

[

1.319 ]
eigenvals(Cm31 V = -5.352x 10- 15

16.681

Eigenvectors

eigenvecs (Cm31 V = (~:.:: 0.~07 ~~~5592J

-0.39 -0.707 -0.59

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A. - 18·A. + 22·A
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3.2.4 Constraints Treatment for a Three-Bar Closed Chain, containing undriven or active
driven Cylindric Joints

Interchange Graph
or

c

c
3

1

Constraints Matrix

Eigenvalues

Eigenvectors

[

-0.473 0.666 -0.577J
eigenvecs (Cm3I~ = -0.34 -0.742 -0.577

0.813 0.076 -0.577

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - I8'A + 60-A- 5t

Kinematic Morphology of Space Systems
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C
3

1
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3.2.5 Constraints Treatment for a Three-Bar Closed Chain, containiDf! Cylindric Joints
with one dof of a driven joint inactive or inoperative

Interchange Graph

c 3

1
Constraints Matrix

[
6 4 4)

Cm313:= 4 6 5
456

Eigenvalues

[

2.315]
eigenvals (Cm3l3) = 1

14.685

Eigenvectors

[

-150.838 l.032x 10
eigenvecs (Cm313) = -0.386 0.707

-0.386 -0.707

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A. - 1g.A. + 51·A. - 3<1

Kinematic Morphology of Space Systems
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-0.593
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3.2.6 Constraints Treatment for a Three-Bar Closed Chain, containing Cylindric Joints with
two dof of a driven joint inactive or inoperative

Interchange Graph

C(d) off

C
3

1
Constraints Matrix

Eigenvalues

[

2.597 J
eigenvals( Cm31~ = 1.645x 10- 15

15.403

Eigenvectors

eigenvecs (Cm314 = [~~~::5 0.~07 =~::~:J
-0.365 -0.707 -0.606

Characteristic Equation Matrix

Characteristic Polvnomial

3 2
A -I8·A +4()'A
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3.2.7 Constraints Treatment for a Three-Bar Closed Chain, containing undriven or active
driven Planar and/or Spherical Joints

Interchange Graph

E,S
2

E.S

1
E.S

Constraints Matrix

Eigenvalues

Eigenvectors

[

0.707

eigenvecs (Cm3l5) = -0.707
-4-3.l1Ix 10

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - l8'A + 81'A - 10~

Kinematic Morphology of Space Systems

or

3
E.S

~::~:=~::~~J
-0.816 -0.577

E,S(d)on
2

1 E.S

3

40



3.2.8 Constraints Treatment for a Three-Bar Closed Chain, containing Planar and/or
Spherical Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

E,S( d)off
2

3
E.S

1 E.S

Constraints Matrix

[
6 3 3J

Cm316:= 3 6 4

346

Eigenvalues

[
3.31 J

eigenva1s (Cm31 ~ = 2

12.69

Eigenvectors

eigenvecs (Sn31JJ :8;9 0~07~:::J
l-0.379 -0.707 -0.597

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18·A. + 74A. - 84

Kinematic Morphology of Space Systems 41



3.2.9 Constraints Treatment for a Three-Bar Closed Chain, containing Planar and/or
Spherical Joints with two dof of a driven joint inactive or inoperative

Interchange Graph

E,S(d)off
2

3

1 E.S

Constraints Matrix

Eigenvalues

[

3.576 J
eigenvals (Cm31 ~ = 1

13.424

Eigenvectors

[

0.868

eigenvecs (Cm317) = -0.351

-0.351

o -0.496J
0.707 -0.614

-0.707 -0.614

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A_ - 18'A + 65·A_ - 4~
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3.2.10 Constraints Treatment for a Three-Bar Closed Chain, containing Planar and/or
Spherical Joints with three dof of a driven joint inactive or inoperative

Interchange Graph

E,S(d)off
2

3
E,S

1
E,S

Constraints Matrix

Eigenvalues

[

3.804 J
eigenvals(Cm31~ = l.73x 10- 15

14.196

Eigenvectors

[

0.888 0 -0.46 ]
eigenvecs (Cm3l ~ = -0.325 0.707 -0.628

-0.325 -0.707 -0.628

Characteristic Equation Matrix

Characteristic Polynomial

3 2
A - 18'A + 54·1.
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Appendix E
4-Bar Kinematic System Characterisation Reference Material

Note: See start of Appendix C for details of system numbering methodology adopted.

4.1 FOUR BAR OPEN CHAIN

4.1.1 Adjacency Matrix Treatment

Interchange Graph Adjacency Matrix

J
2 3 o 0 0

J J
o

o
o 0 0

1 4

Eigenvalues
0.618

1.618
eigenvals(Am401) =

-0.618

-1.618

Eigenvectors

eigenvecs (Am40 J =

0.602 0.372 0.602 -0.372

0.372 0.602 -0.372 0.602

-0.372 0.602 -0.372 -0.602

-0.602 0.372 0.602 0.372

Characteristic Equation Matrix

A -1 0 0

-1 A -1 0

0 -I A -1

0 0 -I A

Characteristic PolJ!.nomial

4 2
A -3-A. +1
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4.1.2 Constraints Treatment for a Four-Bar Open Chain, with undriven or active driven
Revolute and/or Prismatic and/or Screw Joints

Interchange Graph

or

R,P,H(d)on R.P.H
2 3 2 3

1

R.P.H

1

R,P,H RP.HR'p,H

4 4

Constraints Matrix

Cm401 :=

6 5

5 6
o 5

o 0

~~l6 5
5 6

Eigenvalues

eigenvals (Cm40 J =

9.09

14.09

2.91

-2.09

Eigenvectors

0.602 0.372 0.602 -0.372

0.372 0.602 -0.372 0.602
eigenvecs (Cm40\ =

V -0.372 0.602 -0.372 -0.602

-0.602 0.372 0.602 0.372

Characteristic Equation Matrix

),-6 -5 0 0

-5 ),-6 -5 0

0 -5 ),-6 -5
0 0 -5 ),-6

Characteristic Polynomial
4 3 2

). - 24). + 141·). + 36·). - 77S
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4.1.3 Constraints Treatment for a Four-Bar Branched Chain, containing u"driven or active
driven Revolute and/or Prismatic and/or Screw Joints

Interchange Graph

2

RP,H

4
Constraints Matrix

6 5 5 5

5 6 0 0
Cm402:= 5 0 6 0

5 0 0 6

3

Eigenvalues

eigenvals (Cm40~ =

6

6

14.66

-2.66

Eigenvectors

eigenvecs (cm40j =

o 0 0.707 -0.707

-0.212 -0.789 0.408 0.408

0.789 0.211 0.408 0.408

-0.577 0.578 0.408 0.408

Characteristic Equation Matrix

A. - 6 -5 -5 -5

-5 A. - 6 0 0

-5 0 A- 6 0

-5 0 0 A. - 6

Characteristic Polynomial
4 3 2

A. - 24A. + 141·A. + 36·A. - 140L
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4.1.4 Constraints Treatment for a Four-Bar Hybrid System, co"tai"i"e u"drive" or active
driven Revolute and/or Prismatic and/or Screw Joints

Interchange Graph

4

2

R,P,H R,P,H

3

Constraints Matrix

6 5

5 6
Cm403:= 5 0

5 0

~~l6 5
5 6

Eigenvalues

eigenvals (Cm403) =

-1.406

1

7.556

16.85

Eigenvectors

0.749 0 -0.254 -0.612

eigenvecs (Cm403) =
-0.506 0 -0.8IS -0.282

-0.302 -0.707 0.368 -0.523

-0.302 0.707 0.368 -0.S23

Characteristic Equation Matrix

A - 6 -5 -5 -5
-5 A. - 6 0 0

-S 0 A- 6 -S

-5 o -5 A- 6

Characteristic Polynomial
432

A - 24·A + 116A + 86A - 175
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4.1.5 Constraints Treatment for a Four-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

R,P,H( d)off
2 3

1

RP.HRP.H

4
Constraints Matrix

6 5
o 0]5 6 6 0

Cm404:= 0 6 6 5

0 0 5 6

Eigenvalues

eigenvals (Cm40~ =

8.831

14.831

3.169

-2.831

Eigenvectors

0.615 0.348 0.615 -0.348

0.348 0.615 -0.348 0.615
eigenvecs (Cm40 \ =

4' -0.348 0.615 -0.348 -0.615

-0.615 0.348 0.615 0.348

Characteristic Equation Matrix

1..-6 -5 0 0

-5 1..-6 -6 0

0 -6 1..-6 -5

0 0 -5 1..-6

Characteristic Polvnomial

1..
4
_24-1..

3 + 1301..
2+ 168-1..-117:
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4.1.6 Constraints Treatment for a Four-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with vertices 1 and 2 identified, with 'loss of edge'

Interchange Graph

1,2
RP,H

3

R,P,H

4
Constraints Matrix

6 6 5 0

6 6 5 0
Cm405:= 5 5 6 5

0 0 5 6

Eigenvalues

o
-1.234

eigenvals (Cm40~ =
7.816

17.418

Eigenvectors

eigenvecs (Cm405) =

0.707 -0.285 -0.353 0.542

-0.707 -0.285 -0.353 0.542

o 0.753 0.296 0.588

o -0.521 0.814 0.257

Characteristic Equation Matrix

A,-6 -6 -5 0

-6 A,-6 -5 0

-5 -5 ),,-6 -5

0 0 -5 A,-6

Characteristic Polynomial

432
A, - 24·A, + 105·A, + 168-),
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4.1.7 Constraints Treatment for a Four-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with vertices 2 and 3 identified, with 'loss of edge':

Interchange Graph

R,P,H
1

2.3

R.P.H

4
Constraints Matrix

6 5 5 0

5 6 6 5
Cm406:= 5 6 6 5

0 5 5 6

Eigenvalues

0

eigenvals (Cm40~ =
-1.44

6

19.44

Eigenvectors

0 0.567

eigenvecs (Cm40~ =
0.707 -0.422

-0.707 -0.422

0.707 -0.422

o -0.567

o -0.567

o 0.567 -0.707 -0.422

Characteristic Equation Matrix

A.-6 -5 -5 0

-5 A.-6 -6 -5
-5 -6 "--6 -5
0 -5 -5 "--6

Characteristic Polvnomial

432
A. - 24A. + 80·A. + 168-",
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4.1.8 Constraints Treatment for a Four-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with vertices 3 and 4 identified, with 'loss of edge'

Interchange Graph

R,P,H
1

2

RP.H

3,4

Constraints Matrix

::]
6 6

6 5

5 6
Cm407:= 0 5

o 5

Eigenvalues

-1.234

-2.457x 10- 15
eigenvals (Cm40~ =

7.816

17.418

Eigenvectors

0.521 0 -0.814 -0.257

-0.753 0
eigenvecs (Cm407.\ =

~ 0.285 -0.707

0.285 0.707

Characteristic Equation Matrix

"--6 -5 0 0

-5 "--6 -5 -5

0 -5 "--6 -6

0 -5 -6 A-6

Characteristic Polynomial

432
A - 24A + 105-A + 168-A

Kinematic Morphology of Space Systems
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0.353 -0.542
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4.1.9 Constraints Treatment for a Four-Bar Open Chain, containing Revolute and/or
Prismatic and/or Screw Joints with vertices 1 and 3 identified, without 'loss of edge'

Interchange Graph

R.P,H

2

RP,H
1,3

R,P,H

4

Constraints Matrix

6 5

5 6
Cm408:= 6 5

5 0
~~l
5 6

Eigenvalues

-1.44
eigenvals (Cm40~ =

6

o

19.44

Eigenvectors

eigenvecs (Cm40~ =

0.707 -0.422 0 -0.567

o 0.567 -0.707 -0.422

--{J.707 -0.422 0 --{J.567

o 0.567 0.707 --(J.422

Characteristic Equation Matrix

",-6 -5 -6 -5

-5 ",-6 -5 0

-6 -5 ",-6 -5
-5 0 -5 ",-6

Characteristic Polynomial

4 3 2
'" - 24·", + 8()'A + 168·).
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4.1.10 Constraints Treatment for a Four-Bar Branched Chain, containing Revolute and/or
Prismatic and/or Screw Joints with vertices 3 and 4 identified, without '10 of edge'

Interchange Graph

2
R,P,H

1

R.P.H R,P,H

3,4

Constraints Matrix

6 5

5 6
Cm409:= 5 0

5 0

~~l6 6
6 6

Eigenvalues

-2.997x 10- 15
eigenvals (Cm40~ =

7.816

-1.234

17.418

Eigenvectors

0.753 0 -0.296 -0.588

-0.521 0 -0.814 -0.257
eigenvecs (Cm40~ =

-0.285 -0.707 0.353 -0.542

-0.285 0.707 0.353 -0.542

Characteristic Equation Matrix

A-6 -5 -5 -5

-5 A-6 0 0

-5 0 A-6 -6

-5 0 -6 ",-6

Characteristic Polvnomial

4 3 2
A - 24A + 105·A + 168-)"
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4.1.11 Constraints Treatment for a Four-Bar Open Chain, containing undriven or active
driven Cylindric Joints

Interchange Graph

or

c
2

4

3

c c

1

Constraints Matrix

:~l
4 6

6 4
4 6

Cm410:= 0 4

o 0
Eigenvalues

eigenva1s (Cm41 d =

8.472

12.472

3.528

-0.472

Eigenvectors

0.602 0.372 0.602 -0.372

0.372 0.602 -0.372 0.602
eigenvecs (Cm41 ~\=

(J -0.372 0.602 -0.372 -0.602

-0.602 0.372 0.602 0.372

Characteristic Equation Matrix

),,-6 -4 0 0

-4 ),,-6 -4 0

0 -4 ),,-6 -4

0 0 -4 ),,-6

Characteristic Polvnomial

4 3 2
/... - 24·/... + 168-/... - 288-)" - 17{

Kinematic Morphology ofSpaee Systems
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4.1.12 Constraints Treatment for a Four-Bar Open Chain, containing Cylindric Joints with
one dof of a driven joint inactive or inoperative

Interchange Graph

2
_----_,"

3

c c

1 4

Constraints Matrix

Cm411 := o 5

o 0

6 4
4 6

~ :]
4 6

Eigenvalues

eigenvals(Cm41D =

8.217

13.217

3.783

-1.217

Eigenvectors

0.618 0.343 0.618 -0.343

0.343 0.618 -0.343 0.618
eigenvecs (Cm41\ =

l) -0.343 0.618 -0.343 -0.618

-0.618 0.343 0.618 0.343

Characteristic Equation Matrix

",-6 -4 0 0

-4 ",-6 -5 0

0 -5 ",-6 -4

0 0 -4 1.-6

Characteristic Polynomial

432
"- - 24"- + 159"- - 180"- - SOC
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4.1.13 Constraints Treatment for a Four-Bar Open Chain, containing Cylindric Joints with
two dof of a driven joint inactive or inoperative

Interchange Grdph

C(d)off
2

_,,.,------~.. 3

C

4

-------'

C

1

Constraints Matrix

6 4
o 0]4 6 6 0

Cm412:= o 6 6 4

o 0 4 6

Eigenvalues

8

4
eigenvals(Cm4d = 14

-2
Eigenvectors

0.632 0.632 0.316 0.316

0.316 -0.316 0.632 -0.632
eigenvecs (Cm41 _I=

2) -0.316 -0.316 0.632 0.632

-0.632 0.632 0.316 -0.316

Characteristic Equation Matrix

",-6 -4 0 0

-4 /...-6 -6 0

0 -6 ",-6 -4

0 0 -4 /...-6

Characteristic Polynomial

4 3 2
'" -24", +14S", -4S",-8~
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4.1.14 Constraints for a Four-Bar Open Chain, containing undriven or active driven Planar
and/or Spherical Joints

Interchange Graph

or

E,S E,S(d)on

2 3 2 3

E,S E.S E,S E,S

1 4 1 4

Constraints Matrix

6 3 0 0

3 6 3 0
Cm413:= o 3 6 3

003 6

Eigenvalues

7.854]
10.854

eigenvals(Cm4d =
4.146

1.146

Eigenvectors

0.602 0.372 0.602 -0.372

0.372 0.602 -0.372 0.602
eigenvecs (cm4d =

-0.372 0.602 -0.372 -0.602

-0.602 0.372 0.602 0.372

Characteristic Equation Matrix

",-6 -3 0 0

-3 ",-6 -3 0

0 -3 ",-6 -3

0 0 -3 ",-6

Characteristic Polynomial

432
'" - 24·", + 189-", - 540", + 40:
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4.1.15 Constraints Treatment for a Four-Bar Open Chain, containin2 Planar and / or
Spherical Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

2 3

E_S E_S

1 4

Constraints Matrix

6 3

3 6
Cm414:= 0 4

o 0
:~l
3 6

Eigenvalues

eigenvals( Cm414 =

7.606

11.606

4.394

0.394

Eigenvectors

0.623 0.334 0.623 -0.334

0.334 0.623 -0.334 0.623
eigenvecs (Cm41 \ =

4' -0.334 0.623 -0.334 -0.623

-0.623 0.334 0.623 0.334

Characteristic Equation Matrix

"--6 -3 0 0

-3 "--6 -4 0

0 -4 "--6 -3

0 0 -3 /...-6

Characteristic Poiy'nomial
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4.1.16 Constraints Treatment for a Four-Bar Open Chain, containing Planar and / or
Spherical Joints with two dof of a driven joint inactive or inoperative

Interchange Graph

E,S(d)off
2 3

E.S E.S

1 4

Constraints Matrix

Cm4I5:= o 5

o 0

6 3

3 6 :~l
3 6

Eigenvalues

eigenvals (Cm4d =

7.405

4.595

12.405

-0.405

Eigenvectors

eigenvecs (Cm4d =

0.64 0.64 0.3 0.3

0.3 -0.3 0.64 -0.64

-0.3 -0.3 0.64 0.64

-0.64 0.64 0.3 -0.3

Characteristic Equation Matrix

A-6 -3 0 0

-3 A-6 -5 0

0 -5 A-6 -3

0 0 -3 ",-6

Characteristic Polynomial

4 3 2
A - 24'A + InA - 348'A- 171
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4.1.17 Constraints Treatment for a Four-Bar Open Chain, containing Planar and / or
Spherical Joints with three dof of a driven joint inactive or inoperative

Interchange Graph

E,S( d)off

2 3

E,S E,S

1 4

Constraints Matrix

6 3

o 013 6 6 0
Cm416:= 0 6 6 3

0 0 3 6

Eigenvalues

eigenvals (Cm41 ~ =

7.243

4.757

13.243

-1.243

Eigenvectors

0.653 0.653 0.271 0.271

0.271 -0.271 0.653 -0.653
eigenvecs (Cm41 ~ =

-0.271 -0.271 0.653 0.653

-0.653 0.653 0.271 -0.271

Characteristic Equation Matrix

A - 6 -3 o o
-3 A. - 6 -6 0

o -6 A- 6 -3

o 0 -3 A- 6

Characteristic Polynomial

4 3 2 "
A - 24·A + 162·A - 216 A. - 56 I
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4.2 FOUR BAR LOOPED

4.2.1 Adjacency Matrix Treatment

Interchange Graph

J
2 3

J J

41

J

Adjacency Matrix

~~lo 1

010

o 1

o
Am451:= 0

Eigenvalues

o
-2

eigenvals (Am45 J = 0

2

Eigenvectors

0.707 -0.5 0 -0.5

( )
0 0.5 -0.707 -0.5

eigenvecs Am4S1 =
-0.707 -0.5 0 -0.5

o 0.5 0.707 -0.5

Characteristic Equation Matrix

A -1 0 -1
-1 A -1 0

0 -1 A -1

-1 0 -1 '"
Characteristic Polynomial

4 2
A - 4·",
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4.2.2 Constraints Treatment for a Four-Bar Looped System, containinf! undriven or active
driven Revolute and/or Prismatic and/or Screw Joints

Interchange Graph

R,P,H

2 3

RP,H RP,H

41

R,P,H

Constraints Matrix

6 5 0 5

5 6 5 0
Cm452:= 0 5 6 5

5 0 5 6

Eigenvalues

6

eigenvals (Cm45~ =
16

6

-4

Eigenvectors

0.707 0.5 o -0.5

(
\ 0 0.5 -0.707 0.5

eigenvecs Cm452' = -0.707 0.5 0 -0.5

o 0.5 0.707 0.5

Characteristic Equation Matrix

",-6 -5 0 -5

-5 ",-6 -5 0

0 -5 ",-6 -5

-5 0 -5 ",-6

Characteristic Polynomial

('" + 4).(", - 16).(", - 6)2

Kinematic Morphology of Space Systems
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E..P.R

2

1

R,P,R(d)on

R.P.R

3

R.P.R

4
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4.2.3 Constraints Treatment for a Four-Bar Looped System, containine Revolute and/or
Prismatic and/or Screw Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

R,P,H(d)off
2 3

R.P.HR.P.H

1 4

R.P.H
Constraints Matrix

6 5

5 6
Cm453:= 0 6

5 0
:~l
5 6

Eigenvalues

eigenva1s (Cm45~ =

6.475

5.525

16.525

-4.525

Eigenvectors

0.524 -0.524 0.474 0.474

-0.474 -0.474 0.524 -0.524
eigenvecs (Cm45-\ =

3) -0.474 0.474 0.524 0.524

0.524 0.524 0.474 -0.474

Characteristic Equation Matrix

1...-6 -5 0 -5

-5 1...-6 -6 0

0 -6 1...-6 -5

-5 0 -5 ",-6

Characteristic Poly_nomial

(1...
2
- HI... + 107).(1...

2
- 1...-25)
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4.2.4 Constraints Treatment for a Four-Bar Looped System, containing undriven or active
driven Cylindric Joints

Interchange Graph

or

C(d)cm C

2 3 2 3

C C C C

1 4 1 4

C C

Constraints Matrix

6 4
4 6 :~l

4 6

Eigenvalues

6

eigenvals (Cm45~ =
14

6

-2
Eigenvectors

0.707 0.5 0 -0.5

o -0.5
eigenvecs (Cm45~ =

-0.707 0.5

o 0.5 -0.707 0.5

o 0.5 0.707 0.5

Characteristic Equation Matrix

1.-6 -4 0 -4

-4 1.-6 -4 0

0 -4 11.-6 -4

-4 0 -4 11.-6

Characteristic Polynomial

432
A. - 241. + 152·1. - 96-1. - 10m
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4.2.5 Constraints Treatment for a Four-Bar Looped System, containing Cylindric Joints with
one dof of a driven joint inactive or inoperative

Interchange Graph

2
.... -~--....-- .........

3

c c

1 4

c
Constraints Matrix

6 4
4 6

Cm455:= 0 5

4 0
;::
4 6

Eigenvalues

5.531

6.469
eigenvals (Cm45 _\=

5) -2.531

14.531

Eigenvectors

0.53 0.53 0.468 -0.468

0.468 -0.468 -0.53 -0.53
eigenvecs (Cm45~ =

-0.468 -0.468 0.53 -0.53

-0.53 0.53 -0.468 -0.468

Characteristic Equation Matrix

/...-6 -4 0 -4

-4 /...-6 -5 0

0 -5 /...-6 -4

-4 0 -4 ",-6

Characteristic Polynomial

432
/... - 24/'" + 143-/... + 12·/...- 13H
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4.2.6 Constraints Treatment for a Four-Bar Looped System, containing Cylindric Joints
with two dof of a driven joint inactive or inoperative

Interchange Graph

C(d)off
2 3

C C

1 4

C

Constraints Matrix

6 4
4 6

Cm456:= 0 6

4 0

~~l6 4
4 6

Eigenvalues

eigenvals( Cm45~ =

6.877

5.l23

15.123

-3.123

Eigenvectors

0.557 -0.557 0.435 0.435

-0.435 -0.435 0.557 -0.557
eigenvecs (Cm45 j =

f::J -0.435 0.435 0.557 0.557

0.557 0.557 0.435 -0.435

Characteristic Equation Matrix

",-6 -4 0 -4

-4 ",-6 -6 0

0 -6 ",-6 -4

-4 0 -4 ",-6

Characteristic Polvnomial

4 3 2
'" - 24·", + 132·", + 144", - 166'
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4.2.7 Constraints Treatment for a Four-Bar Looped System, containing undriven or active
driven Planar and/or Spherical Joints

Interchange Graph

or

E,S E,S(d)an

2 3 2 3

E.S E_S E.S E_S

4 41 1

E_S E_S

Constraints Matrix

6 3

3 6
Cm45i= 0 3

3 0
~~l
3 6

Eigenvalues

6

eigenvals(Cm457,\ =
~ 12

o

6

Eigenvectors

0.675 -0.209 0.5 0.5

(
j -0.209 -0.675 0.5 -0.5

eigenvecs Cm457) =
-0.675 0.209 0.5 0.5

0.209 0.675 0.5 -0.5

Characteristic Equation Matrix

;'-6 -3 0 -3

-3 ;'-6 -3 0

0 -3 ;'-6 -3

-3 0 -3 ;'-6

Characteristic Polvnomial

432
;. - 24·;' + 180;' - 432·"
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4.2.8 Constraints Treatment for a Four-Bar Looped System, containing Planar and/or
Spherical Joints with one dof of a driven joint inactive or inoperative

Interchange Graph

2 3

E,S E,S

1 4

E$

Constraints Matrix

6 3

3 6 :~l
3 6

Eigenvalues

6.459

eigenvals (Cm45~ =
5.541

12.541

-0.541

Eigenvectors

0.54 -0.54 0.457 0.457

eigenvecs (Cm45~ =
-0.457 -0.457 0.54 -0.54

-0.457 0.457 0.54 0.54

0.54 0.54 0.457 -0.457

Characteristic Equation Matrix

A,-6 -3 0 -3

-3 A-6 -4 0

0 -4 1.-6 -3
-3 0 -3 A-6

Characteristic Polynomial

432
A - 24-A + 173-A - 348·A - 24~
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4.2.9 Constraints Treatment for a Four-Bar Looped System, containing Planar and/or
Spherical Joints with two dof of a driven joint inactive or inoperative

Interchange Graph

E,S( d)off
2

J"-------.
3

E.S E,S

1 4

E,S

Constraints Matrix

6 3

3 6
Cm459:= 0 5

3 0

~~l6 3

3 6

Eigenvalues

eigenvals (Cm45~ =

6.838

5.162

13.162

-l.l62

Eigenvectors

0.574 -0.574 -DAB -DAB

-DAB -0.413 -0.574 0.574
eigenvecs (Cm45 \ =

9J -0.413 0.413 -0.574 -0.574

0.574 0.574 -OA13 DAB

Characteristic Equation Matrix

A-6 -3 0 -3

-3 A-6 -5 0

0 -5 A-6 -3

-3 0 -3 A-6

Characteristic Polynomial

432
A - 24'A + 164A - 24(}A - 54C
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4.2.10 Constraints Treatment for a Four-Bar Looped System, containing Planar and/or
Spherical Joints with three dof of a driven joint inactive or inoperative

Interchange Graph

E,S(d)off'
2

_.~----~._-

E.S

3

E.S

1 4

E.S

Constraints Matrix

630 3

366 0
Cm460:= 0 6 6 3

3 0 3 6

Eigenvalues

eigenvals (Cm46d =

7.146

4.854

13.854

-1.854

Eigenvectors

eigenvecs (Cm46d =

0.602 -0.602 0.372 0.372

-0.372 -0.372 0.602 -0.602

-0.372 0.372 0.602 0.602

0.602 0.602 0.372 -0.372

Characteristic Equation Matrix

A-6 -3 0 -3

-3 A-6 -6 0

0 -6 A-6 -3

-3 0 -3 A-6

Characteristic Polynomial

432
A - 24 A + 153-A - 108-A- 891
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AppendixF
Inter-System Distance based on Characteristic Polynomial Coefficients
and Eigenvalues for a Selection of 2, 3 and 4-Bar Kinematic Systems

This Appendix presents the data on which the observations on ISO contained in Section 6.4 are

based. Each of the four options for ISO discussed in Section 6.4 are evaluated - once using the

eigenvalues of the kinematic system's characteristic polynomial, P(A), as derived from the

constraints matrix ofthe system's interchange graph, and once using its coefficients - see Table Fl.

Linear Taxicab Metric (where weightings in (6.1) have value +1)

Elliptic (Euclidean)(where weightings in Equn. (6.4) take the value
+1).

Metrics based on characteristic
polynomial, P(A), eigenvalues Parabolic (leading weighting in Equn. (6.4) takes the value +1, and the

remaining weightings are 0).

Hyperbolic (Pseudo-Euclidean)(leading weighting in Equn. (6.4) takes
the value + 1, and the remaining weightings are -1).

Linear Taxicab Metric (where weightings in (6.1) have value +1)

Elliptic (Euclidean)(where weightings in Equn. (6.4) take the value
+1).

Metrics based on characteristic
Parabolic (where the leading weighting in Equation (6.4) takes thepolynomial, P(A), coefficients
value +1, and the remaining weightings are 0).

Hyperbolic (Pseudo-Euclidean) (where the leading weighting in
Equation (6.4) takes the value + 1, and the remaining weightings are -
1).

Table Fl: The Eight ISD Cases Evaluated

F.l ISO Evaluation Input Data

The evaluations are carried out using the input data presented in the following table. Refer to

Acronyms and Abbreviations for abbreviations used in system names, and to Appendix e,
Appendix 0, and Appendix E for derivation of the data presented in this table, including system

diagrams.
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System Nomenclature used:

Example (i): 3-Bar Open, 2 RPH: A three bar system which does not form a cycle, with the three
,

bars joined by revolute, prismatic or screw joints operating in nominal condition (no faults).

Example (ii): 3-Bar Open, RPH, RPH 1 dof(d)otT: A three bar system which does not form a cycle,

with the three bars joined by revolute, prismatic or screw joints. One joint operating in nominal

condition (no faults), and one joint operating with one degree of freedom locked out, either by the

drive being off, or by a fault condition.

Ref. System Name Polynomial Coefficients Eigenvalues
Po PI P2 Pl P4

2.1.2 2-Bar Disconnected 1 -12 36 6,6

2.2.2 2-Bar, RPH 1 -12 11 1, 11

2.2.3 2-Bar, RPH, (d)otT 1 -12 0 0,12

2.2.4 2-Bar, C 1 -12 20 2,10

2.2.5 2-Bar, C, 1 dof(d)otT 1 -12 11 1, 11

2.2.6 2-Bar, C, 2 dof (d)otT 1 -12 0 0,12

2.2.7 2-Bar, ES 1 -12 27 3,9

2.2.8 2-Bar, ES, 1 dof(d)otT 1 -12 20 2,10

2.2.9 2-Bar, ES, 2 dof(d)otT 1 -12 11 1, 11

2.2.10 2-Bar, ES, 3 dof(d)otT 1 -12 0 0,12

3.1.2 3-Bar Open, 2RPH 1 -18 58 84 13.071,6, -1.071

3.1.3 3-Bar Open, RPH, RPH 1 dof (d)otT 1 -18 47 150 13.81,6, -1.81

3.1.4 3-Bar Open, 2C 1 -18 76 -24 11.657,6,0.343

3.1.5 3-Bar Open, C, C 1 dof (d)otT 1 -18 67 30 12.403, 6, -0.403

3.1.6 3-Bar Open, C, C 2 dof(d)otT 1 -18 56 96 6,13.211, -1.211

3.1.7 3-Bar Open, 2ES 1 -18 90 -108 10.243,6, 1.757

3.1.8 3-Bar Open, ES, ES 1 dof (d)otT 1 -18 83 -66 6,11,1

3.1.9 3-Bar Open, ES, ES 2 dof(d)otT 1 -18 74 -12 6, 11.831,0.169

3.1.10 3-Bar Open, ES, ES 3 dof(d)otT 1 -18 63 54 6, 12.708, -0.708

3.2.2 3-Bar Closed, 3RPH 1 -18 33 -16 1, 1, 16

3.2.3 3-Bar Closed, 2RPH, RPH 1 dof(d)otT 1 -18 22 0 1.319, -5.35E-15,
16.681

3.2.4 3-Bar Closed, 3 x C 1 -18 60 -56 2,2,14

3.2.5 3-Bar Closed, 2C, C 1 dof (d)otT 1 -18 51 -34 2.315,1,14.685

3.2.6 3-Bar Closed, 2C, C 2 dof(d)otT 1 -18 40 0 2.597, 1.645E-15,
15.403

3.2.7 3-Bar Closed, 3ES 1 -18 81 -108 3,3,12

3.2.8 3-Bar Closed, 2ES, ES 1 dof (d)otT 1 -18 74 -84 3.31,2,12.69

3.2.9 3-Bar Closed, 2ES, ES 2 dof (d)otT 1 -18 65 -48 3.576, 1, 13.424

Kinematic Morphology ofSpaee Systems 372



3.2.10 3-Bar Closed, 2ES, ES 3 dof(d)otT 1 -18 54 0 3.804, 1.73E-15,
14.196

4.1.2 4-Bar Open, 3RPH 1 -24 141 36 -779 9.09,14.09,2.91, -
2.09

4.1.3 4-Bar Open, 2RPH, RPH 1 dof (d)otT 1 -24 130 168 -1175 8.831,14.831,
3.169, -2.831

4.1.4 4-Bar Open, 3C 1 -24 168 -288 -176 8.472, 12.472,
3.528, -0.472

4.1.5 4-Bar Open, 2C, Cl dof(d)otT 1 -24 159 -180 -500 8.217,13.217,
3.783, -1.217

4.1.6 4-Bar Open, 2C, C 2 dof (d)otT 1 -24 148 -48 -896 8,4, 14,-2

4-Bar Open, 3ES 1 -24 189 -540 405 7.854, 10.854,
4.1.7 4.146, 1.146

4-Bar Open, 2ES, ES 1 dof(d)otT 1 -24 182 -456 153 7.606, 11.606,
4.1.8 4.394, 0.394

4-Bar Open, 2ES, ES 2 dof(d)otT 1 -24 173 -348 -171 7.405,4.595,
4.1.9 12.405, -0.405

4-Bar Open, 2ES, ES 3 dof (d)otT 1 -24 162 -216 -567 7.243,4.757,
4.1.10 13.243, -1.243

4.2.2 4-Bar Closed, 4RPH 1 -24 116 336 -2304 6, 16,6,-4

4.2.3 4-Bar Closed, 3RPH, RPH 1 dof(d)otT 1 -24 105 468 -2675 6.475,5.525,
16.525, -4.525

4.2.4 4-Bar Closed, 4C 1 -24 152 -96 -1008 6, 14,6, -2

4-Bar Closed, 3C, C 1 dof (d)otT 1 -24 143 12 -1316 5.531,6.469, -2.531,
4.2.5 14.531

4-Bar Closed, 3C, C 2 dof(d)otT 1 -24 132 144 -1664 6.877,5.123,
4.2.6 15.123, -3.123

4.2.7 4-Bar Closed, 4ES 1 -24 180 -432 0 6,6,12,0

4-Bar Closed, 3ES, ES 1 dof(d)otT
1 -24 173 -348 -243 6.459,5.541,

4.2.8 12.541, -0.541

4-Bar Closed, 3ES, ES 2 dof(d)otT
1 -24 164 -240 -540 6.838,5.162,

4.2.9 13.162, -1.162

4-Bar Closed, 3ES, ES 3 dof(d)otT
1 -24 153 -108 -891 7.146,4.854,

4.2.10 13.854, -1.854

Table F2: ISD Evaluation Input Data

F.2 ISO Evaluation Assumptions

The following list records the assumptions made during the ISD evaluation process:

• 'blank dimensions' - for example where a 2 Bar system needs to be expressed as a 4

dimensional object - can be zero padded.

• The choice of which 'dimensions' have their weightings set to zero, and which are set to one,

whilst producing different ISDs, is assumed not to invalidate the choice made as being 'typical'
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of the results that might be obtained. The topic of what values to ascribe to the weightings in

metric expressions is discussed in Section 11.1.4.

• Metrics evaluated using characteristic polynomial coefficients ignore the value of the first

coefficient, Po.This is assumed to be acceptable since this value is always = 1.

The formulae used in the evaluation are derived from Equations (6.1) and (6.4) in Section 6.1.

These are modified for the eight different metric evaluation cases listed in Table Fl, as shown in

Table F3.

General case of linear metric
+1 +1 +1

o = 0 IXrxd + 0 IYrYII .......... + 0 In2-nll ............... (6.1)
-I -I -I

Specific case oflinear (taxicab) metric evaluated using eigenvalues
o = IA,I,I-A,2.tI+ IA,1,2- A,d + IA,1,3-A,d + IA,1,4-A,2AI ........ (6.1a)

Specific case of linear (taxicab) metric evaluated using CP coefficients

0= IPI,I- P2,11+ IPI,r pd + IPI,r pd + IPI,4- P2,41 ........ (6.1b)

General case of quadratic metric

~

+1 +1 +1
0= o (X2-XI)2 + 0 (Y2-YI)2+ .......... +0 (WrWI)2 ............................ (6.4)

-I -I -I

Specific case of an elliptic (Euclidean) metric evaluated using eigenvalues

0=
~

(A,I,I-A,2,1)2 + (A,1,2-A,2,2)2 + (1..1,3-A,2,3i + (1..1,4-A,2,4)2 .......... (6.4a)

Specific case of an elliptic (Euclidean) metric evaluated using CP coefficients

0=
~

(PI,I_ P2,1)2 + (PI,2- P2,2)2 + (PI,3- 1'2,3)2 + (PI,4- p2,4)2 .......... (6.4b)

Specific case of a parabolic metric evaluated using eigenvalues

0=
~

(A,I,I-A,2,1)2 +0*(A,1,2-A2,d + 0*(1..1,3-A,2,3)2 + O*(A,W 1..2,4)2 .......... (6.4c)

Specific case of a parabolic metric evaluated using CP coefficients

0=
~

(PI,I- P2,li + O*(PI,r P2,2)2 + 0*(PI.3- P2,3)2 + O*(PI,4- P2,4i .......... (6.4d)

Specific case of a hyperbolic (pseudo-Euclidean) metric evaluated using eigenvalues

0=
~

(A,t,t-A,2,li - (1..1,2-1..2,2)2 - (AI,r A,2,3)2 - (A,1,4-A,2,4i .......... (6.4e)
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(6.4t)

Specific case of a hyperbolic (pseudo-Euclidean) metric evaluated usinz CP coefficients

Where ~j represents the t eigenvalue of the ith point (ie system), and Pij represents the Jh

characteristic polynomial coefficient of the ithpoint. (Note that elsewhere in the main body of the

text, these subscripts may be reversed where this is considered to provide greater clarity, and where

the context is clear. Also, in Mathcad and Excel evaluations, these row and column subscripts are

reversed).

Table F3: Equations Used in the Evaluation ofISDs

F.3 Evaluation of Inter-System Distance based on Characteristic Polynomial
Coefficientsand Eigenvalues

The evaluation results based on the principles outlined in the previous section are presented in

Tables F4 to Fl l for all the systems contained in the database comprised of Appendix C, Appendix

D, and Appendix E. These results are discussed further in Section F .4.
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F.4 Analysis of Values obtained for Inter-System Distance Metrics

Since the values in the foregoing tables are hard to interpret readily, Tables F12 to F19 are

provided in an effort to present the data for the eight different metric evaluation cases. Each table

presents a pictorial representation of the evaluations of ISDs for one of the metrics. Superimposed

on each table is a Mathcad generated plot of these values, and comments on any particular features

of that specific set of data.

2-Bar 3-Bar open 3-Bar closed 4-Bar open 4-Bar closed

2 Bar systems with the same AI are the same distance from all
others ie rows are the same.

... -0

'" "co '", 0MU
Zone below leading diagonal contains
same data as that above diagonal,
only rotated through 90° anti-
clockwise (all metrics)

... -0

'" "co '", 0'<tu

Many of the ISDs are duplicated
since the eigenvalues all add up to
the trace of the Constraints Matrix,
C, and the effect of the moduli in
the metric equation is to eliminate
the effect of negative AS.

Above relationship does not hold true
for 3 and 4 bar systems .

ISO

J

Eigenvalues Linear Taxicab Metric

Table F 12: General Form ofthe Linear Taxicab Metric Results for ISDs derived from the

Eigenvalues or2,3 and 4-Bar Kinematic Systems
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3-Bar open2-Bar 3-Bar closed 4-Bar open 4-Bar closed

2 Bar systems with the same AI are the same distance from all
others ie rows are the same (as for Taxicab metric)

with all eigenvalue metrics, th
requirement for AS to sum to the trac
c?nstrains the size of the ISD - which may b
vIewed as an advantage.
The shape of the distribution is the same as
for the Taxicab metric.

Above relationship does not hold true
for 3 and 4 bar systems.

ISO

Systems

Table F13: General Form ofthe Quadratic Elliptic (Euclidean) Metric Results for ISDs derived

from the Eigenvalues 0(2,3 and 4-Bar Kinematic Systems

3-Bar closed 4-Bar 0 en2-Bar
AI = 3
2.2.7
3.2.7

AI = 2
2.2.4
2.2.8
3.2.4

All systems with the same Al are the
same distance from all other systems ie

rows are the same.

1. The nature of the defining e
that the ISDs are tied closely to
eigenvalues, and leads to restri
values.

Alternative, widely different IS
a different selection ofCP coef
see comments in main text.

Systems

ISO

4-Bar closed

AI =6
2.1.2
3.1..6
3.1.8
3.1.9
3.1.10
4.2.2
4.2.4
4.2.7

Systems

Table F14: General Form o(the Quadratic Parabolic Metric Results for ISDs derived {rom the

Eigenvalues 0[2,3 and 4-Bar Kinematic Svstems
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2-Bar 3-Bar 0 en 3-Bar closed 4-Bar 0 en 4-Bar closed

0
Mainly real or Mainly columns

Mainly real columns of of same
same imaginary imaginary

number number

he inserted chart represents the data with real value
bove the zero plane, and imaginary values converte
o negative real values and displayed below the plan
only positive real values and imaginary values wit
o real part exist in the data set derived for this
etric).

Table F15: General Form of the Quadratic Hyperbolic Metric Results (or ISDs derived from the
Eigenvalues of2.3 and 4-Bar Kinematic Systems

1) Because this is based on CP coefficients, there are
duplicate ISDs, and so this may be a more useful metric.
Values are all integers, which is helpful, but range of va
is large, which mayor may not be helpful depending
circumstances - for example, less convenient for p
although (eg) log scales could be used, but
discrimination.
In general, ISDs based on CP coefficients exhibit
trends to those based on ei ues.

Table F 16: General Form ofthe Linear Taxicab Metric Results {or ISDs derived from the
Characteristic Polynomial Coefficients of2.3 and 4-Bar Kinematic Systems
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4-Bar closed3-Bar closed2-Bar

....
'"cc
N

2 Bar systems with the same AI are the same distance from all
others ie rows are the same (as for Taxicab metric)

Above relationship does not hold true
for 3 and 4 bar systems .

...."Cl
'" "cc '", 0
"'u

...."Cl
'" <>cc '", 0"<tu

gain, different value trends from eigenvalues, an
arge number range. The shape of the distribution is ve
imilar to that for the taxicab metric - this is also th
ase with ISDs based on eigenvalues.

Systems

Systems

Table F17: General Form ofthe Quadratic Elliptic Metric Results (or ISDs derived from the
Characteristic Polynomial Coefficients of2,3 and 4-Bar Kinematic Systems

12

Values
always the no. of available dofs. This leads
very limited range of values, & shows that, if
metric was used, Cl may need to be ignored
Well as co.
Values would be entirely different if other
Were chosen on which to base calculation.
If Co (==1)were included, the first (and only)
of the ion would be zero.

ISO

Systems

Systems

Table F 18: General Form ofthe Quadratic Parabolic Metric Results (or ISDs derived kom the
Characteristic Polynomial Coefficients 0[2,3 and 4-Bar Kinematic Systems
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2-Bar 3-Bar closed 4-Bar 0 en3-Bar 0 en 4-Bar closed
Only 4(8) real
values III thi
netric (orang
crosses)

1) Mainly imaginary - the Cl terms are much smalle
than the others - values driven by higher C2, C3 & C4.

Complex values make this metric hard to use - coul
be rectified by using other terms (but 4 bar systems
onl have the five coefficients .

Table F19: General Form ofthe Quadratic Hyperbolic Metric Results (or ISDs derived from the
Characteristic Polynomial Coefficients 0(2,3 and 4-Bar Kinematic Systems
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Appendix G
Characterisation of Kinematic Test Systems

This appendix records the characterisation data derived for the test systems as described in Chapter

10 and as used in the metric evaluations presented in Chapter 11.

The kinematic systems for which data is provided in this appendix are as follows:

• Four Bar Open Chain

• Four Bar Looped

• Four Bar Branched Chain

• Four Bar Hybrid

• Extremal Bounds:

o 'Lower Bound' Goal Specification

o 'Upper Bound' Goal Specification

The following data is provided for each of these systems:

• Root node interchange graph (for reference)

• Fault graph adjacency matrix

• Fault graph eigenvalues derived from the fault graph adjacency matrix

• Fault graph eigenvectors derived from the fault graph adjacency matrix

This information supplements that provided in Appendix E regarding the nominal states of these

systems. Since the constraints treatment of the nominal state of the kinematic system based on the

Kinematic Morphology of Space Systems 398



Attila leg mechanism is not presented elsewhere, this is also provided in the relevant section of this

chapter.

Note on presentation: in some instances, data has been presented as 'pasted' direct from Mathsoft

Mathcad, which involves reproducing the data in Mathcad format, in other cases, reprocessing in

Excel has been necessary. Achieving identical formats is very difficult. The author considers that

no ambiguity arises from this action.

G.I Test System - Four Bar Open Chain

Adjacency Matrix Treatment for the Fault Graph of a four bar open chain.

Root Node Interchange Gra[!,h Fault Gra[!,hAdiacenC}!,Matrix

0 1 0 0 0 0 0

J 0 0 0 0 0 0 0 0 0

2 3 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0

J J 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

1 4 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

Fault Graph Eigenvalues Fault Gra[!,hEigenvectors

0 0 0 0 0 0 ---0.353 0.353 -0.387 0.387 0.475 -0.4'

-0.427 0.388 0.362 0.45 0.029 -0.248 ---0.142 -0.142 0.065 0.065 0.333 0.33
-I 0.55 0.176 0.208 -0.539 0.029 -0.248 -0.142 -0.142 0.065 0.065 0.333 0.33
-I -0.123 -0.564 -0.57 0.089 0.029 -0.248 -0.142 ---0.142 0.065 0.065 0.333 0.33
0 0 0 0 0 -0.088 0.745 -0.399 -0.399 -0.194 -0.194 0.149 0.14
0 0 0 0 0 0.702 0.083 0.257 0.257 -0.387 -0.387 0.185 0.18

0.885 0 0 0 0 -0.702 -0.083 0.257 0.257 -0.387 -0.387 0.185 0.18

-0.885 0.123 0.564 -0.57 0.089 0 0 0.114 -0.114 0.258 -0.258 0.295 -0.2'

2 -0.55 -0.176 0.208 -0.539 0 0 0.114 -0.114 0.258 -0.258 0.295 -0.2'

-2 0.427 -0.388 0.362 0.45 0 0 0.114 -0.114 0.258 -0.258 0.295 -0.2'

3.196 0 0 0 0 0 0 0.58 -0.58 -0.387 0.387 0.116 -0.1

-3.196 0 0 0 0 -0.059 0.497 0.385 0.385 0.387 0.387 0.277 0.27

Characteristic Polvnomial derived [rom Fault Gra[!,hAdjacency Matrix
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G.3 Test System - Four Bar Branched

Adjacency Matrix Treatment for the Fault Granh of a four bar branched system.

Root Node Interchange Graph Fault Graph Adjacency Matrix

0 1 1 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0

J 0 0 0 0 0 0 1 0 0 0

1 0 0 0 0 0 0 0 0 0

J 0 0 0 0 0 0 0 0 0 0
J 0 0 0 0 0 0 0 0 0 0

4 3 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 o 0 0 0 0

0 0 0 0 0 0 0 0 0 0

Fault Graph Eigenvalues 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

-1

-1

0.721

-0.721

2.218

-2.218

3.25

-3.25

Fault Graph Eigenvectors

0 0 0 0 0 0 -0.427 0.427 -0.284 0.284 -0.487 0.487

0 0 0.4 -0.416 0.297 -0.495 -0.226 -0.226 0.118 0.118 -0.319 -0.319

0 0 -0.56 -0.139 0.28 0.505 -0.226 -0.226 0.118 0.118 -0.319 -0.319

0 0 0.16 0.555 -0.577 -0.01 -0.226 -0.226 0.118 0.118 -0.319 -0.319

0.76 0.299 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

-0.639 0.509 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

-0.121 -0.807 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

0 0 -0.16 -0.555 -0.577 -0.01 0.132 -0.132 0.273 -0.273 -0.274 0.274

0 0 0.56 0.139 0.28 0.505 0.132 -0.132 0.273 -0.273 -0.274 0.274

0 0 -0.4 0.416 0.297 -0.495 0.132 -0.132 0.273 -0.273 -0.274 0.274

0 0 0 0 0 0 0.516 -0.516 -0.443 0.443 -0.193 0.193

0 0 0 0 0 0 0.548 0.548 0.369 0.369 -0.253 -0.253

Characteristic Polynomial derived from Fault Graph Adjacency Matrix
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G.4 Test System - Four Bar Hybrid

Adjacencl: Matrix Treatment for the Fault Gral!h of a four bar hl:brid sl:stem

Root Node Interchange Graph Fault Graph Adjacency Matrix

0 1 1 1 0 o 0

2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0

J J 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
4 3 0 0 1 0 0 0 0 0 0

J 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

Fault Graph Eigenvalues 0

-1

-1

1.181

-1.181

2.934

-2.934

Fault Graph Eigenvectors

0 0 0 0 0 0 0.425 0.425 0.565 0.565

0.282 0.295 0 0 0 0 -0.469 0.469 0.444 -0.444

-3 -0.577 -0.068 -0.573 0.084 -0.084 0.276 -0.276-0.282 -0.295 -8.091 x 10

-0.282 -0.295 0.504 0.282 -0.463 0.345 0.084 -0.084 0.276 -0.276

-0.282 -0.295 -0.496 0.296 0.53 0.228 0.084 -0.084 0.276 -0.276

-0.229 0.784 0 0 0 0 0.36 -0.36 0.193 -0.193

0.793 -0.193 0 0 0 0 0.36 -0.36 0.193 -0.193

0 0 0.504 0.282 0.463 -0.345 -0.326 -0.326 0.245 0.245

0 0 -0.496 0.296 -0.53 -0.228 -0.326 -0.326 0.245 0.245

0 0 -3 -0.577 0.068 0.573 -0.326 -0.326 0.245-8.091 x 10 0.245

Characteristic Polvnomial derived from Fault Graph Adjacencv Matrix
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G.5 'Lower Bound' Goal Specification

Adjacenc):: Matrix Treatment for the Fault Grauh of the 'Lower Bound' Goal Suecification

Root Node Interchange Graph Fault Graph Adjacency Matrix

0 1 1 1 1 1 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 o 0 o 0 0 0 0

0 0 o 0 0 0 0 0 0 0

0 0 000 0 0 0 0 0

4 3 0 0 000 0 0 0 0 1 0

0 1 o 0 0 o 0 0 0 0

0 0 0 0 o 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

It should be noted that, as discussed in Section 10.5.3, the interchange graph of the system is the

same as that for the four bar branched system, but that, in this case, this represents a minimum

configuration.

Fault Graph Eigenvalues Fault Graph Eigenvectors

0 0 0 0 0 0 0 -0.427 0.427 -0.284 0.284 -0.487 0.487

0 0 0 0.4 -0.416 0.297 -0.495 -0.226 -0.226 0.118 0.118 -0.319 -0.319

0 0 -0.56 -0.139 0.28 0.505 -0.226 -0.226 0.118 0.118 -0.319 -0.319

0 0 0.16 0.555 -0.577 -0.01 -0.226 -0.226 0.118 0.118 -0.319 -0.319

-I 0.76 0.299 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

-I -0.639 0.509 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

0.721 -0.121 -0.807 0 0 0 0 0.124 0.124 -0.328 -0.328 -0.21 -0.21

-0.721 0 0 -0.16 -0.555 -0.577 -0.01 0.132 -0.132 0.273 -0.273 -0.274 0.274

2.218 0 0 0.56 0.139 0.28 0.505 0.132 -0.132 0.273 -0.273 -0.274 0.274

-2.218 0 0 -0.4 0.416 0.297 -0.495 0.132 -0.132 0.273 -0.273 -0.274 0.274

3.25 0 0 0 0 0 0 0.516 -0.516 -0.443 0.443 -0.193 0.193

-3.25 0 0 0 0 0 0 0.548 0.548 0.369 0.369 -0.253 -0.253

Characteristic Polynomial derived from Fault Graph Adjacency Matrix
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G.6 'Upper Bound' Goal Specification

Constraints Matrix Treatment for the Root Node of the 'Upper Bound' Goal System (based
on the Attila Leg Mechanism)

Root Node 2D Constraints MatrixRoot Node Interchange Graph

Prismatic joint
on slider \

'-------.I

3

Revolute joint
on slider

5 4

Root Node Characteristic PolynomialRoot Node Eigenvalues

1.236

1.236

-3.236

-3.236

4

o 2 0 0 2
20200

o 2 0 2 0
00202

20020

Adjacency Matrix Treatment for the 'Upper Bound' Goal System Fault Graph (based on the
Attila Leg Mechanism)

Fault Graph Adjacency Matrix Fault Graph Eigenvalues

o 1 1 1 1 100 1 001 001 001 0 1 010
00000 1 0 0 000 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 000 0
00000 0 000 1 000 0 0 0 0 0 0 0 0 0
000 0 0 0 0 0 0 0 0 0 1 000 0 0 0 0 0 0

1 000 000 0 0 000 0 0 0 0 1 0 0 0 0 0 0
o 1 0 0 000 0 0 0 0 0 0 0 0 0 0 0 0 0 000
001 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 000
1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 1 1 000 0 0 0 0 0 0 0 0 0 0 0
000 1 000 0 0 000 1 000 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 000 1 0 0 0 0 0 0 0 000
o 0 0 0 000 000 1 100 0 0 0 0 0 0 0 0 0
o 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 000 000 1 0 0 0 0 0 0 0
o 0 0 0 000 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0o 0 0 0 0 1 0 0 0 000 0 0 0 0 0 0 1 000 0
1 000 000 0 0 0 0 0 0 0 0 0 0 0 1 000 0
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
1 000 000 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
o 0 0 0 000 0 0 0 0 0 0 0 0 0 0 0 0 1 000
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
o 0 0 0 000 0 0 0 0 0 0 0 0 0 0 0 0 001 0

Kinematic Morphology ofSpacc Systems

-3.289
3.368
0.608
1.258
-0.945
1.618
-1.618
0.618
-0.618
-1.618
1.618
0.618
-0.618
-1.618
0.618
1.618
-0.618
-1.618
0.618

1
-1
1
-1

405



omOOOOmOOOOOOoooooomm~~OOOOOOOOOOOOOOOOOOOOOOONOO~~ONqqOq~qooqqqoqqooo~ .. ~00000090000000000000990
omOOOomOOOOOOOOOOOomm~~OOOOOOOOOOOOOOOOOOOOOOOoo~~oNoqoqNooqooqqooqoo~N~~
09000090000000000009900
00000000000000000000000~~88880~~~88~8~8~8~8~~88000000,0000000000009000
0000000000000000000000000000000000000000000000q~qooo~qqooqoqooooo~~oo
00000000000000000009900
OO~OO~NO~~~~OO~~~~~N~OOOOOO~N~OOO~ONNN~~~OOOOOOOqo ~Nqo ~~~ N Oooqooo
00099900999009009000000

g§~~~gg~~~~~~~~~~~g§§gg
00900000099909909900000
oomoomoNmNOoO~O~mmmooooOO~N~~OO~~~~N~~~~~~~ooooqqq~O~o oqN~~qqo~~~oqqq
00009909099090900900000
88~q~~~8ffi~ffi~~~~~~~~~8888qo o~ 0 0 0 ~~~N Nqqoo
00990909999990009990000
88~8~~8~~~888~~~~~~888800 o~~q ~qqq~~NN~~Oqoo
00009000990009000990000
88ro8~N8~ro~888~~~~qNqO~8888qqNoNoo~~~OOO~N~ ooqq
00009009900000099900000
oo~mm~o~~~mmmmmm~~~ooooOOOOOoo~o~o~~oo~~oo~o~oooooOo~NN oN~~ N N 0000
00099009090900909090000
OONOOOONNNoooooooooooooooooooo~o~ooooooooooooooq~qooq~~~ooqoooqqqqoqq00000000990000000000000
ooo~~~o~o~~~~~~~~~~oooo88~~~~8~~~~~~~~~~~~8~88
00099000009999990000000
OONOOOONNNOOOOOOooooooooo~ooooo~oooooooooooooooq~oooq~~~qooqoooooooqq00000009900000000000000
oo~~~~o~~~~~~~~~N~NooOOOO~~~NOO~OO~oo~oNNNOOOO00 ~o ~~~~ooqq
00999000900900909090000
OOOOONoooOOOOOOONNNOOOOoooooooooooooooo~o~oooooqqoo~oooooqqoqq~~~oooo00000900000000009000000
OOOOONOOOOOOOOOONNNOOOOooooo~ooooooooooo~oooooqqqqq~qqqqqqqqoq~~~qooo00000900000000000090000
88~~~~8~~~~~~~~~N~N888800 ~o ~~~qoqq
00999009999999990000000
~~oooooooo~~oo~~oo~~oo~~oo~~~§§
99000009099099099099000

~~~~~~~~~~~~~~~~~~~~~g§
00999969999999999990000

~~~~~~~~~~~~~~~~~~~~~gg
90999900900900900900000
~~~~~~~~~~~~~~~~~~~~~88~~~~~NqqNqq~qq~qq~qNqqq00000000000000000000000

~~~~~~~~~~~~~~~~~~~~~§§
09999900900900900909000

-~
MN
+00-~
00
I

-~
No~
I

-~
o
M

+-~
~
00

+o-~



- "Q 8 ~- Cl).~ Cl)
"Q Cl) S.....
fa ~

"Q >. ~
Cl) Q.. ~ c,_...... ~ 0~ Cl) ::0 ..... r-.Cl)

.?;- § .;!l ~c: -Cl) ~ 0 Cl)eo

.;:l ..0 ..c::
~ - loot E-<

0 Cl)

1~ ~ 8: ....=.;:l >. ? t'!I~ =~ Cl)
Cl) Cl) ..c:: .:=: ....
S .;:l ..... =' e

c,_. 01} .s loot~ ~
..... 0 c: ....e ..... Cl) ~
"'S ~ ..c:: ~
~ =' ......a c: 'C
Cl)

~~ 0 ~
..c:: Cl) ..... ~ 'C.....

~ fa Cl) =<Ii c: 1:: t'!I
.:=: ~ '§ Cl) =-
~

Cl) > ~
..c:: ~ ~

'+;j ..... Cl)

~c,_. Cl) ..... 0 ~Cl)
0 > "Q ..... .Q -~ eo t'!I= ..c:: ..... c: _g CJ
.2 "'S ....

5 :.e -- ..... ~ c: ee ~ c:
~

,Q
~ ..c:: ~ 0 e.... Cl)

..... Cl) e,

= ..c:: c: ~ ~ ..c:: >.
t'!I ..... :E Cl)

~
~ VJ-= loot ..c:: ~ 1:1)..... .....CJ Cl) .~ c,_. 0 =~ "Q u .?;- ....

~ § 0 ..c:: 'C~ ~Cl) c: u ='=i) Cl) s 0 ~ u e.....~ 1 ·til Cl) - Cl.
..,;j ~ <Ii 0 ~..... a ~

~
t'!I - Cl) loot

E Cl) =' Cl.. S loot
"Q ~ ~ ~ e~ U< ~ Cl) ..... "Q8 ~ .;:l - ~

'C= Cl) 0 - =' =e ..... ..c:: 0 ~~ .....
~ M =' t'!I

'C ~ - c,_. ~ ~~ ~ 0 N~ >. loot "Q > ·c
t'!I .;:l ~ ~ Cl) ....
e Cl) a t'!I~ ..c:: Cl)

~ m ~~ 5 ..... ..c:: C"f.....~ ..... =' ~
'C c: u c,_. c: N "Q ....
e :..;;a ~ 0 ~ 8- =Cl) ...... ....z Cl) ~ 01} ;..:... N t'!ICl) ='.... c: .;:l - Js ~ 0 ~

loot- Cl) Cl.. ~ ....
=' ..c:: >. 8 = N ~
t'!I ~ ..0 ~ - =~ ~ ~ t'!I 0\ Cl) e

~~ "Q ~ ~ > ..0 U- Cl) Cl) ..c:: - ...... =t'!I ..c:: c,_. 8 Cl 00 ~ f")

= ..c:: ~ 0 Ii:: u M.~ ......'C
"Q ..... .£ "1:::s >. 'C.... r-:> Cl) ~ Cl) ~ Ii:: Cl) =.... ..0 .5 ~ >. l:s ...... .;:l t'!I'C '1: ..... '1: ~ ~

= ~ ~ ~~ ...0 <Ii M- u :.e ..c:: u - M~ 8 .~ ~ ...... Cl)
loot ~

..... ,Q u ....;-s ~
~ .~ 8 t'!I .n 'B..... - ...... M~ c: Cl) S~ ~ ..c:: .~ ~ c: - ~ =~ ~ :E t'!I

CJ U :..;;a CJ ...... M·c :E ..... .... ~.t:: ~
01} ~ loot ~ ..... ~.... ~ c: :E ~ M c:

t'!I ~ 0 c: e .~ ~
~ <Ii u .~ E-< r:tO-.i- Cl) ~ = N~ 0 ~ :c: !:l 0 = ...... ~ ~.... ~ ~

~
c,_. § ...= ...... ~ a .El I,C0 .......... "Q U u ~

t'!I ;;:: .;!l
......

loot fa ..... ~ ~ .no~ ~.... "'S $' ~ ..... Cl)~
N

Cl) Cl) .;!l ...... s ~ e= ~ eo VI VI VI

e a c: - O\~
...

"<i ~ f") 0 0 ~ .!:!
U

c,_. Cl) ~ Cl) ~ ~ - VI ~0 0 ..c:: =' ~ .;:l oo~ Cl) -e -e -e. ""' loot ~ .5 ~ .;:l M rIl

e ......
Cl) L.: r-: "" "" "" ..

Cl) ..... 01} c,_. ~ !.= ..q-~
~ .5 c: ~ ~ 0 ... 0 0 t"I -e"" VI

e 00 0 \CI~ c::> -e -e rIl.... =' u ~ c: ..c:: ..... ...~ Cl) 's .n= rf c: ~ ~ ~ t"I t"I t"I 0

t'!I loot .;:l 0 'B ~ ..q-~ Cl) 0 N t"I "" 0 JCl. M Cl) c,_. c: < c,_. ... -e -e -e
00 ~ 0 '-" ~~ ~ 0

~ ~ ..... c: Cl) ~ M ~ N N N~ fa .2 ..c:: ~ N~ ~ ~ . ~CJ c: ..... ·til .... - N t"I 0 0.... .2 ~ c: ..... c: 0 .?;- .a -e -e -e ~- u - ~
e ..... 0 '§ Cl) 0 - ...... r:J':J <>..... ..s ~
,Q ~ c: ~ "Q ~ a .= .~e ..... ~ Cl) Cl) 0 0Cl) .£ ~ ..... = N VI- ~

~ ~ -e -e -e g>.. - >. t'!Ic: ~ Cl) ~ .....
VJ ..... "Q ..0 .;!l Cl) cc ~ ::2



.,..
'"0""-.~ .,..~ .,......,

'? 00'"O~ ~ ~.C'l_ ...,~
'"0-? ..., ...,- '"0

~ ~...,
'"0+ N N~ '"0

'"0""- N
'?-..,.. ~

'"0'"O~ ~
N"'Cl

'"0
...., ~ ~~ ""' +e '"0

~.C'l_
.." I .,..~- .." ...,

'?e- - ~ .,..ori'f -= '? ~.. ~.-
'"0+ ~ ...,.,..

'"0""- Cl. '"0
Me N
'?.~ e ...,
N~~ ...;l '"0I..., ~
'?~ "-' N.. -'"0 =·N. = I .- N~ ~ '"0~- = ..., -= +- .-

~ U~ e .,..
'" '"0 '"I ~ ~ ~ .,.....- .. = '"0~ ~~ ~ ..., ~'"0""- ~ '"0 III ~

.,..
"-'..,..

"'Cl N - '?~~ ~- ~ = ...,..., "'Cl '? ~...,
~ = = ...,

~ ~
N .- '?N Cl. e N·N

~ io<I '"0 '"~ - ~ + .2: '"0- '"0""- » ~ ~- ~'"0- - ~
N+ ~ '"0 "'Cl '"0+ ~ Col.... ..., ~.,..

~ - "'Cl I'"0""- ~ M..,.. .c = .,..'"0 ~.~
~ e N Cl. .,..

'"O~ » io<I '"0..., - ~...., '"O~ 'JJ.
'"0 ~

~ ~ » ...,·N = - '"0·N
~ .- N - ...,

~
"'Cl '"0 ~

~- = Col
I :=- '"0""- ~ ~ '"0Q, ~

N'"0- + .." .c~ ~ e NI ~ '" '"0
'?

.,.. '"O~ '" ..., »
'"0""- ~ 'JJ. ~..,..

U N ~ - r<")
.~

'"0
~ ~- "'Cl = '"0 "'ClN .- I

..., = M "'Cl II")....,
~ ~ = ~'"O~ '? -·N .~ ~ .,.. "'ClCl.·N
~ '" .." '"0

r<")~
.. ~ .,..- ~ '"0 '" ~- '"0""- ~ I

...,
'" ~ "'Cl'"O- N ~ '? NI .." ...,

'? U ...,-I .,.. .5 ~ ~ "'Cl ..., N~ '"O~ '"0 = '"0 "'Cl'"0""- ~ ~.~ '" '? ~ N -..,..
~ - ...,.." N io<I N II")'"O~ = '"0 ·c '? "'Cl
...., ...,
~

~ N '"0 -....,
U N· ~ +

~
~ ·N. '? ~ .,.. .,.. .,.. - '<t~ ~ . 0 0 ~ '"0·N ~- .,..

'<t ~~
"'Cl . '"0 ~ '"0 '"0 '"0 I

"'Cl en- = + = .,.. .,- '"0""- ~ ~ ~ ~ '"0 .- ~ ~ ~ II") a!. 0 I
..., ~ 0 ..; .,..-0 + III - ..., ~

-=
0 ..., .,.. '? - ""'"0 '"0 '"0 ~ ...,

'"0 '"0 '"0 "'Cl enI ~ ~ '? .." ~ ...
'"0""- ~ = r<") 0

.,.. ..., ..., ..., ~ ..., ..., ~ ~'"0""- ~ '? ~
0 0 '?

..,.. 0 N ..., ~ ..., U 0 ..., ~ r<")

i.~ N '"0 '"0 '"0 '? '"0 '"0 ..., "'Cl'"O~ -? M N r-- ..., N
~

..., .." N N N '? ~ N N '?...., '"O~ ~ 0 N N - 0 0 0 N.. N ...,
'? .a N N "'Cl ::E~ ·N ~ '"0 '"0 '"0

N '"0 '"0 ...- 'JJ. N·N
~ 'JJ. '? ~ '? .:::

~ .. - 0 II") El- - N 0 ~ . '"0 - N 0 .,.. "'Cl ..= .~ = '"0 '"0 '"0 - I '"0 '"0 '"0 - c- ~ I~ '"0 ~ '"0 :;2'"0- + ~



"'" "'".,... "'"'e "9 s.,... .,... ~
~ "9-e
M M

..; M

"9 "9
NN
N.- "9"9

N
.,...

-e -e
+ I
.,... .,...
.,; .,...

-e'e

"'""'" M

"'" -e-e
M

M

"'"M "9-e
NN

"9 - 'e=- ....= ell N.... N -= -eell -e U-= I +U .. .,...
"'" ell .,;.. .,; =ell "9= "9 Irl "'".,... '-'trl ~ ... "'"'-' = 'e... "9= ell MM =ell .... M= N a "9.... -ea N .. N

Q,I..
M ... -Q,I Q,I -e... "9 ~Q,I

~ ~ N~ 'e Q,I -e
Q,I ~ I~ + = .,...= .,... ell
ell .,; Q" .,...
Q" ~ "9~ "9 IiJil "'"IiJil "'" £~ "'">. 'e- "9 ell

M- CJell M :=CJ N N:= e "9e "9 ,.Q
N,.Q N a
M! M » "9"9 00

00 OJ)
'<:T

OJ) - = 'e'e .... "'"= ..". ~ I -e.... I =~ "'" .,...= "'" "9 = .,...
= .,... .,... Cl. .,... -Q" ." "9 -e'e Q,I." .. "'" MQ,I .,... "9 ....

"'" M = M N..
U "9 -e= "9 NU M 'e M N~-= M N = "'" M= 'e ..; ell "9 -e

ell N "9 ~ N

N ....
N.~ .. "9 on"9 ... -eJ: .,... ell

ell 'e ~ + e'1 .,... .,... on + .,... .,...
'e "'" *0 0 "'" .,... 'e

"'" l.l 0 0 0 .,...
." 'e 'e 'e I ~ = 'e 'e I M >.... .... .,... ~ fIl.9 .,...

"9 ell .,
"'" "'" .,; .. "'" "'" .,... on iiell .,... .

J: 0 0 0 "'" on "9 ... 0 0 M "'" 0 "9 -." fIl'e 'e = 'e 'e "'" -e ._." "'" "9 0= ~ = "'" M= M M M U M M M "9 i0 0 0 "9 ..; 0 ..; 0 "'"U N M N M M -e'e 'e M "9 ..... 'e 'e 'e
QC ..; .....

M N
N N N N Q,I N N N "9Q,I 'e... 0 0 N ...

0 0 N N
::E.a N M N 'e .a N M -e'e 'e 'e -e 'e 'e N '"00 N 00 "9 .=::: "9 .,... ... on g

0 0 'e - . 0 0 -e= N .,... . = - N .,... . .,
'e 'e 'e ell 'e 'e 'e - ~ell - I 'e +IJ. 'e IJ.



II')
.".

II')
~

"0 "'? <:>

.".
II') "'"

.". -
"'? "0

M
M

M
M

"0 "'?
('Cl

('Cl

('Cl

"'? "'?

N
II')

"0 "0

I I
.".

.".

II')
II')

"0 "'?
II')

II')

.".
.".

"'? "'?
M

M

N
('Cl

"'? "'?
N

N

M
.....

-. "0 -. "'?
= =.... ....
~ ~ --= "0 -= "0

U + U +

"" II') "" II')

~ ~
=:I II') =:I II')

"0
"0

an .".
an .".- -.. .".
.. ~

= "0 = "0
~ ~ M

= M =.... N
.... N

e "'? e "0

"" ('Cl "" N
CI,j

CI,j ...;.. M
..

CI,j
CI,j "'?

~ "'? ~
'C '" -
CI,j "0

CI,j "0

'" '"= I = I

~ II') ~ II')

e, =- II')

~ II') ~ "0
r-:l "0 r-:l .".

>.
.". ~- M

.....- - "0
~ "0 ~
CJ M CJ M

:.= ....- .".
e .". e "'?
.t:J "'? .J:I
e ('Cl e ('Cl

>. ('Cl >. N

00. "'? 00 "'?
~ . ~
.5 - ="0

.... "0
'C '"= I = I

= .". = .". "'"=- .,.. =- .,;-
"0"'"

"-I
II') .,;- ~CI,j "'? ~ "'?

"" "" II')

""
II')

"'" ""
II')

= .". ...; = ~ "0
U "'? ~ U "0 ...,
'C

M ..., 'C
M N

= M "'" = M "0
~ "0 ~ ~ "0 N

~ ('Cl "'!. ~ N ...;.... ·C"" N ~
N ~.. "0 .... "'?~ ~

~ N ~
.,;- <Il

II') II') - "0
II') II') II') - "0 E

"-I 0 0 0 "0 ~ . 0 0 "0 + 2.... .". II') + - .". II') <Il

= "0 "0 I = "0 "0 "0 I "'" >..... "'". .... II') ...; ell

~ .". .". .".
II') ~ .,

"" .,;- .,..
""

.". .". .". .,;- "0 u

0 0 ~ 0 0
...... M .". II') "'? .... M .". II') "0 Po.

"-I "0 "0 "0
.,.. "-I "0 "0 "0 "'!. ell

= .". ..; = .". .....

= = ~ 0

U M ..... M .". ~ U
M ..... M .". ~

0 ('Cl M .". 0 "0 "!. 0 0 "0 ...,
'o:t

N M .". 0
"0 "0 "0 M ..., t"- "0 "0 "0 .....

"0"'" "0.... ....
CI,j ('Cl N ('Cl M ~

CI,j N N
M e.

"'? N. "'? N.. . 0 0 .... 0 0 0 N 0

!! - ('Cl M ('Cl "= N M N ::E
"0 "0 "0 ~ .. "0 "0 N ~

00. N 00. .~.... "0 :: "'?- . 0 0 0 N . 0 0 0
.,..

= - N "0 = - II') "0

~ "0 "0 - + ~ "0 "0 +
g

~ "0 ~ "0 :;2





Appendix H
Kinematic Characterisation
Exploration Systems

of Actual Autonomous Planetary

In the main text, typical examples of 'actual' kinematic systems were identified, described, and

made use of in the evaluation examples. This appendix provides supplementary information on

these examples, and others, so as to provide a richer context for the earlier discussions ..

The following representations are generated by applying the principles identified in the main body

of the text.

H.t Waroma

WAROMA (WAlking RObot for Mars Applications) was proposed by the Automation and

Robotics Section of ESTEC as a solution to the microrover requirement of the Intermarsnet

mIsSIOn.

~
le;moIon dinlcIon

"'/'9r'oj.,
,_,

Courtesy European Space Agenc

Fi
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H.1.t Waroma Interchange Graph

Leg Leg
4 5

4

R(O) R(O)ody

R(O) R(O)
2

Leg 3 2 Leg

Figure Hi.2: Waroma Interchange Graph

H.1.2 Waroma Degree Sequence

The degree sequence of the Waroma kinematic system's interchange graph is (1,1,1,1,4).

H.1.3 Waroma 2D Constraints Matrix

[

3 2 0 0]232 0
o 2 3 2
o 0 2 3

H.1.4 Waroma Characteristic Polynomial derived from 2D Constraints Matrix

H.1.S Waroma Fundamental Cycles and Cutsets

Using the standard relationships quoted in Section 3.2.4:

Number of fundamental cutsets = 4

Number of fundamental cycles = 0
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H.2 Nanokhod

Figure H2.J(a): Nanokhod in its Revised

H.2.1 Nanokhod Interchange Graph

treads

Figure H2.} rb): Nanokhod Sponson
Mechanisms

driving rods
runntng whcel

Figure H2 shows the interchange graph for the Nanokhod. By inspection, the Nanokhod

interchange graph is itself a spanning tree. Body

R(D)

Track

1 R(D)

2 Track
3

Figure H2.2: Nanokhod Interchange Graph

H.2.2 Nanokhod Degree Sequence

The degree sequence of the Nanokhod kinematic system's interchange graph is (1,1,2,2,2).

H.2.3 Nanokhod 2D Constraints Matrix

[3 2 2]230
203

H.2.4 Nanokhod Characteristic Polynomial derived from 2D Constraints Matrix

H.2.S Nanokhod Fundamental Cycles and Cutsets

Using the standard relationships quoted in Section 3.2.4:
Kinematic Morphology of Space Systems 414



Number of fundamental cutsets = 2

Number of fundamental cycles = 0
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H.3 Lunakhod

Source: NASA NSSDC Master Spacecraft Catalogue

Figure H.3.1: Lunakhod Vehicle [821

H.3.1 Lunakhod Interchange Graph

la 9 8 7 6 5 4 3

Figure H.3.2: Lunakhod Interchange Graph

H.3.2 Lunakhod Degree Sequence

The degree sequence of the Lunakhod kinematic system's interchange graph is:

(1,1,1,1,1,1,1,1,3,3,3,3,4).
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H.3.3 Lunakhod 2D Constraints Matrix

3 2 0 0 0 0 0 0 0 0 2 2 2
232 2 0 0 0 0 0 0 0 0 0
o 2 3 0 0 0 0 0 0 0 0 0 0
o 2 0 3 0 0 0 0 0 0 0 0 0o 0 0 0 3 0 0 0 0 0 0 0 2o 0 0 0 030 0 0 0 0 0 2
000 0 0 0 3 0 0 002 0o 0 0 0 0 0 0 3 0 0 020
000 0 000 0 3 0 2 0 0o 0 0 0 0 0 0 0 0 3 2 0 0
2 0 0 0 0 0 0 0 2 2 3 0 0
2 0 0 0 0 0 2 2 0 0 0 3 0
200 0 2 2 0 0 0 0 0 0 3

H.3.4 Lunakhod Characteristic Polynomial derived from 2D Constraints Matrix

+ 1708191).4 - 1455138).3 + 489078).2 -70227), + 3645

H.3.S Lunakhod Fundamental Cycles and Cutsets

Using the standard relationships quoted in Section 3.2.4:

Number of fundamental cutsets = 12

Number of fundamental cycles = 0
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H.4 Marsokhod

Figure H.4.J(a): The Marsokhod

H.4.1 Marsokhod Interchange Graph

<D Cylindric Joint - Extension System
• Revolute Joint - Extension System
~ Revolute Joint - Rolling Mode

Figure H. 4.1Cb):Marsokhod Joints
Arran ement

As with the Nanokhod, the graph of the Marsokhod is also itself a spanning tree. Further, no other

spanning tree can be developed for the system, without first introducing additional edges that were

not in the original configuration.

Body(1 )
Body(2)
C C

R(O)

Wheel

Body(3)

Wheel

9

Figure H.4.2: Marsokhod Interchange Graph

H.4.2 Marsokhod Degree Sequence

The degree sequence of the Marsokhod kinematic system's interchange graph is:

(1,1,1,1,1,1,2,2,2,2,2,2,3,3,4).

Kinematic Morphology of Space Systems 418



H.4.3 Marsokhod 2D Constraints Matrix

322220000000000
230002000000000
203000000000000
200300000000000
200030000020000
020003200000000
000002320000000

c= 000000232200000
000000023000000
000000020300000
000020000032000
000000000023200
000000000002322
000000000000230
000000000000203

H.4.4 Marsokhod Characteristic Polynomial derived from 2D Constraints Matrix

Evaluating using Mathcad, we have:

1..15- 451..14+ 8891..13- 1010112 + 7242111 - 33584110 + 9724299 - 14626178 - 1740131..7

+ 47837371..6 - 69348371..5 + 6264331..4 + 64030951..3 - 36266671..2 - 14049451.. + 1057293

H.4.S Marsokhod Fundamental Cycles and Cutsets

The graph is itself a spanning tree, and contains no cycles, and thus no fundamental cycles. The

system has fourteen fundamental cutsets of the single-edge, bridge type.
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H.S Generic Rocker Bogie

Courtesy Astriun

Figure H5.1 (a): A Rocker Bogie System Figure H.5.1 (b): Rocker Bogie System
Elements

Courtesy Astrium

H.S.l Generic Rocker Bogie Interchange Graph

Unlike the two previous examples, the generic Rocker bogie system being considered

incorporates an averaging link, plus two "wishbones" attaching to the bogies via spherical

joints. This introduces two cycles into the structure.

Body

R R

14 3

R(D)
R(D)13 11 9 5 3

12 11 10 6 4

Wheel Wheel Wheel Wheel Wheel Wheel

Figure H.5.2: Generic Rocker Bogie Interchange Graph

H.S.2 Generic Rocker Bogie Degree Sequence

The degree sequence for the Rocker-Bogie kinematic system's interchange graph is:

(1,1,1,1,1,1,2,2,3,3,3,3,4,4).
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H.S.3 Generic Rocker Bogie 2D Constraints Matrix

32000002000002
23200220000000
02322000000000
00230000000000
00203000000000
02000300000000

c= 02000032000000
20000023200000
00000002300002
00000000030002
00000000003020
00000000000320
00000000002232
20000000220023

H.S.4 Generic Rocker Bogie Characteristic Polynomial derived from 2D Constraints
Matrix

Using Maple, we find:

A_14_ 42A_13+ 75912 - 7668A_11 + 4664IA10 - 166086A_9 + 259695A_8 + 388584A_7

- 2736917A_6 + 5271786A_5 - 3313619A_ 4 - 3092916A_3 + 5746275A_2 - 2393658A_ - 2835

H.S.S Generic Rocker Bogie Fundamental Cycles and Cutsets

This system can be shown to have two fundamental cycles, and thirteen fundamental cutsets.
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H.6 Millennium Hero

Figure H.6.1: Millennium Hero

H.6.1 Millennium Hero Interchange Graph

1

2

3

4

5

Figure H.6.2: Millennium Hero Interchange Graph

H.6.2 Millennium Hero Degree Sequence

The degree sequence for the Millennium Hero kinematic system's interchange graph is:

(1,1,1,1,1,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,6).
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H.6.3 Millennium Hero 2D Constraints Matrix

3 2 0 0 0 2 0 002 0 0 0 2 0 0 0 2 0 002 0 0 0
232 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0
o 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
002 3 2 0 0 000 0 0 0 0 0 0 000 0 0 0 0 0 0
o 0 0 2 3 0 0 0 0 0 0 0 0 0 0 0 000 0 0 000 0
20000 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000o 0 0 0 0 2 3 2 0 0 0 0 0 000 0 0 0 0 0 0 0 0 0
000 0 002 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
00000 0 0 2 3 0 0 0 0 0 0 0 0 0 0 0 0 000 0
2 0 0 0 0 0 0 0 0 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0 000 0
o 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 000 0 0 0 0
000 0 0 0 0 0 0 0 0 2 3 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 000 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 000 0 0 000
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 000 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 0 000
2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 0
o 0 0 0 0 0 0 0 0 0 0 000 0 0 0 000 0 2 320
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2
o 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 0 023

H.6.1 Millennium Hero Characteristic Polynomial derived from 2D Constraints
Matrix

17 19 21 23 7 9
17817101671.. + 6750942GA + 8099461.. + 26041.. + 11748644127& - 384564993349..

II 13 15 3 5
- 41948704384& - 47320399732).., + 11785129752).., + 31441796761.. - 1659376224&

- 218897591A_ - 400910868A_18 - 85651on20 - 55476A22 _75.A_24 + 61995554091A_8 + 53811714866~1O

+ 19898481442&12 _ 711875844m.14 _ 57192117571.. 16 _ 63804297636l.. 6 _ 550986084A? + I260926469!Y..4 + ')..25- 1691035

H.6.4 Millennium Hero Fundamental Cycles and Cutsets

Using the standard relationships quoted in Section 3.2.4:

Number of fundamental cutsets = 24

Number of fundamental cycles = 0
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H.7 Attila

Figure H. 7.1: Attila

H.7.1 Attila Interchange Graph

1

R R
10 16---R--

34

R R R R RR R R R

15 2I---R-- 2026---R-- 25 31'---:R~ 30 36----:R~ 35

12

R

11 __ -.
R

Figure H. 7.2: Attila Interchange Graph

H.7.2 Attila Degree Sequence

The degree sequence for the Attila kinematic system's interchange graph is:

(2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,3,3,3,3,3,3,6).
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H.7.3 Attila Constraints Matrix
3 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0
2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 2 0 0 0
2 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0
2 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 002 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 3 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 3 0 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
200 0 0 0 3 2 0 000 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0
o 0 0 0 0 0 0 3 2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0
000 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 2 0 2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 3 2 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 2 0 2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 2 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 000 0 2 3 2 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 002 0 2 3 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 2 0 0 0 0 0 000
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 000 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 2 3 2 0 000 0 0 0 0
o 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 2 0 2 3 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 2 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 3 2 0 0 0 0 0o 0 0 000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 2 3 2 0 0 0 0
000 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 3 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 0 0 0 0 3 2 0 2
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 002 320
000 0 0 0 0 0 0 0 0 0 0 0 0 0 000 0 0 0 0 0 0 0 0 0 2 3 2
o 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 2 3

H.7.1 Attila Characteristic Polynomial derived from 2D Constraints Matrix

17 19 21 23 7-13047918801459. + 21441516760451. + 393795265269A. + 1847011144§A. + 213065650625312·J. -

9 II 13 15 3- 113296680883552~ - 4154997497440~ + 26897478414547·~ - 5997843530543·~ + 5346661745971J~

5 18 20 22 24- 1657181319073491..- 2821596335403~- 207840070425\ - I I 6846039297=R - 97122018469..- 2760151129..

- 5488358324527J.~8 + 100789889527160~IO - 414517133954439..
12

- 27793575733816\14 + 4317896854511-11,.16 - 8852804693 1 866l.
6

2 4 25 27 28 29- 944562963708819..+ 154740394743952·~+ 2278981655518051-325123945i. + 2116329A - 110925i. + 406SA
30 31 26- 9Ji. + i. - 29947077i.
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H.7.4 Attila Fundamental Cycles and Cutsets

Using the standard relationships quoted in Section 3.2.4:

Number of fundamental cutsets = 36

Number of fundamental cycles = 0
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THE END

427
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